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Abstract

In this paper, by using a new fixed point theorem to study existence and uniqueness

of positive solutions for a class of quasilinear differential systems with parameters
−((u′)p−1)′ = λf(t, u(t), v(t)), t ∈ (0, 1),

−((v′)q−1)′ = µg(t, u(t), v(t)),

u(0) = u′(1) = 0,

v(0) = v′(1) = 0,

where f, g : [0, 1] × [0,+∞) × [0,+∞) → [0,+∞) are continuous, λ, and µ are positive pa-

rameters, we establish sufficient conditions for the existence and uniqueness of positive

solutions to this system for any fixed λ, µ > 0. Finally, we give a simple example to

illustrate our main result.
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1. 0�

�©XÚ�5�õ/^u£ã²L,«+Ä�,��,)�ÆÚ61¾�+��Nõ¯K.du

Ù�þ�y¢�µÚ��^,�5�É�<��À.cÙ´[�5�©XÚ>�¯K,§3Ô

nÆ,)ÔÆ�+�kX2��A^.ÏL��©z·���,éu[�5�©XÚ�ïÄ�é�

� [1–8].3©z [9]¥,���<|^ØÄ:�êïÄÓ��¹ p-LaplacianÚ���ê��§−((u′)p−1)′ = f(t, u, u′), t ∈ (0, 1),

u(0) = u′(1) = 0
(1.1)

õ)��35,ÄuÉÜØ�ªÚÙ¦�Ø�ª��
�)��35.Ù¥ p > 1, f ∈ C1([0, 1] ×
R+ ×R+, R+)(R+ := [0,∞)), u ∈ C2([0, 1], R) ∩ C1([0, 1], R), t ∈ (0, 1).
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�

3©z [10]¥,��|^ØÄ:�êïÄ
�©XÚ−((u′i)
p−1)′ = fi(t, u1, ..., un), t ∈ (0, 1),

ui(0) = u′i(1) = 0
(1.2)

õ)��35, �¯K (1.1) �', (1.2) K´|^ÉÜØ�ªÚ�KÝ
���)��35,

n ≥ 2, pi > 1, fi ∈ C([0, 1]×Rn+, R+)(i = 1, 2, ..., n,R+ := [0,∞)).

�C3©z [8]¥,���<|^ØÄ:�êïÄ
��[�5�©XÚ
−((u′)p−1)′ = f(t, u(t), v(t)), t ∈ (0, 1),

−((v′)q−1)′ = g(t, u(t), v(t)), t ∈ (0, 1),

u(0) = u′(1) = 0,

v(0) = v′(1) = 0

(1.3)

�)��35,�¯K (1.1), (1.2)ØÓ�´,3¯K (1.3)¥´|^'u�K]¼êÚàg�f��

�)��35,Ù¥ p, q > 1, f, g : [0, 1]× [0,+∞)× [0,+∞)→ [0,+∞) ëY.

¯K (1.1)-(1.3)þ��9ëê,�Ñ^ØÄ:�ênØïÄ�©XÚ�)��35,Éþã©

z�éu,�©|^ØÄ:½nïÄ¹ü�ëê�[�5�©XÚ
−((u′)p−1)′ = λf(t, u(t), v(t)), t ∈ (0, 1),

−((v′)q−1)′ = µg(t, u(t), v(t)),

u(0) = u′(1) = 0,

v(0) = v′(1) = 0

(1.4)

�)��3��5,Ù¥ p, q > 1, λ, µ > 0, f, g : [0, 1]× [0,+∞)× [0,+∞)→ [0,+∞)ëY.

2. ý��£

�©�Ì�½ÂÚÚn:

½Â 2.1. [11]� (E, ||.||)´¢ Banach�m, P ∈ E ´��I,XJ P ÷v

(i) ∀p ∈ E,Ú λ ≥ 0,Ñk λp ∈ P ;

(ii)e −x ∈ P ,K x = ΘE ,Ù¥ ΘE ´ Banach�m E ¥�"��.

½Â 2.2. [11] � (E, ||.||) ´¢ Banach �m, P ∈ E ´��I, � ∀x, y ∈ E, y ≥ x�, K

y − x ∈ P .

