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Abstract

In this paper, by utilizing the resolvent operator theory and the fixed point theorem,

the existence of mild solutions for nonlocal problems of Riemann-Liouville fractional

stochastic evolution equations of Sobolev-type with order α ∈ (1, 2) is discussed in

Hilbert spaces.
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1. Úó

©ê��©�§2�A^u�ÆÚó§Eâ���+�,�'�ê��©�§�O(/£ãy

¢)¹¥y��ÄåÆ1�.~X,Ê�5!>zÆ!õ�0�6Ä!�íÄåÆ�y�Ñ�±Ï

L©ê��©�§5ï�,Ïd-y
NõÆöéTa�§�nØÚ¢�?1&¢.3©z [1]¥,

Ponce |^ý)x�;5©OïÄ
 α ∈ (0, 1) �Ú α ∈ (1, 2) � Caputo .©ê�uÐ�§Ú

Riemann-Liouville.©ê�uÐ�§�ÛÜ¯K mild)��35.

d	, Sobolev.uÐ�§~Ñy3�«Ôn¯K¥,X6NÏL�Yñ��6Ä!9åÆ!�

�Ì�Å�DÂ�.Ïd,Cc5���'�¯KÚå
<��2�'5.~X, Brill [2]ÚShowalter

[3]ïá
 Banach�m¥ Sobolev.��5uÐ�§)��35(J.,��¡,D(½�Å6Ä

3y¢.´Ã{;��.Ïd,�Ä�k�Å�A�©ê��©�§äk¢S¿Â.AO/,z

Æ!ÔnÚ)Ô�Æ¥�NõÄ�L§�êÆ�.Ñ�±^�Å�©�§|5£ã.3©z [4]¥,

Mahmudov?Ø
3Hilbert�m¥ Sobolev.©ê���5�ÅuÐ�§mild)��359Cq

��5.3©z [5] ¥, Benchaabane�<|^�f�+nØ!©ê��È©Ú�Å©ÛEâïá


�y Sobolev. α ∈ (0, 1)�©ê��ÅuÐ�§)��35Ú��5��|¿©^�.d�,3©

z [6]¥,�ö|^ PicardS�E|��
 Sobolev. α ∈ (1, 2)� Caputo.Ú Riemann-Liouville

.©ê��ÅuÐ�§ mild)��3��5.
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x�'

â·�¤�, Sobolev . α ∈ (0, 1) �uÐ�§)��35®²��
2��ïÄ, 'u

α ∈ (1, 2)� Riemann-Liouville.©ê��ÅuÐ�§ mild)��35�ïÄ(J�é��.É

þã©z�éu,�©ò|^ý)�fnØÚØÄ:½nïÄ Hilbert�m¥äk�ÛÜ^��

Sobolev. Riemann-Liouville©ê��ÅuÐ�§Dα
t (Ex(t)) = Ax(t) + f(t, x(t)) + σ(t, x(t))dW (t)

d(t)
, t ∈ I ′ := (0, a],

E(g2−α ∗ x)(0) = x0 − g(x), E(g2−α ∗ x)
′
(0) = x1 − h(x)

(1.1)

mild)��35,Ù¥ 1 < α < 2, Dα
t ´ α� Riemann-Liouville.©ê��ê,G�¼ê x(t)�

�u Hilbert�m H, A : D(A) ⊆ H → H´È½4�5�f, E : D(E) ⊆ H → H´4�5�f,

x0, x1 ∈ H,¼ê f, g, h, σ´e©�½�·�¼ê.

ïÄ Sobolev.�©�§�,·�Ï~b�:

(1) E, A´4�5�f;

(2) D(E) ⊂ D(A), E ´V��;

(3) E−1´;�f.

3ù«�¹e, −AE−1´��k.�5�f,§�±)¤����ëY�+,ë�©z [5] [7].

�©3Øb��f E−1��35Ú;5��¹e,$^�fé (A,E))¤� (α, α− 1)-ý)x

{SEα,α−1(t)}t>0��
5�Ú LaplaceC�5½ÂXÚ (1.1)�mild),¿3vký)�f SEα,α−1(t)

;5�^�e,|^ØÄ:½nÚý)�fnØy²
XÚ (1.1) mild)��35.

2. ý��£

(Ω,F , {Ft}t>0, P )L«�kÈf {Ft}t>0�÷v~5^����VÇ�m.3(Ω,F , {Ft}t>0, P )

¥{Wt}t>0���u H�Q-�BL§,Ù¥Q�k.�5����f� trQ < +∞.� `k > 0´�

�k.S�, {ek}k>0´ H���IO��X,÷v

Qek = `kek, k = 1, 2, 3 · · · .

