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Abstract

Competition and predation are a common phenomenon in ecology. When two species

compete for the same limited resources, the coexistence of predator and prey is neces-

sary to sustain the predator-prey system. It is of great significance to study whether

predators and prey can coexist in a intraguild predation model when competing for

the same resource. In this paper, we study the stability and Hopf bifurcation of a

spatiotemporal intraguild predation model with a fear effect, the conditions for the

coexistence of predator and prey in a intraguild predation model are derived by dis-

cussing the existence of equilibrium points, local and global asymptotic stability and

uniform persistence, the condition of stability of equilibrium point is obtained by Lya-

punov method and Helvetz criterion. Finally, we take the fear factor as the branching

parameter and obtain the conditions for the existence of Hopf bifurcation at each

equilibrium point.

Keywords

Intraguild Predation Model, Beddington-DeAngelis Functional Response, Fear Effect,

Stability, Hopf Bifurcation

Copyright c© 2022 by author(s) and Hans Publishers Inc.

This work is licensed under the Creative Commons Attribution International License (CC BY 4.0).

http://creativecommons.org/licenses/by/4.0/

1. Úó

3g,�¸¥, Ø¿�ÚÓ 	, � +SÓ ( Intraguild predation, {¡ IGP ) ´,�«Ê

H�3u)�XÚ«+m�p�^�y�, ÙK�ØN�À. 3 IGP XÚ¥, IG Ó ö± IG  �
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� , ¿� IG  ��p¿�, �ö��], l IG Ó ö, IG  �Ú��]�¤��{ü

� Ô�. é� +SÓ XÚ�ïÄ�@�±J��© [1–3], Æö Polis, McCormick, MyerÚ

HoltÄgJÑ
� +SÓ XÚ�Vg. 3 1997 c© [4]¥)ÔÆ[ Holt Ú Polis ïá
��

{ü�� +SÓ XÚ�., L²�k� IG  �´��]�`³¿�ö�, ¤k«+â¬�

�,ù`²3nØþ� +SÓ XÚ¥�n«+��´�~(J�, ¢S)ÔXÚ¥���Ð�

�, ùÒ�)
���Ø. Ï, y3NõÆöl)Ô����Ýé© [4]¥��.?1?�ÚÖ¿,

5)ºnØÚy¢�m�gñ. Ïd, � +SÓ XÚ�ïÄäk��nØd�Úy¢¿Â.

3Ó - �XÚ¥, õU�A¼ê´4Ù��|¤Ü©. �
£ãÓ ö�N��ÑÇ�

 ��ÝFÝ�Cz, ®²JÑ
�«a.�õU�A¼ê. Ù¥�)²;� Holling-I ., II .

Ú III .õU�A [5–7], Beddington-DeAngelis ( BD) .õU�A [8, 9]ÚÙ¦�
a. [10,11]. 

Holling .õU�Ab�Ó ö�ÑÇ=�6 ��Ý,  BD .õU�AKb�Ó ö�ÑÇ�

É�Ó öm�pZ6�K�, = BD õU�A¼ê��6uÓ ö�Ý. ïÄL², ��5õU�

A4�/K�XÔ«m�p�^�(J, AO´ Ô�¥�¹n�$�n�±þÔ«� [12–17]. é

u IGP �., Kang ÚWedekin [18]b�
 Holling III .õU�A, ù´Äu Schaber �<�¢�

(J�wÍ[Ü [19]. �X Holling I .Ú Holling II .õU�A�·Ü, ·b3 IGP �.¥�y²

´�U� [20, 21]. d�, äk BD õU�A¼ê�)��.��þïÄ [22–26]. ,, duE,5,

éäk BD õU�A� IGP �.�ïÄ�ék� [27–32].

��5¿�´, © [27–30]¥b½ IG  �é��]�Ó Ç� IG Ó ö��ÝÃ'"ù�

UØU�N IG Ó öéÓ Ç�K�. dun�Ô«(��], IG �Ú IGÓ ö)��Ó��

¸, � IG  �Ú IG Ó ö	ÑÏé Ô�, ùn�Ô«�U¬Ó���, Ïdùn�Ô«Ñ¬K

�|¢�Ç [6].��¡,·�Ñ��)�XÚ¥K�Ó - �XÚÄåÆ�K�Ï�kéõ,~X 

�2o [33, 34], í�Z6 [35], ö�Ü� [36], «+-� [37]�, Ù¥ �éÓ ö��êÒ´Ù¥

�� [38–40]. Ïd, Äu±þ�Ä, �©yò��]é IG  ���ê±9�Ô«��Å*ÑB

\��. [32]¥?1?�ÚïÄ.© [32]��.�:

dR

dτ
= r1R(1− R

K
)− c1RN

1 +A1R+A2N +A3P
− c2RP

1 +A1R+A2N +A3P
,

dN

dτ
=

ε1c1RN

1 +A1R+A2N +A3P
− c2NP

1 +A1R+A2N +A3P
− η1N,

dP

dτ
=

ε2c2RP

1 +A1R+A2N +A3P
+

ε3c3NP

1 +A1R+A2N +A3P
− η2P,

(1.1)

ùp, R(τ), N(τ) Ú P (τ) ©OL«3 τ ����], IG  �Ú IG Ó ö«+��Ý. ëê

r1, K ©OL«��]�S�O�ÇÚ�¸«1å. A1, A2, A3 ©OL«��], IG  �Ú

IG Ó ö�Z6�A. c1, c2, c3 ©OL« IG  �, IG Ó öé��]���Ó Ç±9 IG

Ó öé IG ����Ó Ç, ε1, ε2, ε3 ©OL« IG  �, IG Ó öé��]�=zÇ±9

IG Ó öé IG  ��=zÇ, η1, η2 ©O�L IG  �Ú IG Ó ö�g,k�Ç.

3T�.¥, ·�b���]du³ù IG  �����]êþeü,  IG  ��)�

=ÉÙ IG Ó ö�K�, lò�êÏf h(f,N) = 1
1+fN

¦�XÚ (1.1) ¥, Ù¥ f L«��]
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é IG  ���ê§Ý, ��?U���.Xe:

dR

dτ
=

r1R

1 + fN
(1− R

K
)− c1RN

1 +A1R+A2N +A3P
− c2RP

1 +A1R+A2N +A3P
,

dN

dτ
=

ε1c1RN

1 +A1R+A2N +A3P
− c2NP

1 +A1R+A2N +A3P
− η1N,

dP

dτ
=

ε2c2RP

1 +A1R+A2N +A3P
+

ε3c3NP

1 +A1R+A2N +A3P
− η2P,

(1.2)

��Bå�, Ú\±eÃþjCþÚëê§±~�XÚ (1.2)¥ëê�êþ:

t = r1τ, u =
R

N
, v =

c1

r1

N, w =
c2

r1

P, k =
r1f

c1

, e1 =
ε1c1K

r1

, e2 =
ε2c2K

r1

,

c =
c3

c2

, ε =
ε3c2

c1

, a = A1K, b1 =
A2r1

c1

, b2 =
A3r1

c2

, δ1 =
η1

r1

, δ2 =
η2

r2

,

�òXÚ (1.2) �z� 

du

dt
= u(

1− u
1 + kv

− v + w

1 + au+ b1v + b2w
),

dv

dt
= v(

e1u− cw
1 + au+ b1v + b2w

− δ1),

dw

dt
= w(

e2u+ εcv

1 + au+ b1v + b2w
− δ2),

u(0) ≥ 0, v(0) ≥ 0, w(0)) ≥ 0,

(1.3)

d	, 3«+üz?§¥, �¸�Ï���
�m©Ù�Øþ!5.Ïd, ò*ÑÚ\�äk

Beddington-DeAngelis õU�A� IGP �. (1.3)¥. �©, ·��Ä6þ�u"� Neumann >

.^�e�g*Ñ�.:

ut − d1∆u = u(
1− u
1 + kv

− v + w

1 + au+ b1v + b2w
), x ∈ Ω, t > 0,

vt − d2∆v = v(
e1u− cw

1 + au+ b1v + b2w
− δ1), x ∈ Ω, t > 0,

wt − d3∆w = w(
e2u+ εcv

1 + au+ b1v + b2w
− δ2), x ∈ Ω, t > 0,

∂u

∂ν
=
∂v

∂ν
=
∂w

∂ν
= 0, x ∈ ∂Ω, t > 0,

u(x, 0) = u0(x) ≥ 0, v(x, 0) = v0(x) ≥ 0, w(x, 0) = w0(x) ≥ 0, x ∈ Ω.