½Â 2.3. [12]XJ÷v

∀x, y ∈ P, ΘE ≤ x ≤ y,∃N > 0, ||x|| ≤ N ||y||,

K¡ P ∈ E ´���5I.
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½Â 2.4. [12]é ∀x, y ∈ E, x ≤ y,k Ax ≤ Ay,K¡ A´O�f.

½Â�d'X x ∼ y, =�3~ê α, β > 0, ¦� αy ≤ x ≤ βy. Ph = {x ∈ E, x ∼ h}, Ù¥
h > ΘE .´

� Ph ⊂ P .é?¿ h1, h2 ∈ P, h1, h2 6= ΘE ,- h = (h1, h2) ∈ P̄h = P × P ,XJ P ´�5I,K

P̄h = (P, P )´�5I.

� Φ = {ϕ(r) ∈ (0, 1) : ϕ(r) > r, r ∈ (0, 1)}.

Ún 2.5. [13] P̄h = {(u, v) : u ∈ Ph1
, v ∈ Ph2

} = Ph1
× Ph2

.

Ún 2.6. [14]� P ´ Banach�m E ¥����5I,é?¿� h = (h1, h2) ∈ P × P ,Ù¥

h1, h2 6= Θ.�f

A,B : P × P → P ´O�f,�÷ve�^�

(C1) �3 ϕ1, ϕ2 ∈ Φ¦�

A(ru, rv) ≥ ϕ1(r)A(u, v), B(ru, rv) ≥ ϕ2(r)B(u, v), r ∈ (0, 1), u, v ∈ P ;

(C2) �3 (c1, c2) ∈ P̄h,¦� A(c1, c2) ∈ Ph1
, B(c1, c2) ∈ Ph2

.

K

(a) A : Ph1
× Ph2

→ Ph1
, B : Ph1

× Ph2
→ Ph2

,��3 u1, v1 ∈ Ph1
, u2, v2 ∈ Ph2

, r ∈ (0, 1)¦

�
r(v1, v2) ≤ (u1, u2) ≤ (v1, v2), u1 ≤ A((u1, u2)) ≤ v1, u2 ≤ B((u1, u2)) ≤ v2;

(b) é?¿�½� λ, µ,�f�§ (u, v) = (λA(u, v), µB(u, v))k���ØÄ: (u∗̂λ,µ, v∗̂λ,µ) ∈
P̄h,,	éu

?¿�Ð©: (u0, v0) ∈ P̄h,kS�

(un, vn) = (λA(un−1, vn−1), µB(un−1, vn−1)), n = 1, 2, ...

�÷v ||un − u∗̂λ,µ|| → 0, ||vn − v∗̂λ,µ|| → 0, n→∞.

3. Ì�(J9Ùy²

�©�ó��m´¢ Banach �m E = C[0, 1], �ê� ||u|| = max{|u(t)| : t ∈ [0, 1]}, PI
P = {u ∈ E : u(t) ≥ 0, t ∈ [0, 1]},K P ⊂ E.�´���5~ê N = 1�, P ´�5I.

½Â

||(u, v)|| = ||u||+ ||v||, (u, v) ∈ E2,

Ù¥ E2 = E × E ´½Â3þã�êe�¢ Banach�m,� P 2 ⊂ E2.

P̄h = {(u, v) ∈ E × E : u(t) ≥ 0, v(t) ≥ 0, t ∈ [0, 1]},
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�

� P̄h ⊂ E × E,du P ´�5I,K P̄h = P × P ´�5I.3 E × E þke�S'X,

eu1(t) ≤ u2(t), v1(t) ≤ v2(t), t ∈ [0, 1],K (u1, v1) ≤ (u2, v2).

�©XÚ (1.4)k)��=�È©�§|u(t) =
∫ t
0
(
∫ 1

s
λf(τ, u(τ), v(τ))dτ)p−1ds,

v(t) =
∫ t
0
(
∫ 1

s
µg(τ, u(τ), v(τ))dτ)q−1ds

(3.1)

k).