� {βk}k>1´��ÕáÙK$Ä�÷v

〈W (t), x〉 =

∞∑
k=1

√
`k〈ek, x〉βk(t), ∀ x ∈ H, t > 0.

� Ft´d {W (s) : 0 6 s 6 t})¤� σ-�ê.- L0
2 := L2(Q

1
2 , Y ).K L0

2´��¢�© Hilbert

�m,äk�ê ‖π‖2L0
2

= tr[πQπ∗], L2(Ω,H)L« Hilbert�m H¥¤kr Fb-�ÿ�ÅCþ�¤�
�m. C(I, L2(Ω,H))´l I := [0, a]� L2(Ω,H)�ëYN��m,�÷vÏ"^�

sup
t∈I

E‖x(t)‖2 <∞.
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� C(I,H)� C(I, L2(Ω,H))�4f�m,d�ÿ�Ú Ft-·A� H-�L§ x ∈ C(I, L2(Ω,H))

|¤,Ù�ê½Â�

‖x‖C = (sup
t∈I

E‖x(t)‖2)
1
2 , ∀ x ∈ C(I,H),

K (C(I,H), ‖ · ‖C)� Banach�m. B(H) := B(H,H)L«l H�g��k.�5�f�NU
�ê ‖ · ‖�¤��m.

½Â 2.1 [8] [1] é ∀ α > 0,�

gα(t) =


tα−1

Γ(α)
, t > 0,

0, t 6 0,

Ù¥ Γ(·)L« Gamma¼ê.��/,¼ê f Ú g�òÈ½Â�

(f ∗ g)(t) =

∫ t

0

f(t− s)g(s)ds.

½Â 2.2 [8] [1] ¼ê u ∈ L1(I)� α > 0� Riemann-Liouville.©ê�È©½Â�

Jαt u(t) := (gα ∗ u)(t) =

∫ t

0

gα(t− s)u(s)ds, t > 0.

AO/,- J0
t u(t) = u(t),dòÈ�5�,È©�f {Jαt }α>0÷v�+Æ

Jαt J
β
t = Jα+β

t , α, β > 0.

½Â 2.3 [8] [1] �¼ê u ∈ L1(I)÷v gn−α ∗ u ∈ Wn,1(I), u ∈ L1(I)� α > 0� Riemann-

Liouville.©ê��ê½Â�

Dα
t u(t) := Dn

t (gn−α ∗ u)(t) =
dn

dtn

∫ t

0

gn−α(t− s)u(s)ds, t > 0,

Ù¥ Dn
t =

dn

dtn
, n = [α]L«�u½�u α�����ê.

½Â 2.4 [6] �¼ê f ½Â3 R+þ.eÈ©

∫ ∞
0

e−λtf(t)dt

Âñ,K f � LaplaceC��

f̂(λ) =

∫ ∞
0

e−λtf(t)dt.
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x�'

Riemann-Liouville.©ê��ê� LaplaceC��

D̂α
t u(λ) = λαû(λ)−

n−1∑
k=0

(gn−α ∗ u)(k)(0)λn−1−k, (2.1)

Ù¥ α > 0, n = [α].

e¡,·�0��
'u©ê�ý)x {SEα,β(t)}t>0�Ä�Vg,�õ[!ë�©z [8] [1].

½Â

ρE(A) = {λ ∈ C : (λE −A) : D(E) ∩D(A)→ H �_,

(λE −A)−1 ∈ B(H, D(E) ∩D(A))}

��fé (A,E)�ý)8,Ù¥ D(A)Ú D(E)©OL«�f AÚ E �½Â�.é ∀ λ > 0,·

�¡ R(λE,A) := (λE −A)−1��f A� E-ý)�f.

½Â 2.5 [9] � {T (t)}t>0 ⊆ B(H)´�� C0-�+.e�3~êM > 1, ω > 0÷v

‖T (t)‖ 6Meωt, t > 0,

K¡ {T (t)}t>0´ (M,ω).�½�êk.�.