(1.4)

 Ω ´ RN (N ≥ 1) ¥äk1w>. ∂Ω �k.«�; ν´>. ∂Ω�ü 	{�þ; d1, d2, d3 > 0

L«Ô«�g*ÑXê, g*Ñ��N
�NlpßÝ�$ßÝ*Ñ, Ð� u0(x), v0(x), w0(x)� Ω

þ�ëY¼ê§b��.¥�¤këêþ��~ê.

DOI: 10.12677/pm.2022.1212225 2084 nØêÆ

https://doi.org/10.12677/pm.2022.1212225


��w

e¡·�½Â

F(E) = (f1(E), f2(E), f3(E))> =



u(
1− u
1 + kv

− v + w

1 + au+ b1v + b2w
)

v(
e1u− cw

1 + au+ b1v + b2w
− δ1)

w(
e2u+ εcv

1 + au+ b1v + b2w
− δ2)


.

�©�|�(�Xe: 1 2 !?Ø
�mXÚ)��35Úk.5, �1²ï:�ÛÜÚ�Û

½5, ±9©Û
XÚ (1.3) � Hopf ©�. 1 3 !�åu��XÚ�©Û: ?Ø
XÚ (1.4) �)

�±È5Ú²ï:�ÛÜ½5. 1 4 !�Ñ
(Ø.

2. XÚ (1.3)�ÄåÆ©Û

2.1. �ØC5Úk.5

½n1XÚ (1.3) �¤k)3 R3
+ = {(u, v, w) : u(t) > 0, v(t) > 0, w(t) > 0} S�3��±�5.

y²� (u(t), v(t), w(t)) �XÚ (1.3) �), éN´wÑ, f1, f2, f3 ´ R3
+ þ�ëY¼ê�´Û

Ü LipschitizianëY�. Ïd, ÷vÐ�^� (u(0), v(0), w(0)) ≥ (0, 0, 0) �XÚ (1.3) �¤k)3

R3
+ = {(u, v, w) : u(t) > 0, v(t) > 0, w(t) > 0}S�3���, ?L²
é ∀t > 0 �¤k)�3�

�±�5.

½n23 R3
+ S�XÚ (1.3) �¤k)Ñ´��k.�.

y²� (u(t), v(t), w(t)) �XÚ (1.3)�?¿��),Ï�
du

dt
≤ u 1−u

1+kv
≤ u(1− u), d'��n

��, lim
t→∞

u(t) ≤ 1, =é ∀ε1 > 0, ∃T1,� t > T1 �,k u(t) ≤ 1 + ε1.

l (1.3)�1���§§·�k

dv

dt
+ δ1v =

(e1u− cw)v

1 + au+ b1v + b2w
≤ e1uv

b1v
≤ e1(1 + ε1)

b1

�â Gronwall’sØ�ª [41]§·�k

0 < v(t) <
e1(1 + ε1)(1− e−δ1t)

b1δ1

+ v(0)e−δ1t

. d'��n��, lim
t→∞

v(t) ≤ e1(1+ε1)
δ1b1

, =é ∀ε2 > 0, ∃T2,� t > max {T1, T2}�,k

v(t) ≤ e1(1+ε1)
δ1b1

+ ε2.

l (1.3)�1n��§, ·�k

dw

dt
+ δ2w =

(e2u+ εcv)w

1 + au+ b1v + b2w
≤ (e2u+ εcv)w

b2w
≤
e2(1 + ε1) + cε[ e1(1+ε1)

b1δ1
+ ε2]

b2
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�â Gronwall’sØ�ª [41]§·�k

0 < w(t) <
e2(1 + ε1) + cε[ e1(1+ε1)

b1δ1
+ ε2]

b2δ2

(1− e−δ2t) + w(0)e−δ2t

d'��n��, lim
t→∞

w(t) ≤ e2(1+ε1)+cε[
e1(1+ε1)
b1δ1

+ε2]

b2δ2
, =é ∀ε3 > 0, ∃T3,� t > max {T1, T2, T3}�,k

w(t) ≤ e2(1+ε1)+cε[
e1(1+ε1)
b1δ1

+ε2]

b2δ2
+ ε3 ≤

[(1+ε1)(e2+
εce1
b1δ1

)+εcε2]

b2δ2
+ ε3.

�XÚ (1.3)�¤k)��k.¿�ªªu±e«�:

Θ ={
(u, v, w) ∈ R3

+ : u(t) ≤ 1 + ε1, v(t) ≤ e1(1 + ε1)

b1
, w(t) ≤

(1 + ε1)(e2 + e1cε
b1δ1

) + cεε2

b2δ2

+ ε3,∀ε1, ε2, ε3 > 0

}

2.2. ²ï:��35

XÚ (1.3)k±eäk)Ô¿Â��1²ï:.

(i) o�3²�²ï: E0 = (0, 0, 0) Ú�²�²ï: E1 = (1, 0, 0);

(ii)Ù¦>.²ï:± E2 = (u2, v2, 0), u2, v2 > 0, E3 = (u3, 0, w3), u3, w3 > 0 �/ª�Ñ.-

<i = ei
δi(1+a)

, i = 1, 2,@o <1 ´3Ã IG Ó ö£Ô«w¤��¹e, IG  �(Ô«v)�Ä�2)

ê, <2 ´3Ã IG  ���¹e, IG Ó ö�Ä�2)ê.

� IG Ó öØ�3�, = w = 0, XÚ (1.3)òz�±eÓ ö-  �XÚ:
du

dt
= u(

1− u
1 + kv

− v

1 + au+ b1v
),

dv

dt
= v(

e1u

1 + au+ b1v
− δ1),

e <1 > 1, KXÚ (1.3¤k�� E2 = (u2, v2, 0) /ª�>.²ï:,  v2 ÷v±e�§:

A1v
2
2 +B1v2 − C1 = 0

Ù¥

A1 = e1b
2
1δ

2
1 + kδ1(e1 − aδ1)2 > 0,

B1 = δ1(e1 − aδ1)2 + 2e1b1δ
2
1 − e1b1δ1(e1 − aδ1),

C1 = e1δ1(e1 − δ1 − aδ1) > 0,

K v2 =
−B1+

√
B2

1+4A1C1

2A1
> 0, u2 = δ1(1+b1v2)

e1−aδ1 (0 < u2 < 1).
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aq/, � IG  �Ø�3�, = v = 0, e <2 > 1,K u3 =
(aδ2+b2e2−e2)+

√
(aδ2+b2e2−e2)2+4b2e2δ2

2b2e2
,

w3 = e2u3(1−u3)
δ2

(0 < u3 < 1).