½ÂXe�f A1, A2 : P 2 → P , A : P 2 → P 2

A1(u, v)(t) = λp−1
∫ t

0

(

∫ 1

s

f(τ, u(τ), v(τ))dτ)p−1ds,

A2(u, v)(t) = µq−1
∫ t

0

(

∫ 1

s

g(τ, u(τ), v(τ))dτ)q−1ds,

A(u, v)(t) = (λp−1A1(u, v)(t), µq−1A2(u, v)(t)). (3.2)

K A1, A2 : P 2 → P Ú A : P 2 → P 2.w,�©XÚ (1.4)��)5�du�f�§ AkØÄ:.

P

h1(t) =

∫ t

0

(1− s)p−1ds, h2(t) =

∫ t

0

(1− s)q−1ds, t ∈ [0, 1],

´� h1(t), h2(t) ≥ 0, t ∈ [0, 1],K h1, h2 ∈ P .

P

l1 = min
t∈[0,1]

∫ t

0

(1− s)p−1ds, l2 = min
t∈[0,1]

∫ t

0

(1− s)q−1ds,

L1 = max
t∈[0,1]

∫ t

0

(1− s)p−1ds, L2 = max
t∈[0,1]

∫ t

0

(1− s)q−1ds.

w,

l1 ≤ h1(t) ≤ L1, l2 ≤ h2(t) ≤ L2.

�©�Ì�(J´

½n 3.1.� h1, h2 ∈ P ,b�

(H1) f, g ∈ C([0, 1]×R+ ×R+, R+),� f(t, l1, l2) > 0, g(t, l1, l2) > 0, t ∈ [0, 1];

(H2) f, g'u1�Ú1nCþ4O,=é?¿ 0 ≤ u1 ≤ u2, 0 ≤ v1 ≤ v2, t ∈ [0, 1],

f(t, u1, v1) ≤ f(t, u2, v2), g(t, u1, v1) ≤ g(t, u2, v2);

(H3) �3 ϕ1, ϕ2 ∈ Φ, ∀u, v ∈ R+, t ∈ [0, 1], r ∈ (0, 1)¦�

f(t, ru, rv) ≥ ϕp−11 f(t, u, v), g(t, ru, rv) ≥ ϕq−12 g(t, u, v).
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K

(a) �3 u1, v1 ∈ Ph1
, u2, v2 ∈ Ph2

, r ∈ (0, 1),¦� r(v1, v2) ≤ (u1, u2) ≤ (v1, v2),�

u1 ≤
∫ t

0

(

∫ 1

s

f(τ, u(τ), v(τ))dτ)p−1ds ≤ v1, t ∈ [0, 1],

u2 ≤
∫ t

0

(

∫ 1

s

g(τ, u(τ), v(τ))dτ)q−1ds ≤ v2, t ∈ [0, 1].

(b) é?¿�½� λ, µ > 0, t ∈ [0, 1],XÚ(1.4)k����) (u∗λ,µ, v
∗
λ,µ) ∈ P̄h;

(c) é?¿Ð©: (u0, v0) ∈ P̄h,÷v

un+1 =

∫ t

0

(

∫ 1

s

λf(τ, un(τ), vn(τ))dτ)p−1ds, n = 1, 2, ...

vn+1 =

∫ t

0

(

∫ 1

s

µg(τ, un(τ), vn(τ))dτ)q−1ds, n = 1, 2, ...

� n→∞, un → u∗λ,µ, vn → v∗λ,µ.

y² Äky A1, A2 ´O�f. é?¿� ui, vi ∈ P, i = 1, 2, u1 ≤ u2, v1 ≤ v2, = u1(t) ≤
u2(t), v1(t) ≤ v2(t),d (H2)�

A1(u1, v1)(t) =

∫ t

0

(

∫ 1

s

f(τ, u1(τ), v1(τ))dτ)p−1

≤
∫ t

0

(

∫ 1

s

f(τ, u2(τ), v2(τ))dτ)p−1

= A1(u2, v2)(t),

(3.3)

A2(u1, v1)(t) =

∫ t

0

(

∫ 1

s

g(τ, u1(τ), v1(τ))dτ)q−1

≤
∫ t

0

(

∫ 1

s

g(τ, u2(τ), v2(τ))dτ)q−1

= A2(u2, v2)(t).

(3.4)

d (3.3), (3.4)� A1(u1, v1) ≤ A1(u2, v2), A2(u1, v1) ≤ A2(u2, v2).