½Â 2.6 [10] � A : D(A) ⊆ H→ H, E : D(E) ⊆ H→ H´ Hilbert�m H¥�4�5�f,

÷v D(A) ∩D(E) 6= {0}.é ∀ α, β > 0,e�3 ω > 0ÚrëY¼ê SEα,β : [0,∞)→ B(H),¦�

SEα,β(t)´ (M,ω).�, {λα : Reλ > ω} ⊂ ρE(A),�é ∀ x ∈ H,k

λα−βR(λαE,A)x =

∫ ∞
0

e−λtSEα,β(t)xdt, Reλ > ω, (2.2)

K¡ {SEα,β(t)}t>0´d�fé (A,E))¤� (α, β)-ý)x.

5 2.1 é ∀ 1 < α < 2,� β = α− 1 > 0,�â (2.2)ª��

λR(λαE,A)x =

∫ ∞
0

e−λtSEα,α−1(t)xdt, Reλ > ω, x ∈ H,

K¡ {SEα,α−1(t)}t>0´d�fé (A,E))¤� (M,ω).� (α, α− 1)-ý)x.AO/,� β = 1,d

(2.2)ª��

λα−1R(λαE,A)x =

∫ ∞
0

e−λtSEα,1(t)xdt, Reλ > ω, x ∈ H,

K¡ {SEα,1(t)}t>0´d�fé (A,E))¤� (α, 1)-ý)x.
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x�'

é ∀ α, β, γ > 0,d ĝα(λ) = λ−αÚ D̂α
t u(λ) = λαû(λ)�

ŜEα,β+γ(λ) = λα−(β+γ)E(λαE −A)−1

=
1

λγ
λα−βE(λαE −A)−1

=
1

λγ
ŜEα,β(λ)

= ̂(gγ ∗ SEα,β)(λ).

�â LaplaceC����5,��

SEα,β+γ(t) = (gγ ∗ SEα,β)(t), t > 0.

� 1 < α < 2, β = α− 1, γ = 1�,k

SEα,α(t) = (g1 ∗ SEα,α−1)(t) =

∫ t

0

SEα,α−1(s)ds, t > 0.

Ïd,é ∀ x ∈ H,k

R(λαE,A)x =

∫ ∞
0

e−λtSEα,α(t)dt, Reλ > ω.

aqu©z [6],|^ LaplaceC��5� (2.1)ªÚ (2.2)ª,·��ÑXe½Â.

½Â 2.7 e�ÅL§ x ∈ C(I,H)÷vÈ©�§

x(t) = SEα,α−1(t)(x0 − g(x)) + SEα,α(t)(x1 − h(x))

+

∫ t

0

SEα,α(t− s)f(s, x(s))ds+

∫ t

0

SEα,α(t− s)σ(s, x(s))dW (s), t ∈ I, (2.3)

K¡ x��ÛÜ¯K (1.1)� mild).

5 2.2 d LaplaceC����5,�ÛÜ¯K (1.1)� mild)��±�¤

x(t) = SEα,α−1(t)(x0 − g(x)) + (g1 ∗ SEα,α−1)(t)(x1 − h(x)) +

∫ t

0

(g1 ∗ SEα,α−1)(t− s)f(s, x(s))ds

+

∫ t

0

(g1 ∗ SEα,α−1)(t− s)σ(s, x(s))dW (s), t ∈ I. (2.4)

Ún 2.1 [8] e�fé (A,E))¤�� (M,ω).� (α, β)- ý)x {SEα,β(t)}t>0,Ké?¿�

γ > 0, (A,E)�)¤�� (M
ωγ
, ω).� (α, β + γ)-ý)x {SEα,β+γ(t)}t>0.

Ún 2.2 [8] � α > 0, 1 < β 6 2. e {SEα,β(t)}t>0 ´d�fé (A,E) )¤� (M,ω) .�

(α, β)-ý)x,Ké ∀ t > 0,¼ê t 7→ SEα,β(t)3 B(H)¥ëY.

� D ⊂ H´����k.4à8,P
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γ(D) := inf{ε > 0 : D3 H¥kk� ε−�}.
� D � Hausdorff �;5ÿÝ, ©O^ γ(·) Ú γC(·) L«�m H Ú C(I,H) ¥� Hausdorff �

;5ÿÝ. e B ⊂ C(I,H) k., Ké ∀ t ∈ I, B(t) := {u(t) : u ∈ B} � H ¥�k.f8�
γ(B(t)) 6 γC(B).