(iii)e E∗ = (u∗, v∗, w∗)�XÚ (1.3) ��~ê²ï:, Kk±e�§:

u(
1− u
1 + kv

− v + w

1 + au+ b1v + b2w
) = 0 (1.3a)

v(
e1u− cw

1 + au+ b1v + b2w
− δ1) = 0 (1.3b)

w(
e2u+ εcv

1 + au+ b1v + b2w
− δ2) = 0 (1.3c)

d (1.3b)Ú (1.3c)�, w = [(e1δ2−e2δ1)u−cεδ1v]
cδ2

, òÙ�\ (1.3b), (1.3c)¥��

v =
[(e2 − aδ2)c+ b2(e2δ1 − e1δ2)]u− cδ2

c[b1δ2 − ε(c+ b2δ1)]

w =
εcδ1 − [(e1 − aδ1)cε+ b1(e2δ1 − e1δ2)]u

c[b1δ2 − ε(c+ b2δ1)]

½Â

Λv := e2 − aδ2 +
b2(e2δ1 − e1δ2)

c

,

Λw := e1 − aδ1 +
b1(e2δ1 − e1δ2)

cε

. � u ∈ Sv�, v > 0, 

Sv =



(
δ2

Λv
,∞), L > 0,Λv > 0;

(0,∞), L < 0,Λv ≤ 0;

(0,
δ2

Λv
), L < 0,Λv > 0.

(1)

aq/, � u ∈ Sw�, w > 0, 

Sw =



(0,∞), L > 0,Λw ≤ 0;

(0,
δ1

Λw
), L > 0,Λw > 0;

(
δ2

Λw
,∞), L < 0,Λw > 0.

(2)

- L = b1δ2− ε(c+ b2δ1), M = (e2− aδ2)c+ b2(e2δ1− e1δ2), N = (e1− aδ1)cε+ b1(e2δ1− e1δ2), K

v =
Mu− cδ2

cL
(1.3d)
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w =
εcδ1 −Nu

cL
(1.3e)

ò (1.3d), (1.3e)�\ (1.3a)¥��'u u�L�ªXe:

f(u) = A2u
2 +B2u+ C2 = 0 (0 < u < 1)

A2 = ac2L2 + kM2 + cb1ML− cb2NL− kMN,

B2 = c2(1− a)L2 + c2(εb2δ1 − b1δ2)L+ ck(εδ1 − 2δ2)M + ckδ2N + c(1− b1)LM − c(1− b2)LN,

C2 = c2εδ1(1− b2)L− c2δ2(1− b1)L− c2L2 − kεc2δ1δ2 − c2kδ2
2 ,

�(H1) <1 > 1 > <2, L 6= 0� SE = Sv ∩ Sw 6= ∅ ¤á�, XÚ (1.3)�õkü��~ê²ï:, äN

Xe: f(0) = C2, f(1) = A2 +B2 + C2,

(a)e A2C2 > 0, ∆ = B2
2 − 4A2C2 > 0, u = − B2

2A2
,

� C2(A2 + B2 + C2) > 0�, u∗1 =
−B2−

√
B2

2−2A2C2

2A2
, u∗2 =

−B2+
√
B2

2−2A2C2

2A2
. KXÚ (1.3)�3ü�

�~ê²ï:, ©O� E∗1 = (u∗1, v
∗
1 , w

∗
1), E∗2 = (u∗2, v

∗
2 , w

∗
2);

� C2(A2 + B2 + C2) < 0�,k u∗1 =
−B2−

√
B2

2−2A2C2

2A2
,KXÚ (1.3) �k���~ê²ï: E∗1 =

(u∗1, v
∗
1 , w

∗
1).

(b)e A2C2 < 0, C2(A2 + B2 + C2) < 0�, k u∗2 =
−B2+

√
B2

2−2A2C2

2A2
, KXÚ (1.3) �k���

~ê²ï: E∗2 = (u∗2, v
∗
2 , w

∗
2).

(c) e A2C2 > 0, ∆ = B2
2 − 4A2C2 = 0�, u∗3 = − B2

2A2
, KXÚ (1.3)��~ê²ï:�

E∗3 = (u∗3, v
∗
3 , w

∗
3).

(d)e A2C2 = 0,

� A2 = 0, −B2
2 < B2C2 < 0�, u∗4 = −C2

B2
, KXÚ (1.3)��~ê²ï:� E∗4 = (u∗4, v

∗
4 , w

∗
4);

� C2 = 0, −A2
2 < A2B2 < 0�, u∗5 = −B2

A2
, KXÚ (1.3)��~ê²ï:� E∗5 = (u∗5, v

∗
5 , w

∗
5).

2.3. ²ï:�ÛÜ½5

XÚ (1.3 ) 3 (u, v, w) ?� Jacobi Ý
Xe

J =


J11 J12 J13

J21 J22 J23

J31 J32 J33

 , (3)

Ù¥

J11 = 1−2u
1+kv

− (v+w)(1+b1v+b2w)
(1+au+b1v+b2w)2

, J12 = −[ku(1−u)
(1+kv)2

+ u(1+au)+(b2−b1)uw
(1+au+b1v+b2w)2

], J13 = (b2−b1)uv−u(1+au)
(1+au+b1v+b2w)2

,

J21 = e1v(1+b1v)+vw(ac+e1b2)
(1+au+b1v+b2w)2

, J22 = (e1u−cw)(1+au+b2w)
(1+au+b1v+b2w)2

− δ1, J23 = − cv(1+b1v)+uv(ac+e1b2)
(1+au+b1v+b2w)2

, J31 =
e2w(1+b1v+b2w)−acεvw

(1+au+b1v+b2w)2
, J32 = cεw(1+b2w)+uw(acε−b1e2)

(1+au+b1v+b2w)2
, J33 = (e2u+εcv)(1+au+b1v)

(1+au+b1v+b2w)2
− δ2.
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e¡ÏLO�XÚ (1.3) 3z�²ï:?� Jacobi Ý
�A��, 5(½ù
²ï:�½5.

½n 3 (i)²�²ï: E0 = (0, 0, 0) ´Ã^�Ø½�.

(ii)emax {<1,<2} < 1, K�²�²ï: E1 = (1, 0, 0) ´ÛÜìC½�; ÄK E1 ´Ø½

�.

y² (i)XÚ (1.3) 3²ï: E0 ?� Jacobi Ý
�

JE0
=


1 0 0

0 −δ1 0

0 0 −δ2

 . (4)

Ý
 (4) �A��� λ
(0)
1 = 1 > 0, λ

(0)
2 = −δ1 Ú λ

(0)
3 = −δ2. Ïd, ²ï: E0 ´Ø½�.

(ii) XÚ (1.3) 3²ï: E1 ?� Jacobi Ý
�

JE1
=


−1 − 1

1 + a
− 1

1 + a

0
e1

1 + a
− δ1 0

0 0
e2

1 + a
− δ2

 . (5)

Ý
 (5) �A��§�

(λ+ 1)

[
λ− (

e1

1 + a
− δ1)

] [
λ− (

e2

1 + a
− δ2)

]
= 0.

¤±,Ý
 (5)�A��� λ
(1)
1 = −1, λ

(1)
2 =

e1

1 + a
−δ1 = δ1(<1−1), λ

(1)
3 =

e2

1 + a
−δ2 = δ2(<2−1).

�max {<1,<2} < 1�, ²ï: E1 ´ÛÜìC½�; ��, E1 ´Ø½�.

½n 4b� <1 > 1, k > b1¤á, e λ
(2)
1 < 0, T (2) < 0, KÃ IG Ó ö²ï: E2(u2, v2, 0) ´

ÛÜìC½�; e λ
(2)
1 > 0½ T (2) > 0, K E2(u2, v2, 0)´Ø½�.

y²XÚ (1.3) 3²ï: E2 ?� Jacobi Ý
�

JE2
=


a11 a12 a13

a21 a22 a23

0 0 a33

 . (6)

Ù¥

a11 = 1
1+kv2

[
aδ1(1−u2)

e1
− u2

]
, a12 = −

[
ku2(1−u2)
(1+kv2)2

+ δ1
e1
− b1δ1(1−u2)

e1(1+kv2)

]
,

a13 = (b2−b1)u2v2−u2(1+au2)
(1+au2+b1v2)2

, a21 = (e1 − aδ1) 1−u2

1+kv2
, a22 = − b1δ1(1−u2)

1+kv2
,

a23 = − cv2(1+b1v2)+u2v2(e1b2+ac)
(1+au2+b1v2)2

, a33 = e2δ1
e1
− δ2 + εc(1−u2)

1+kv2
.
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Ý
 (6) �A��§�

(λ− a33)
[
λ2 − (a11 + a22)λ+ a11a22 − a12a21

]
= 0

- D(2) = a11a22 − a12a21 = 1−u2

1+kv2

[
δ1(k−b1)(1−u2)

(1+kv2)2
+ b1δ1u2

1+kv2
+ δ1(e1−aδ1)

e1

]
,

T (2) = a11 + a22 =
δ1( ae1

−b1)(1−u2)−u2

1+kv2
, λ

(2)
1 = e2δ1

e1
− δ2 + εc(1−u2)

1+kv2
,

d��½n�� λ
(2)
2 + λ

(2)
3 = T (2), λ

(2)
2 λ

(2)
3 = D(2) > 0. � λ

(2)
1 < 0 � T (2) < 0 �, Ý
 (6) �A

�� λ
(2)
2 , λ

(2)
3 äkK¢Ü, Ïd, ²ï: E2 ´ÛÜìC½�; � λ

(2)
1 > 0½ T (2) > 0 �, ²ï:

E2 ´Ø½�.

½n 5b� <2 > 1, e <2 > <1� aδ2 < b2e2, KÃ IG  �²ï: E3(u3, 0, w3) ´ÛÜìC

½�; e <1 > <2, δ1(<1−<2) > c(1−u3)<2½ e2u3 < (aδ2− b2e2)(1−u3)�, ²ï:E3(u3, 0, w3)

´Ø½�.

y²XÚ (1.3) 3²ï: E3 ?� Jacobi Ý
�

JE3
=


b11 b12 b13

0 b22 0

b31 b32 b33

 . (7)

Ù¥

b11 = aδ2
e2

(1− u3)− u3, b12 = (1− u3)( b1δ2
e2
− ku3)− δ2

e2
, b13 = − δ2[1−b2(1−u3)]

e2
,

b22 = e1δ2−e2δ1
e2

− c(1−u3), b31 = (e2− aδ2)(1−u3), b32 = (εc− b1δ2)(1−u3), b33 = −b2δ2(1−u3).

Ý
 (7) �A��§�

(λ− b22)
[
λ2 − (b11 + b33)λ+ b11b33 − b13b31

]
= 0.

- D(3) = b11b33 − b13b31 = δ2(1− u3)
√

(e2 − b2e2 − aδ2)2 + 4b2e2δ2 > 0,

T (3) = b11 + b33 = (aδ2
e2
− b2)(1− u3)− u3, λ

(3)
1 = e1δ2−e2δ1

e2
− c(1− u3).

d��½n�� λ
(3)
2 + λ

(3)
3 = T (3), λ

(3)
2 λ

(3)
3 = D(3) > 0. � λ

(3)
1 < 0 � T (2) < 0, = <2 > <1�

aδ2 < b2e2�, Ý
 (7) �A�� λ
(3)
2 , λ

(3)
3 äkK¢Ü, Ïd, ²ï: E3 ´ÛÜìC½�; �

λ
(3)
1 > 0½ T (3) > 0, =<1 > <2, δ1(<1 −<2) > c(1− u3)<2½ e2u3 < (aδ2 − b2e2)(1− u3) �, ²ï

: E3 ´Ø½�.

½n 6e�~ê²ï: E∗(u∗, v∗, w∗)÷v±e^�µ

(H2) εc > b1δ2, 1 + kv∗ > bi(1− u∗), ei > aδi (i = 1, 2)

(H3) 1 + au∗ + b1v
∗ + b2w

∗ > a(1− u∗)

(H4) b2δ2(e1 − aδ1) > (e2 − aδ2)(c+ b2δ1)

(H5) b1δ1[(1 + kv∗)− b1(1− u∗)]v∗ > (εc− b1δ2)[(1 + kv∗)− b2(1− u∗)]w∗
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K�~ê²ï: E∗(u∗, v∗, w∗)´ÛÜìC½�.

y²XÚ (1.3) 3²ï: E∗ ?� Jacobi Ý
�

JE∗ =


c11 c12 c13

c21 c22 c23

c31 c32 c33

 . (8)

Ù¥

c11 = u∗

1+kv∗

[
a(1−u∗)

1+au∗+b1v∗+b2w∗ − 1
]
, c12 = − u∗

1+kv∗

[
k(1−u∗)
1+kv∗

+ (1+kv∗)−b1(1−u∗)
1+au∗+b1v∗+b2w∗

]
,

c13 = u∗

1+kv∗

[
b2(1−u∗)−(1+kv∗)
1+au∗+b1v∗+b2w∗

]
, c21 = (e1−aδ1)v∗

1+au∗+b1v∗+b2w∗ , c22 = − b1δ1v
∗

1+au∗+b1v∗+b2w∗ < 0,

c23 = − (c+b2δ1)v∗

1+au∗+b1v∗+b2w∗ < 0, c31 = (e2−aδ2)w∗

1+au∗+b1v∗+b2w∗ , c32 = (εc−b1δ2)
1+au∗+b1v∗+b2w∗ ,

c33 = − b2δ2w
∗

1+au∗+b1v∗+b2w∗ < 0.

Ý
 (8) �A��§�

λ3 + P1λ
2 + P2λ+ P3 = 0. (9)

Ù¥

P1 = −(c11 + c22 + c33)

=
u∗

1 + kv∗

[
1− a(1− u∗)

1 + au∗ + b1v∗ + b2w∗

]
+

b1δ1v
∗ + b2δ2w

∗

1 + au∗ + b1v∗ + b2w∗
,

P2 = c11c22 + c11c33 + c22c33 − c12c21 − c13c31 − c23c32

=
u∗(b1δ1v

∗ + b2δ2w
∗)

(1 + kv∗)(1 + au∗ + b1v∗ + b2w∗)
+

k(e1 − aδ1)(1− u∗)u∗v∗

(1 + kv∗)2(1 + au∗ + b1v∗ + b2w∗)

+
u∗ {(1 + kv∗) [(e1 − aδ1)v∗ + (e2 − aδ2)w∗]− (1− u∗)(b1e1v

∗ + b2e2w
∗)}

(1 + kv∗)(1 + au∗ + b1v∗ + b2w∗)

+
[b1b2δ1δ2 + (cε− b1δ2)(c+ b2δ1)] v∗w∗

(1 + au∗ + b1v∗ + b2w∗)2
,

P3 = c11(c23c32 − c22c33) + c12(c21c33 − c23c31) + c13(c22c31 − c32c21)

= − u∗

1 + kv∗

[
a(1− u∗)

1 + au∗ + b1v∗ + b2w∗
− 1

]
[(c+ b2δ1)(cε− b1δ2) + b1b2δ1δ2] v∗w∗

(1 + au∗ + b1v∗ + b2w∗)2

− u∗

1 + kv∗

[
k(1− u∗)
1 + kv∗

+
(1 + kv∗)− b1(1− u∗)
1 + au∗ + b1v∗ + b2w∗

]
[(e2 − aδ2)(c+ b2δ1)− b2δ2(e1 − aδ2)] v∗w∗

(1 + au∗ + b1v∗ + b2w∗)2

− u∗

1 + kv∗

[
b2(1− u∗)− (1 + kv∗)

1 + au∗ + b1v∗ + b2w∗

]
[b1δ1(e2 − aδ2) + (e1 − aδ1)(εc− b1δ2)] v∗w∗

(1 + au∗ + b1v∗ + b2w∗)2
.
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d^� (H2) ��,

sgn(JE∗) =


− − −

+ − −

+ + −

 . (10)

d^� (H2) (H3) (H4) ��, P1 > 0, P3 > 0.