Ún 2.3 [11] � S, T ´ Banach�m X ¥���k.8, ρ ∈ R,K�;5ÿÝ γ(·) ÷v±e
5�:

(1) γ(S) = 0⇔ S ��é;8;

(2) S ⊂ T =⇒ γ(S) 6 γ(T );

(3)γ(S + T ) 6 γ(S) + γ(T ), Ù¥ S + T = {x+ y : x ∈ S, y ∈ T};

(4) γ(S ∪ T ) 6 max{γ(S), γ(T )};

(5) γ(ρS) = |ρ|γ(S).

Ún 2.4 [12] � X� Banach�m,�f P : D(P ) ⊂ X→ XëYk..eé?¿k.��é

;8 S ⊂ D(P ),k

γ(P (S)) < γ(S),

K¡ P ´vàN�.

Ún 2.5 [13] � σ : I × Ω→ L0
2´��r�ÿN�,e

∫ a

0

E‖σ(θ)‖p
L0

2
dθ < +∞.K

E
∥∥∥∫ t

0

σ(θ)dW (θ)
∥∥∥p 6 Lσ ∫ t

0

E‖σ(θ)‖p
L0

2
dθ, ∀ t ∈ I, p > 2,

Ù¥ Lσ > 0´� pÚ a�'�~ê.

Ún 2.6 [1] ( Marzur½n) � D´ Banach�m X¥���;f8.K§�à4� conv(D)

�´;�.

Ún 2.7 [1] ( KrasnoselskiiØÄ:½n) � B� Banach�m X¥�����4àf8.e

�f P, Q : B→ X÷v

(i)é ∀ x, y ∈ B,k Px+Qy ∈ B;

(ii) P ´Ø �f;

(iii) Q´�ëY�f,

K P +Q3BS��k��ØÄ:.

Ún 2.8 [14] ( Sadovskii ØÄ:½n) � X � Banach �m, S ⊂ X �k.4à8. e

F : S → S �vàN�,K F 3 S þ���3��ØÄ:.

3. Ì�(J9y²

3ù�Ü©,·�©O|^ KrasnoselskiiØÄ:½nÚ SadovskiiØÄ:½ny²XÚ (1.1)
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x�'

mild)��35.

é?¿�~ê r > 0,½Â8Ü Br �

Br := {x ∈ C(I,H) : E‖x(t)‖2 6 r, t ∈ I}.

�y²�©�Ì�(Ø,·�Ú\Xeb�^�:

(F1)¼ê f : I ×H→ H÷v:

(i)é ∀ t ∈ I, f(t, ·) : H→ HëY,é ∀ x ∈ H, f(·, x) : I → H�ÿ.

(ii)�3¼êm ∈ L1(I,R+),¦�

E‖f(t, x)‖2 6 m(t)E‖x‖2, ∀ t ∈ I, x ∈ H.

(F2) ¼ê g, h : C(I,H)→ HëY,��3~ê Ng, Nh > 0,¦�é ∀ x, y ∈ C(I,H),k

E‖g(x)‖2 6 Ng(E‖x‖2 + 1), E‖g(x)− g(y)‖2 6 NgE‖x− y‖2,

E‖h(x)‖2 6 Nh(E‖x‖2 + 1), E‖h(x)− h(y)‖2 6 NhE‖x− y‖2.

(F3) ¼ê σ : I ×H→ L0
2ëY,��3~ê Nσ > 0,¦�é ∀ t ∈ I, x, y ∈ H,k

E‖σ(t, x)‖2 6 Nσ(E‖x‖2 + 1), E‖σ(t, x)− σ(t, y)‖2 6 NσE‖x− y‖2.

(F4)é ∀ t ∈ I,8Ü Vε := {f(s, x(s)) : x ∈ Br, s ∈ [0, t− ε], ε ∈ (0, t)}´;�.

©O½Â�f Q1, Q2 : C(I,H)→ C(I,H)Xe:

(Q1x)(t) := SEα,α−1(t)(x0 − g(x)) + (g1 ∗ SEα,α−1)(t)(x1 − h(x))

+

∫ t

0

(g1 ∗ SEα,α−1)(t− s)σ(s, x(s))dW (s),

(Q2x)(t) :=

∫ t

0

(g1 ∗ SEα,α−1)(t− s)f(s, x(s))ds.

d½Â 2.7, XÚ (1.1) � mild )�du�f Q := Q1 + Q2 �ØÄ:, Ïd, é�f Q A^
KrasnoselskiiØÄ:½ny²Ù3 Br þ���3��ØÄ:.