P1P2 − P3 = c2
11(−c22 − c33) + c2

22(−c11 − c33) + c2
33(−c11 − c22)

+ c12(c23c31 + c11c21) + c21(c13c32 + c22c12) + c22(c23c32 − c11c33)

+ c33(c23c32 − c11c22 + c13c31) + c11c13c31

(11)

d^�(H5) � (10) �ÎÒ��,

c13c32 + c22c12 =
(εc− b1δ2) [b2(1− u∗)− (1 + kv∗)]u∗w∗

(1 + kv∗)(1 + au∗ + b1v∗ + b2w∗)2

+
b1δ1u

∗v∗

(1 + kv∗)(1 + au∗ + b1v∗ + b2w∗)

[
k(1− u∗)
1 + kv∗

+
(1 + kv∗)− b1(1− u∗)
1 + au∗ + b1v∗ + b2w∗

]

=
u∗ {b1δ1 [(1 + kv∗)− b1(1− u∗)] v∗ − (εc− b1δ2) [(1 + kv∗)− b2(1− u∗)]w∗}

(1 + kv∗)(1 + au∗ + b1v∗ + b2w∗)2

+
kb1δ1(1− u∗)u∗v∗

(1 + kv∗)2(1 + au∗ + b1v∗ + b2w∗)
> 0

l P1P2 − P3 > 0.

Ïd, �^� (H2) (H3) (H4) (H5) ¤á�, P1 > 0, P3 > 0, P1P2 − P3 > 0, d Routh-Hurwitz

�â [42]��, A��§ (9) ��þäkK¢Ü, ?XÚ (1.3) ��~ê²ï: E∗ ´ÛÜìC

½�. ��, A��§ (9) ��Ø�kK¢Ü�¢ÜØ�", Ïd�~ê²ï: E∗ ´Ø½�.

2.4. �~ê²ï:��Û½5

ù�Ü©·�Ì�ïÄ¦��~ê²ï: E∗(u∗, v∗, w∗) 3 R3
+ S�ÛìC½�¿©^�.

½n 7e (H3)�±e^�

(H6) aδi(1 + kv∗)− biei(1− u∗) > 0

(H7) 2b1δ1(1 + kv∗)2 < k(1− u∗) [aδ1(1 + kv∗)− b1e1(1− u∗)]
(H8)

4b1b2e1e2δ1δ2 > [e1(cε− b1δ2)− e2(c+ b2δ1)]
2

e2(c+ b2δ1) > e1(cε− b1δ2)

b1e1δ1 [aδ2(1 + kv∗)− b2e2(1− u∗)] > [e2(c+ b2δ1)− e1(εc− b1δ2)] [b1e1(1− u∗)− aδ1(1 + kv∗)]
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¤á, K�~ê²ï: E∗(u∗, v∗, w∗) 3 R3
+ = {(u, v, w) : u(t) > 0, v(t) > 0, w(t) > 0} S´�Ûì

C½�.

y²3 R3
+ = {(u, v, w) : u(t) > 0, v(t) > 0, w(t) > 0} S½Â Lyapunov ¼ê�

V = (u− u∗ − u∗ ln
u

u∗
) +

1

e1

(v − v∗ − v∗ ln
v

v∗
) +

1

e2

(w − w∗ − w∗ ln
w

w∗
) (12)

é�ª (12) ÷XXÚ (1.3) �)'u�m t ¦���

dV

dt
= (

u− u∗

u
)
du

dt
+ (

v − v∗

v
)
dv

dt
+ (

w − w∗

w
)
dw

dt

du E∗ ´XÚ (1.3)��~ê²ï:, k
v∗ + w∗

1 + au∗ + b1v∗ + b2w∗
=

1− u∗

1 + kv∗
,

e1u
∗ − cw∗

1 + au∗ + b1v∗ + b2w∗
= δ1,

e2u
∗ + εcv∗

1 + au∗ + b1v∗ + b2w∗
= δ2.

,	, uv∗ − uv∗ = v∗(u− u∗)− u∗(v − v∗), u∗v − uv∗ = u∗(v − v∗)− v∗(u− u∗)

vw∗ − v∗w = w∗(v − v∗)− v∗(w − w∗), v∗w − vw∗ = v∗(w − w∗)− w∗(v − v∗)

uw∗ − u∗w = w∗(u− u∗)− u∗(w − w∗), u∗w − uw∗ = u∗(w − w∗)− w∗(u− u∗).

²L{üO���,

(
u− u∗

u
)
du

dt
= −

[
1

1 + kv
− a(1− u∗)

(1 + kv∗)(1 + au+ b1v + b2w)

]
(u− u∗)2

−
[

k(1− u∗)
(1 + kv)(1 + kv∗)

+
(1 + kv∗)− b1(1− u∗)

(1 + kv∗)(1 + au+ b1v + b2w)

]
(u− u∗)(v − v∗)

−
[

(1 + kv∗)− b2(1− u∗)
(1 + kv∗)(1 + au+ b1v + b2w)

]
(u− u∗)(w − w∗)

1

e1

(
v − v∗

v
)
dv

dt
=

e1 − aδ1

e1(1 + au+ b1v + b2w)
(u− u∗)(v − v∗)− b1δ1

e1(1 + au+ b1v + b2w)
(v − v∗)2

− c+ b2δ1

e1(1 + au+ b1v + b2w)
(v − v∗)(w − w∗)

1

e2

(
w − w∗

w
)
dw

dt
=

e2 − aδ2

e2(1 + au+ b1v + b2w)
(u− u∗)(w − w∗)− b2δ2

e2(1 + au+ b1v + b2w)
(w − w∗)2

+
cε− b1δ2

e2(1 + au+ b1v + b2w)
(v − v∗)(w − w∗)
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l

dV

dt
= −

[
1

1 + kv
− a(1− u∗)

(1 + kv∗)(1 + au+ b1v + b2w)

]
(u− u∗)2 − b1δ1

e1(1 + au+ b1v + b2w)
(v − v∗)2

− b2δ2

e2(1 + au+ b1v + b2w)
(w − w∗)2 +

[
e1 − aδ1

e1(1 + au+ b1v + b2w)

]
(u− u∗)(v − v∗)

+

[
− k(1− u∗)

(1 + kv)(1 + kv∗)
− (1 + kv∗)− b1(1− u∗)

(1 + kv∗)(1 + au+ b1v + b2w)

]
(u− u∗)(v − v∗)

+

[
e2 − aδ2

e2(1 + au+ b1v + b2w)
− (1 + kv∗)− b2(1− u∗)

(1 + kv∗)(1 + au+ b1v + b2w)

]
(u− u∗)(w − w∗)

+

[
cε− b1δ2

e2(1 + au+ b1v + b2w)
− c+ b2δ1

e1(1 + au+ b1v + b2w)

]
(v − v∗)(w − w∗)

- l11 = −
[

1
1+kv

− a(1−u∗)
(1+kv∗)(1+au+b1v+b2w)

]
, l12 = l21 = 1

2

[
b1e1(1−u∗)−aδ1(1+kv∗)

e1(1+kv∗)(1+au+b1v+b2w)
− k(1−u∗)

(1+kv)(1+kv∗)

]
,

l22 = − b1δ1
e1(1+au+b1v+b2w)

, l13 = l31 = 1
2

[
b2e2(1−u∗)−aδ2(1+kv∗)

e2(1+kv∗)(1+au+b1v+b2w)

]
,

l33 = − b2δ2
e2(1+au+b1v+b2w)

, l23 = l32 = 1
2

[
e1(cε−b1δ2)−e2(c+b2δ1)
e1e2(1+au+b1v+b2w)

]
.

L =


l11 l12 l13

l12 l22 l23

l13 l23 l33

 .

d (H6) (H7)��,
∣∣∣ l11

∣∣∣ < 0.∣∣∣∣∣∣
l11 l12

l12 l22

∣∣∣∣∣∣ = l11l22 − l212 =
2e1(1+kv)(1+au+b1v+b2w){2b1δ1(1+kv∗)2−k(1−u∗)[aδ1(1+kv∗)−b1e1(1−u∗)]}

4e21(1+kv)2(1+kv∗)(1+au+b1v+b2w)2

− 4ab1e1δ1(1−u∗)(1+kv∗)(1+kv)2

4e21(1+kv)2(1+kv∗)(1+au+b1v+b2w)2
− (1+kv)2[b1e1(1−u∗)−aδ1(1+kv∗)]2

4e21(1+kv)2(1+kv∗)(1+au+b1v+b2w)2

− e21k
2(1−u∗)2(1+au+b1v+b2w)2

4e21(1+kv)2(1+kv∗)(1+au+b1v+b2w)2
< 0

d (H6) (H8)��,∣∣∣∣∣∣∣∣
l11 l12 l13

l12 l22 l23

l13 l23 l33

∣∣∣∣∣∣∣∣ = l11l22l33 + 2l12l13l23 − l11l
2
23 − l22l

2
13 − l33l

2
12

=
{[e1(cε−b1δ2)−e2(c+b2δ1)]2−4b1b2e1e2δ1δ2}(1+kv)(1+kv∗)[(1+kv∗)(1+au+b1v+b2w)−a(1−u∗)(1+kv)]

4e21e
2
2(1+kv)2(1+kv∗)2(1+au+b1v+b2w)3

+ [e1(cε−b1δ2)−e2(c+b2δ1)][b1e1(1−u∗)−aδ1(1+kv∗)](1+kv)2[b2e2(1−u∗)−aδ2(1+kv∗)]
4e21e

2
2(1+kv)2(1+kv∗)2(1+au+b1v+b2w)3
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+ b1e1δ1(1+kv)2[b2e2(1−u∗)−aδ2(1+kv∗)]2

4e21e
2
2(1+kv)2(1+kv∗)2(1+au+b1v+b2w)3

+ b2e2δ2(1+kv)[b1e1(1−u∗)−aδ1(1+kv∗)]
4e21e

2
2(1+kv)2(1+kv∗)2(1+au+b1v+b2w)3

− ke1(1+kv)(1−u∗)[e1(cε−b1δ2)−e2(c+b2δ1)][b2e2(1−u∗)−aδ2(1+kv∗)](1+au+b1v+b2w)
4e21e

2
2(1+kv)2(1+kv∗)2(1+au+b1v+b2w)3

+ b2e1e2kδ2(1−u∗)(1+au+b1v+b2w)
4e21e

2
2(1+kv)2(1+kv∗)2(1+au+b1v+b2w)3

< 0.

P ũ = u − u∗, ṽ = v − v∗, w̃ = w − w∗, l dV

dt
= (ũ, ũ, w̃)>L (ũ, ũ, w̃) ≤ 0. ��=� u = u∗,

v = v∗, w = w∗ �,
dV

dt
= 0, d LaSalle C©Ún [43], ·��� E∗ 3 R3

+ S´�ÛìC½�.

2.5. Hopf ©|

ù�Ü©·�±�êÏf k ��©|ëê, $^ Sotomayor½n[44]?Ø�²ï:?u) Hopf

©|�^�.

½n 8�©|ëê k �L�.� k = k1 �, XÚ (1.3) �7Ã IG Ó ö²ï: E2 ²{¿Ê

Å©|, ùp k1 ÷vµ Q1(k1) = a11(k1) + a22(k1) = 0, λc1 =
√
a11(k1)a22(k1)− a12(k1)a21(k1)

det(J(E2))|k=k1 = s3(k1) > 0,
dλa1
dk
|k=k1 = σ1ϕ−2σ2ψ

σ2
1−4σ2

2
6= 0.

y²� λ(k) = λa1(k) + iλc1(k) � (λ − a33) [λ2 − (a11 + a22)λ+ a11a22 − a12a21] = 0 �A�

�, ò λ(k) �\¿©l¢ÜÚJÜ�,
λ3
a1
− 3λa1λ

2
c1

+ s1(λ2
c1
− λ2

a1
) + s2λa1 − s3 = 0,

3λc1λ
2
a1
− λ3

c1
− 2s1λa1λc1 + s2λc1 = 0,

(13)

 s1 = a11(k) + a22(k) + a33(k),

s2 = a11(k)a22(k)− a12(k)a21(k) + a33(k) [a11(k) + a22(k)],

s3 = a33(k) [a11(k)a22(k)− a12(k)a21(k)].

�A���¢Ü�"�, TA��´�Ý�, Ã IG Ó ö²ï: E2 Ï�) Hopf ©|��


§�½5. ½Â Hopf ©|�.�� k1, Òk λa1(k1) = 0 � λc1(k1) 6= 0, �\ (13) ª��Xe

�§|: 
s1λ

2
c1
− s3 = 0

−λ3
c1

+ s2λc1 = 0

� Q1 = a11(k1) + a22(k1) = 0�, k s1 = a33(k1), K λc1 =
√
a11(k1)a22(k1)− a12(k1)a21(k1), l

det(J(E2))|k=k1 = s3(k1) > 0. é (13) ªü>'uëê k ¦��
(3λ2

a1
− 3λ2

c1
− 2s1λa1 + s2)

dλa1
dk

+ (2s1λc1 − 6λa1λc1)
dλc1
dk

= (λ2
a1
− λ2

c1
)
ds1

dk
− λa1

ds2

dk
+

ds3

dk

(3λ2
a1
− 3λ2

c1
− 2s1λa1 + s2)

dλc1
dk

+ (6λa1λc1 − 2s1λc1)
dλa1
dk

= 2λa1λc1
ds1

dk
− λc1

ds2

dk

du λa1 = 0, ¿- σ1 = s23λ2
c1

, σ2 = 2s1λc1 , ϕ =
ds3

dk
− λ2

c1

ds1

dk
, ψ = −λc1

ds2

dk
. Kþª�§|C
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� λc1(k1) 6= 0, �\ (13) ª��Xe�§|:
σ1

dλa1
dk

+ σ2
dλc1
dk

= ϕ

σ1
dλc1
dk
− σ2

dλa1
dk

= ψ

)�
dλa1
dk
|k=k1 =

σ1ϕ− 2σ2ψ

σ2
1 − 4σ2

2

6= 0, y..

íØ �©|ëê k �L�.� k = k2 �, XÚ (1.3) �7Ã IG  �²ï: E3 ²{¿Ê

Å©|, ùp k2 ÷vµ Q2(k2) = b11(k2) + b33(k2) = 0, λc2 =
√
b11(k2)b33(k2)− b13(k2)b31(k2)

det(J(E3))|k=k2 = s3(k2) > 0,
dλa2
dk
|k=k2 =

σ1ϕ− 2σ2ψ

σ1
2 − 4σ2

2 6= 0.