Ún 3.1 e^� (F1)− (F3)÷v,�Ø�ª

4
M2e2ωa

ω2
(2Ngω

2 + 2Nh + a‖m‖∞ + aLσNσ) < 1 (3.1)

¤á,K�3��~ê r > 0,¦� Q : Br → Br.
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y²: w,Br�C(I,H)¥���k.4à8,��é ∀ r > 0, ∃ x ∈ Br,¦�E‖(Qx)(t)‖2 >
r.d Q�½Â,k

r < E‖(Qx)(t)‖2

6 4E(‖SEα,α−1(t)‖‖x0 − g(x)‖)2 + 4E(‖(g1 ∗ SEα,α−1)(t)‖‖x1 − h(x)‖)2

+ 4E‖
∫ t

0

(g1 ∗ SEα,α−1)(t− s)f(s, x(s))ds‖2 + 4E‖
∫ t

0

(g1 ∗ SEα,α−1)(t− s)σ(s, x(s))dW (s)‖2

6 4M2e2ωaE‖x0 − g(x)‖2 + 4
M2e2ωa

ω2
E‖x1 − h(x)‖2

+ 4
M2e2ωa

ω2

∫ t

0

E‖f(s, x(s))‖2ds+ 4
M2e2ωa

ω2
Lσ

∫ t

0

E‖σ(s, x(s))‖2ds

6 4
M2e2ωa

ω2
[(2E‖x0‖2 + 2Ng(r + 1))ω2 + (2E‖x1‖2 + 2Nh(r + 1)) + ra‖m‖∞ + aLσNσ(r + 1)],

þªü>ÓØ± r,� r →∞�,��

1 6 4
M2e2ωa

ω2
(2Ngω

2 + 2Nh + a‖m‖∞ + aLσNσ),

ù� (3.1)ªgñ.Ïd,�3 r > 0,¦� Q : Br → Br. �

Ún 3.2 e^� (F2), (F3)÷v,K�f Q13 Br ¥Ø .

y²: é ∀ x, y ∈ Br, t ∈ I,d (3.1)ª,k

E‖(Q1x)(t)− (Q1y)(t)‖2

6 3E(‖SEα,α−1(t)‖‖g(x)− g(y)‖)2 + 3E(‖(g1 ∗ SEα,α−1)(t)‖‖h(x)− h(y)‖)2

+ 3E‖
∫ t

0

(g1 ∗ SEα,α−1)(t− s)[σ(s, x(s))− σ(s, y(s))]dW (s)‖2

6 3
M2e2ωa

ω2
(Ngω

2 +Nh + aLσNσ)E‖x− y‖2

< E‖x− y‖2.

��f Q1Ø . �

Ún 3.3 e^� (F1)÷v,K Q2 : Br → Br ëY.
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y²: �S� {xn}n>1 ⊂ Br,é ∀ x ∈ Br,÷v lim
n→+∞

xn = x.Kd Q2�½Â,��

E‖(Q2xn)(t)− (Q2x)(t)‖2

= E‖
∫ t

0

(g1 ∗ SEα,α−1)(t− s)[f(s, xn(s))− f(s, x(s))]ds‖2

6
M2e2ωa

ω2

∫ t

0

E‖f(s, xn(s))− f(s, x(s))‖2ds

6
M2e2ωa

ω2

∫ t

0

(2E‖f(s, xn(s))‖2 + 2E‖f(s, x(s))‖2)ds

6 4r
M2e2ωa

ω2

∫ t

0

m(s)ds.

5¿�, ¼ê s 7→ m(s) 3 I þ�È, � n → ∞ �,

∫ t

0

f(s, xn(s)) − f(s, x(s))ds → 0, Ïdd

Lebesgue��Âñ½n,�f Q2 : Br → Br ëY. �

½Â8Ü V := {Q2x : x ∈ Br}, V (t) := {(Q2x)(t) : x ∈ Br}.

½n 3.1 e^� (F1)− (F4)9 (3.1)ª¤á,KXÚ (1.1)3 I þ���3�� mild).

y²: dÚn 3.1-3.3��,·��I�`²8Ü V 3 C(I,H)¥�é;.

1�Ú:y²8Ü V ´�ÝëY�.

é ∀ x ∈ Br, 0 6 t2 < t1 6 a,k

E‖(Q2x)(t1)− (Q2x)(t2)‖2

= E‖
∫ t1

0

(g1 ∗ SEα,α−1)(t1 − s)f(s, x(s))ds−
∫ t2

0

(g1 ∗ SEα,α−1)(t2 − s)f(s, x(s))ds‖2

6 2E‖
∫ t2

0

[(g1 ∗ SEα,α−1)(t1 − s)− (g1 ∗ SEα,α−1)(t2 − s)]f(s, x(s))ds‖2

+ 2E‖
∫ t1

t2

(g1 ∗ SEα,α−1)(t1 − s)f(s, x(s))ds‖2

:= I1 + I2.