½n9e±e^�¤á

(H9)

(i) P1(k∗) > 0, P3(k∗) > 0

(ii) Q(k∗) = P1(k∗)P2(k∗)− P3(k∗) = 0

(iii)
dQ(k)

dk
|k=k∗ 6= 0

�©|ëê k²L�.� k∗ �, XÚ (1.3) �7�~ê²ï: E∗ �) Hopf ©|.

y²d^� (H9) ¥�(i)(ii)�Ñ, � k = k∗�, (9) ªk��K�Úü�XJ�, K (9)ªÒ�

½�±�¤ (λ2 +P2)(λ+P1) = 0 �/ª,¿�Ñn��� λ1 = −P1, λ2 = i
√
P2, λ3 = −i

√
P2. é

¤k�©|ëê� k, A�� λ23 �/ª� λ2 = α(k) + iβ(k), λ3 = α(k)− iβ(k), α(k)�¢Ü, ò

λ(k) = α(k) + iβ(k) �\ (9) ª¥�(
α(k) + iβ(k)

)3

+ P1(k)
(
α(k) + iβ(k)

)2

+ P2

(
α(k) + iβ(k)

)
+ P3 = 0 (14)

é (13) ªü>'u©|ëê k ¦�¿©l¢ÜÚJÜ��±e�§|
l1

dα(k)

dk
− l2

dβ(k)

dk
+ l3(k) = 0

l2
dα(k)

dk
+ l1

dβ(k)

dk
+ l4(k) = 0

Ù¥

l1(k) = P2(k) + 2P1(k)α(k) + 3
(
α(k)2 − β(k)2

)
, l2(k) = 2

(
P1(k) + 3α(k)

)
β(k),

l3(k) =
(
α(k)2 − β(k)2

)
P1(k) + α(k)P2(k) + P3(k), l4(k) =

(
2α(k)P1(k) + P2(k)

)
β(k).

)�
dα(k)

dk
|k=k∗ = Re

[
dλ(k)

dk

]
k=k∗

= −
[
l1(k)l3(k) + l2(k)l4(k)

l1(k)2 + l2(k)2

]
k=k∗
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=

[
P2(k)P1(k) + P1(k)P2(k)− P3(k)

2
(
P1(k)2 + P2(k)2

) ]
k=k∗

= −

 dQ(k)

dk
2
(
P1(k)2 + P2(k)2

)

k=k∗

6= 0.

3. g*ÑXÚ (1.4)�ÄåÆ©Û

3.1. ±È5Úk.5

�ïÄ�ØCáÚ���35, XÚ (1.4) )�k.5Ú±È5¦^
±eÚn[45].

Ún 1

� f(s) é s ≥ 0 ´�� C1 a¼ê, d > 0, η ≥ 0´~ê, ?, 4 T ∈ [0,∞),

Φ ∈ C2,1(Ω× (T,∞)) ∩ C1,0(Ω× [T,∞)) ´�¼ê.

(i)e Φ ÷v 
Φt − d∆Φ ≤ Φ1+ηf(Φ)(θ − Φ), (x, t) ∈ Ω× (T,∞)

Φv = 0, (x, t) ∈ ∂Ω× (T,∞)

~ê θ > 0, K lim
t→∞

sup max
Ω

Φ(., t) ≤ θ.

(ii)e Φ ÷v 
Φt − d∆Φ ≥ Φ1+ηf(Φ)(θ − Φ), (x, t) ∈ Ω× (T,∞)

Φv = 0, (x, t) ∈ ∂Ω× (T,∞)

~ê θ > 0, K lim
t→∞

inf min
Ω

Φ(., t) ≥ θ.

½n10 XÚ (1.4) 3 R+
3 S�¤k)´��k.�¿�ª?\�ØCáÚ�

∑
= [0, 1] ×[

0, e1
b1δ1

]
×
[
0, εce1+b1e2δ1

b1b2δ1δ2

]
.

y²·�7Ly²é ∀t > 0,
(
u(x, 0), v(x, 0), w(x, 0)

)
∈
∑

,
(
u(x, t), v(x, t), w(x, t)

)
∈
∑

.

���±w� u(x, t) > 0, v(x, t) > 0, w(x, t) > 0, Ïd§Ð� u(x, 0), v(x, 0)Ú w(x, 0)´�K�,

ylXÚ (1.4) �1���§¥, ·���

ut −∆u ≤ u(1− u),

dÚn 1 ¥� (i)�,

lim
t→∞

sup max
Ω

u(x, t) ≤ 1.

=é ∀ε > 0, ∃t1 > 0, � t > t1 , (x, t) ∈ Ω× [t1,∞]�, ¦� u(x, t) ≤ 1 + ε.
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Ïd, 3 (x, t) ∈ Ω× [t1,∞]þ, v ��§÷v

vt − d2∆v ≤ v
[

e1(1 + ε)

1 + a(1 + ε) + b1v
− δ1

]
≤
[
e1(1 + ε)

b1
− δ1v

]
= δ1

[
e1(1 + ε)

b1δ1

− v
]

dÚn 1 ¥� (i)�,

lim
t→∞

sup max
Ω

v(x, t) ≤ e1

b1δ1

.

=é ∀ε1, ∃t2 > t1, � t > t2 , (x, t) ∈ Ω× [t2,∞]�, ¦� v(x, t) ≤ e1
b1δ1

+ ε1.

Ïd, 3 (x, t) ∈ Ω× [t2,∞]þ, w ��§÷v

wt − d3∆w ≤ w
[
e2(1 + ε) + cε( e1

b1δ1
+ ε1)

b2w
− δ2

]
≤ δ2


[
e2(1 + ε) + cε

(
e1
b1δ1

+ ε1

)]
b2δ2

− w


du ε, ε1´?¿�, 2A^Ún 1� (i)�,

lim
t→∞

sup max
Ω

w(x, t) ≤
e2 + εce1

b1δ1

b2δ2

=
εce1 + b1e2δ1

b1b2δ1δ2

.

½Âéuäk�KÐ�� (u(x, 0), v(x, 0), w(x, 0)) 6= 0 �XÚ (1.4), e ∃σ0, σ1, σ2 þ��~

ê, ¦�XÚ (1.4) �) u(x, t), v(x, t), w(x, t)÷v

lim
t→∞

inf min
Ω

(u, t) ≥ σ0, lim
t→∞

inf min
Ω

(v, t) ≥ σ1, lim
t→∞

inf min
Ω

(w, t) ≥ σ2, K¡XÚ (1.4) ´±È�.

½n11 e lu = 1 − (b1+b2)(b1δ1−ke1)
b21b2δ1

> 0, lv = b1e1δ1δ2lu−(c+b2δ1)[b1δ1(δ2+aδ2+e2)+εce1]
b21δ1δ2(c+b2δ1)

> 0,

lw = e2δ1lu+εcδ1lv−δ1δ2(1+a)−e1δ2
b2δ1δ2

> 0, KXÚ (1.4) ´±È�.

Ï�

ut − d1∆u = u

(
1− u
1 + kv

− v + w

1 + au+ b1v + b2w

)
≥ u(

1− u
1 + kv

− 1

b1
− 1

b2
)

≥ u
[
b1δ1(1− u)

b1δ1 + ke1

− b1 + b2
b1b2

]
≥ b1δ1u

b1δ1 + ke1

[
1− (b1 + b2)(b1δ1 + ke1)

b21b2δ1

− u
]
,

�- lu = 1− (b1+b2)(b1δ1+ke1)
b21b2δ1

> 0, KdÚn 1� (ii)�,

lim
t→∞

inf min
Ω

(u, t) ≥ 1− (b1 + b2)(b1δ1 + ke1)

b21b2δ1

=é ∀0 < ε(0) < lu, ∃t0, � t > t0, (x, t) ∈ Ω× [t0,∞]�, ¦� u(x, t) ≥ lu − ε(0).

3 (x, t) ∈ Ω× [t0,∞]þ, XÚ (1.4) �1��'u v ��§÷v:

vt − d2∆v ≥ v
[

b1e1δ1δ2(lu − ε(0))

b1δ1δ2(1 + a) + (b1e2δ1 + εce1) + b21δ2δ2v)
− c+ b2δ1

b2

]
≥

b21δ1δ2(c+ b2δ1)v

b2 [b1δ1δ2(1 + a) + (b1e2δ1 + εce1) + b21δ1δ2v]

{
b1e1δ1δ2lu − (c+ b2δ1) [b1δ1(δ2 + aδ2 + e2) + εce1]

b21δ1δ2(c+ b2δ1)
− v
}
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- lv = b1e1δ1δ2lu−(c+b2δ1)[b1δ1(δ2+aδ2+e2)+εce1]
b21δ1δ2(c+b2δ1)

> 0,dÚn 1� (ii)�,

lim
t→∞

inf min
Ω

(v, t) ≥ b1e1δ1δ2lu − (c+ b2δ1) [b1δ1(δ2 + aδ2 + e2) + εce1]

b21δ1δ2(c+ b2δ1)

=é ∀ε(1) > 0, ∃t(1)
0 > t0, � t > t

(1)
0 , (x, t) ∈ Ω×

[
t
(1)
0 ,∞

]
�, ¦� v(x, t) ≥ lv − ε(1).

aq/, XÚ (1.4) �1n�'u w�§÷v:

wt − d3∆w ≥ w
[
e2δ1(lu − ε(0)) + εcδ1(lv − ε(1))

δ1(1 + a) + e1 + b2δ1w
− δ2

]

≥ b2δ1δ2w

δ1(1 + a) + e1 + b2δ1w

[
e2δ1(lu − ε(0)) + εcδ1(lv − ε(1))− δ1δ2(1 + a)− e1δ2

b2δ1δ2

− w
]

- lw = e2δ1lu+εcδ1lv−δ1δ2(1+a)−e1δ2
b2δ1δ2

> 0, dÚn 1� (ii)�,

lim
t→∞

inf min
Ω

(w, t) ≥ e2δ1lu + εcδ1lv − δ1δ2(1 + a)− e1δ2

b2δ1δ2

y..

3.2. ÛÜ½5

ù�Ü©, ?Ø
XÚ (1.4) �~ê²ï��½5, éN´w�XÚ (1.4) ��~ê²ï

:�XÚ (1.3) ���. yL« E =
(
u(x, t), v(x, t), w(x, t)

)>
, F(E) =

(
f1(E), f2(E), f3(E)

)>
,

D = diag(d1, d2, d3), XÚ (1.4)3 E∗ ?��5z/ªXe:
Et = LE, x ∈ Ω,

n · ∇E = 0, x ∈ ∂Ω.

 L = D∆ + JE∗ .

� 0 = µ0 < µ1 < µ2 < ... < µn < ..., ´ Ω þäkàg Neumann >.^�� −∆ �f�A

��, E(µi) � H1(Ω)þ µi(i = 0, 1, 2, . . .) éA�A��m, X � [H1(Ω)] þ�
[
C1(Ω̄)

]3
�4�,

Xij = {cφij |c ∈ R3}, {φij : j = 1, 2, 3, . . . , dimE(µi)} ´ Xi ��|IO��Ä,K

X =
∞⊕
i=1

Xi, Xi =

dim[E(µi)]⊕
j=1

Xij .

éz�� i ≥ 1, Xi 3�f L e´ØC�, �é,� i ≥ 15`, λ ´�f L �A����=�§

´Ý
 −µiD + JE∗ �A���, TA��¿éAXi ¥��A��þ. −µiD + JE∗ �A��§�

Ψi(λ) = λ3 + P1iλ
2 + P2iλ+ P3i = 0 (15)
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P1i = (d1 + d2 + d3)µi + P1

P2i = (d1d2 + d1d3 + d2d3)µ2
i − [c11(d2 + d3) + c22(d1 + d3) + c33(d1 + d2)]µi + P2

P3i = d1d2d3µ
3
i − (d1d2c33 + d1d3c22 + d2d3c11)µ2

i

+ [d1(c22c33 − c23c32) + d2(c11c33 − c13c31) + d3(c11c22 − c12c21)]µi + P3

= q1µ
3
i + q2µ

2
i + q3µi + q4.

Qi = P1iP2i − P3i = m1µ
3
i +m2µ

2
i +m3µi +m4



m1 = (d1 + d2)(d1 + d3)(d2 + d3)− d1d2d3 > 0

m2 = −2(d1d2 + d1d3 + d2d3)(c11 + c22 + c33)− d2
1(c22 + c33)− d2

2(c11 + c33)− d2
3(c11 + c22)

m3 = d1

[
2(c11c22 + c11c33 + c22c33)− c12c21 − c13c31 + c2

22 + c2
33

]
+ d2

[
2(c11c22 + c11c33 + c22c33)− c12c21 − c13c31 + c2

11 + c2
33

]
+ d3

[
2(c11c22 + c11c33 + c22c33)− c23c32 − c13c31 + c2

11 + c2
22

]
m4 = P1P2 − P3.

d (10) ¥�ÎÒ�� m2,m3,m4 þ�u", k Qi > 0, Ïd, P1i, P2i, P3i > 0, d Routh-Hurwitz

OK���§ (15) �n��ÑäkK¢Ü, éz� i ≥ 1.

- λ = µiζ, K

Ψi(λ) = µ3
i ζ

3 + P1iµ
2
i ζ

2 + P2iµiζ + P3i := Ψ̃i(ζ)

4 µi −→∞, � i −→∞ �,

lim
t→∞

Ψ̃i(ζ)

µ3
i

= ζ3 + (d1 + d2 + d3)ζ2 + (d1d2 + d1d3 + d2d3)ζ + d1d2d3 := Ψ̃(ζ)

w,, Ψ̃(ζ) = 0kn��−d1, −d2, −d3,dëY5� ∃i0,¦� Ψ̃i(ζ) = 0�n�� ζ1i, ζ2i, ζ3i ÷v

Re {ζ1i} ,Re {ζ2i} ,Re {ζ3i} ≤ −
d

2
, ∀i ≥ i0,ùp d = min {d1, d2, d3},KRe {λ1i} ,Re {λ2i} ,Re {λ3i} ≤

−µi
d

2
≤ −d

2
, ∀i ≥ i0.-

−d̃ = max

{
Re {λ1i} ,Re {λ2i} ,Re {λ3i} ≤ −µi

d

2
≤ −d

2

}
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K d̃ > 0, �Re {λ1i}, Re {λ2i} , Re {λ3i} ≤ −µi
d

2
≤ −d

2
≤ −d = min

{
d̃,
d

2

}
< 0, ∀i ≥ 1 d L �

f�A��|¤�Ì u�²¡ Re {λ ≤ −d}S. Ïd, d Dan Henry [46]�½n 5.1.1, ·�k±

e E∗ �½5(J.

½n12e^� (H2)- (H6) ¤á, Kg*ÑXÚ (1.4) ��~ê²ï: E∗ ´ÛÜìC½�.

5: þã½nL²g*ÑXÚ�UØ¬UCXÚ�½5, �Ò´`§g*ÑØU�) Turing

Ø½5.

4. (Ø

�©�
)º IG  �Ú IG Ó ö�|¢�Çé¤�9n�Ô«, =É�êZ6���]

, IG �, IGÓ ö��65, �Ä
3àg Newman >.^�eäk�ê�AÚ Bedington-

DeAngelis õU�A���� +SÓ �.. éuù� IGP�.§·��Ñ
¤k�1²ï:�

�35Ú(ÛÜ/�Û)½5�^�, �)²�²ï:!>.²ï:Ú�~ê²ï:. d	, ���


±�êÏf�ëê� Hopf ©|�^�. ÏLïÄuy, �mXÚ (1.3) ��1²ï:�´��X

Ú (1.4) ��1²ï:. ,	, ·�l½n 6 Ú 9 �±w�, ÃØ*Ñ´Ä�3, �~ê²ï:�Û

Ü½5�^�¿vkÉ�*Ñ�K�.

½n 10 ��XÚ (1.4) ��±È5��3�ý«XÉ��êK����], IG  �, IG Ó

 önÔ«�±��.

�©?1
î��nØínØy, lnØþ5`äk�15Ú��5, �Øv�?´"�äN

�ê�©Û.
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