Ï�éu I1,d^� (F1),k

I1 = 2E‖
∫ t2

0

[(g1 ∗ SEα,α−1)(t1 − s)− (g1 ∗ SEα,α−1)(t2 − s)]f(s, x(s))ds‖2

6 2

∫ t2

0

‖(g1 ∗ SEα,α−1)(t1 − s)− (g1 ∗ SEα,α−1)(t2 − s)‖2E‖f(s, x(s))‖2ds

6 2r

∫ t2

0

‖(g1 ∗ SEα,α−1)(t1 − s)− (g1 ∗ SEα,α−1)(t2 − s)‖2m(s)ds,

�

‖(g1 ∗ SEα,α−1)(t1 − ·)− (g1 ∗ SEα,α−1)(t2 − ·)‖2m(s) 6 4
M2e2ωa

ω2
m(s) ∈ L1(I,R+).
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¤±,é ∀ t > 0,dÚn 2.1�� (g1 ∗ SEα,α−1)(t) = SEα,α(t).dÚn 2.2� SEα,α(t)�êëY.Ïd,�

t1 → t2 �, (g1 ∗ SEα,α−1)(t1 − s) − (g1 ∗ SEα,α−1)(t2 − s) → 0u B(H),Ïdd Lebesgue��Âñ½

n�� lim
t1→t2

I1 = 0.

éu I2,d^� (F1),k

I2 = 2E‖
∫ t1

t2

(g1 ∗ SEα,α−1)(t1 − s)f(s, x(s))ds‖2

6 2
M2e2ωa

ω2

∫ t1

t2

E‖f(s, x(s))‖2ds

6 2r
M2e2ωa

ω2

∫ t1

t2

m(s)ds

→ 0 (t2 − t1 → 0).

Ïd,8Ü V 3 C(I,H)¥�ÝëY.

1�Ú:y²8Ü V (t)3 H¥�é;.

� t = 0�, V (0)´�é;�.��Iy²é ∀ t ∈ I ′,8Ü V (t)3 H¥�é;.é ∀ 0 < ε < t,

½Â�f Qε2Xeµ

(Qε2x)(t) :=

∫ t−ε

0

(g1 ∗ SEα,α−1)(t− s)f(s, x(s))ds,

V ε
2 (t) := {(Qε2x)(t) : x ∈ Br}.

db�^� (F4)ÚÚn 2.6�� conv(Vε)´��;8,l Meωa

ω
(t− ε)conv(Vε)�´��;8,Ù

¥ conv(Vε)� Vε�4à�.d BochnerÈ©¥�½n,��

(Qε2x)(t) ∈ Meωa

ω
(t− ε)conv(Vε), ∀ t ∈ I.

Ïd,é ∀ ε > 0,8Ü V ε
2 (t)3 H¥�é;.é ∀ x ∈ Br,k

E‖(Q2x)(t)− (Qε2x)(t)‖2

= E‖
∫ t

t−ε
(g1 ∗ SEα,α−1)(t− s)f(s, x(s))ds‖2

6
M2e2ωa

ω2

∫ t

t−ε
E‖f(s, x(s))‖2ds

6
M2e2ωa

ω2
r

∫ t

t−ε
m(s)ds.

¼ê s 7→ m(s) ∈ L1([t− ε, t],R+),d Lebesgue��Âñ½n,��

lim
ε→0

E‖(Q2x)(t)− (Qε2x)(t)‖2 = 0,

DOI: 10.12677/pm.2022.121018 142 nØêÆ

https://doi.org/10.12677/pm.2022.121018


x�'

=� t ∈ I ′ �,�3���é;8 V ε
2 (t)?¿ªCu V (t),� V (t)3 H¥�é;.d Ascoli-Arzela

½n�,é ∀ t ∈ I,8Ü V 3 C(I,H)¥�é;.

�dÚn 2.7�,�f Q3 Br ¥�3��ØÄ: x,dØÄ:=�XÚ (1.1)�mild). �

�e5,b� SEα,α−1(t)(t > 0)3���fÿÀ¥ëY,·�Ú\Xeb�:

(F5)é ∀ t ∈ I,8Ü {
∫ t−ε

0

(g1 ∗ SEα,α−1)(t − ε − s)σ(s, x(s))dW (s) : x ∈ Br, s ∈ [0, t − ε], ε ∈

(0, t)}´;�.

½n 3.2 e^� (F1)− (F5)Ú (3.1)ª¤á,KXÚ (1.1)3 I þ���3�� mild).

y²: w,,db�^� (F1)− (F3),�f Q : C(I,H)→ C(I,H)ëY.

½Â�f Q = Q1 +Q2Xe:

(Q1x)(t) := SEα,α−1(t)(x0 − g(x)) + (g1 ∗ SEα,α−1)(t)(x1 − h(x)),

(Q2x)(t) :=

∫ t

0

(g1 ∗ SEα,α−1)(t− s)f(s, x(s))ds+

∫ t

0

(g1 ∗ SEα,α−1)(t− s)σ(s, x(s))dW (s).

eyW := {Q2x : x ∈ Br}3 C(I,H)¥�é;.d Ascoli-Arzela½n,·�I�y²W 3 C(I,H)

¥��k.��ÝëY, W (t)3 H¥�é;.aquÚn 3.1�y²�W ´��k.�.

Äky²W �ÝëY.é ∀ x ∈ Br,� 0 6 t2 < t1 6 a�,k

E‖(Q2x)(t1)− (Q2x)(t2)‖2

= E‖
∫ t2

0

[(g1 ∗ SEα,α−1)(t1 − s)− (g1 ∗ SEα,α−1)(t2 − s)]f(s, x(s))ds

+

∫ t2

0

[(g1 ∗ SEα,α−1)(t1 − s)− (g1 ∗ SEα,α−1)(t2 − s)]σ(s, x(s))dW (s)

+

∫ t1

t2

(g1 ∗ SEα,α−1)(t1 − s)f(s, x(s))ds

+

∫ t1

t2

(g1 ∗ SEα,α−1)(t1 − s)σ(s, x(s))dW (s)‖2

6 4E‖
∫ t2

0

[(g1 ∗ SEα,α−1)(t1 − s)− (g1 ∗ SEα,α−1)(t2 − s)]f(s, x(s))ds‖2

+ 4E‖
∫ t2

0

[(g1 ∗ SEα,α−1)(t1 − s)− (g1 ∗ SEα,α−1)(t2 − s)]σ(s, x(s))dW (s)‖2

+ 4E‖
∫ t1

t2

(g1 ∗ SEα,α−1)(t1 − s)f(s, x(s))ds‖2

+ 4E‖
∫ t1

t2

(g1 ∗ SEα,α−1)(t1 − s)σ(s, x(s))dW (s)‖2

:= 4

4∑
i=1

Ji.
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d½n 3.1�y²��� t1 → t2�, J1, J3 → 0.,��¡,d^� (F3),k

J2 6 Lσ

∫ t2

0

‖(g1 ∗ SEα,α−1)(t1 − s)− (g1 ∗ SEα,α−1)(t2 − s)‖2E‖σ(s, x(s))‖2ds

6 4aLσNσ(r + 1)
M2e2ωa

ω2
.

d (g1 ∗ SEα,α−1)(t)3 B(H)¥ëY��,� t1 → t2�, (g1 ∗ SEα,α−1)(t1)− (g1 ∗ SEα,α−1)(t2)→ 0,

Ïd�â Lebesgue��Âñ½n�� lim
t1→t2

J2 = 0. éu J4,d^� (F3),k

J4 6
M2e2ωa

ω2
Lσ

∫ t1

t2

E‖σ(s, x(s))‖2ds

6
M2e2ωa

ω2
LσNσ(r + 1)(t1 − t2)

→ 0 (t1 → t2).

Ïd,8ÜW 3 C(I,H)¥�ÝëY.

Ùg,y²é ∀ t ∈ I,8ÜW (t) := {(Q2x)(t) : x ∈ Br}3 H¥�é;.� t = 0�, W (0)´�

é;�,��Iy²é ∀ t ∈ I ′, W (t)´�é;�.é ∀ 0 < ε < t,½Â�f QεXe:

(Qεx)(t) := (Q1,εx)(t) + (Q2,εx)(t),

Wε(t) := {(Qεx)(t) : x ∈ Br}, ∀ 0 < ε < t,

Ù¥

(Q1,εx)(t) := SEα,α−1(ε)

∫ t−ε

0

(g1 ∗ SEα,α−1)(t− ε− s)f(s, x(s))ds,

(Q2,εx)(t) := SEα,α−1(ε)

∫ t−ε

0

(g1 ∗ SEα,α−1)(t− ε− s)σ(s, x(s))dW (s).

d½n 3.1�y²�� M2e2ωa

ω
(t− ε)conv(Vε)´��;8.¤±d BochnerÈ©¥�½n,��

(Q1,εx)(t) ∈ M
2e2ωa

ω
(t− ε)conv(Vε), ∀ t ∈ I.

Ïd, é ∀ ε > 0,8Ü {(Q1,εx)(t) : x ∈ Br} 3 H ¥�é;.qdb�^� (F5) ��8Ü
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{(Q2,εx)(t) : x ∈ Br}3 H¥�é;.Ïd,8ÜWε(t)3 H¥�é;.é ∀ x ∈ Br,k

E‖(Q2x)(t)− (Qεx)(t)‖2

= E‖
∫ t

0

(g1 ∗ SEα,α−1)(t− s)f(s, x(s))ds

− SEα,α−1(ε)

∫ t−ε

0

(g1 ∗ SEα,α−1)(t− ε− s)f(s, x(s))ds

+

∫ t

0

(g1 ∗ SEα,α−1)(t− s)σ(s, x(s))dW (s)

− SEα,α−1(ε)

∫ t−ε

0

(g1 ∗ SEα,α−1)(t− ε− s)σ(s, x(s))dW (s)‖2

6 2E‖
∫ t

0

(g1 ∗ SEα,α−1)(t− s)f(s, x(s))ds

− SEα,α−1(ε)

∫ t−ε

0

(g1 ∗ SEα,α−1)(t− ε− s)f(s, x(s))ds‖2

+ 2E‖
∫ t

0

(g1 ∗ SEα,α−1)(t− s)σ(s, x(s))dW (s)

− SEα,α−1(ε)

∫ t−ε

0

(g1 ∗ SEα,α−1)(t− ε− s)σ(s, x(s))dW (s)‖2

:= 2(K1 +K2).

éuK1,k

K1 63

∫ t−ε

0

‖SEα,α−1(ε)− I‖2E‖(g1 ∗ SEα,α−1)(t− ε− s)f(s, x(s))‖2ds

+ 3 sup
06s6t−ε

‖(g1 ∗ SEα,α−1)(t− ε− s)− (g1 ∗ SEα,α−1)(t− s)‖2
∫ t−ε

0

E‖f(s, x(s))‖2ds

+ 3
M2e2ωa

ω2

∫ t

t−ε
E‖f(s, x(s))‖2ds.

aqu½n 3.1�y²,� ε→ 0+�, K1 → 0.ÓnK2 → 0.Ïd

lim
ε→0+

E‖(Q2x)(t)− (Qεx)(t)‖2 = 0,

=� t ∈ I ′�,�3���é;8Wε(t)?¿ªCuW (t),�W (t)3 H¥�é;.d Ascoli-Arzela

½n��,8ÜW 3 C(I,H)¥�é;,Ïd, γC(W ) = γC(Q2(Br)) = 0.

qÏ�

E‖(Q1x)(t)− (Q1y)(t)‖2

6 2‖SEα,α−1(t)‖2E‖g(x)− g(y)‖2 + 2‖(g1 ∗ SEα,α−1)(t)‖2E‖h(x)− h(y)‖2

6 2
M2e2ωa

ω2
(Ngω

2 +Nh)E‖x− y‖2,
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dÚn 2.3Ú (3.1)ª,k

γC(Q(Br)) 6 γC(Q1(Br)) + γC(Q2(Br))

6 2
M2e2ωa

ω2
(Ngω

2 +Nh)γC(Br)

6 γC(Br),

ù¿�X Q : Br → Br ´��vàN�.�dÚn 2.8�,�f Q3 Br ¥�3��ØÄ: x,

dØÄ:=�XÚ (1.1)�mild). �

4. (Ø

�©?Ø
 Hilbert�m¥ Sobolev. α ∈ (1, 2)� Riemann-Liouville©ê��ÅuÐ�§�

ÛÜ¯Kmild)��35.·�Äk½Â
d�fé (A,E))¤� (α, α−1)-ý)x {SEα,α−1(t)}t>0.

Ùg,3Øb� {SEα,α−1(t)}t>0 ;��¹e,·�|^ KrasnoselskiiØÄ:½nÚ SadovskiiØÄ:

½ny²
XÚ (I)� mild)��35.

Ä7�8
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