é?¿ u, v ∈ P, r ∈ (0, 1),d (H3)��

A1(ru, rv)(t) =

∫ t

0

(

∫ 1

s

f(τ, ru(τ), rv(τ))dτ)p−1

≥ ϕ1(r)

∫ t

0

(

∫ 1

s

f(τ, u(τ), v(τ))dτ)p−1

= ϕ1A1(u, v)(t),
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�

A2(ru, rv)(t) =

∫ t

0

(

∫ 1

s

g(τ, ru(τ), rv(τ))dτ)q−1

≥ ϕ2(r)

∫ t

0

(

∫ 1

s

g(τ, u(τ), v(τ))dτ)q−1

= ϕ2(t)A2(u, v)(t),

= ∀u, v ∈ P, r ∈ (0, 1), A1(ru, rv)(t) ≥ ϕ1A1(u, v)(t), A2(ru, rv)(t) ≥ ϕ2(t)A2(u, v)(t).

2y A1(h1, h2) ∈ Ph1
, A2(h1, h2) ∈ Ph2

,�

r1 = min
t∈[0,1]

{f(t, l1, l2)}, R1 = max
t∈[0,1]

{f(t, L1, L2)},

r2 = min
t∈[0,1]

{g(t, l1, l2)}, R2 = max
t∈[0,1]

{g(t, L1, L2)},

d (H1), (H2)�

A1(u, v)(t) =

∫ t

0

(

∫ 1

s

f(τ, u1(τ), v1(τ))dτ)p−1ds

≥
∫ t

0

(

∫ 1

s

f(τ, l1, l2)dτ)p−1ds

= rp−11

∫ t

0

(1− s)p−1ds

= rp−11 h1,

(3.5)

A1(u, v)(t) =

∫ t

0

(

∫ 1

s

f(τ, u1(τ), v1(τ))dτ)p−1ds

≤
∫ t

0

(

∫ 1

s

f(τ, L1, L2)dτ)p−1ds

= Rp−11

∫ t

0

(1− s)p−1ds

= Rp−11 h1,

(3.6)

d (3.5), (3.6)� rp−11 h1 ≤ A1(u, v)(t) ≤ Rp−11 h1,= A1(u, v) ∈ Ph1
.Ón�±�� A2(u, v) ∈ Ph2

.

��dÚn 2.6��Xe(Ø:

(1) ∃u1, v1 ∈ Ph1
, u2, v2 ∈ Ph2

, r ∈ (0, 1),¦� r(v1, v2) ≤ (u1, u2) ≤ (v1, v2),�

u1 ≤ A1(u1, v1) ≤ v1, u2 ≤ A2(u1, v1) ≤ v2,

u1(t) ≤
∫ t

0

(

∫ 1

s

f(τ, u(τ), v(τ))dτ)p−1ds ≤ v1(t), t ∈ [0, 1],
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�

u2(t) ≤
∫ t

0

(

∫ 1

s

g(τ, u(τ), v(τ))dτ)p−1ds ≤ v2(t), t ∈ [0, 1].

(2) é?¿�½� λ , µ > 0, �f�§ (u, v) = (λp−1A1(u, v), µq−1A2(u, v)) k���)

(u∗λ,µ, v
∗
λ,µ) ∈ P̄h,¦� (u∗λ,µ, v

∗
λ,µ) = A(u∗λ,µ, v

∗
λ,µ).ÏdXÚ (1.6)k����) (u∗λ,µ, v

∗
λ,µ) ∈ P̄h.

(3) é?¿Ð©: (u0, v0) ∈ P̄h,½Â

un+1 = λp−1A1(un, vn)(t) = λp−1
∫ t

0

(

∫ 1

s

f(τ, un(τ), vn(τ))dτ)p−1ds, n = 1, 2, ...

vn+1 = µq−1A2(un, vn)(t) = µq−1
∫ t

0

(

∫ 1

s

g(τ, un(τ), vn(τ))dτ)q−1ds, n = 1, 2, ...

� n→∞, un(t)→ u∗λ,µ, vn(t)→ v∗λ,µ.

4. Þ~

~ 4.1.�Äe¡�©XÚ:−((u′)p−1)′ = 2(u
1
3 + v

1
4 ) + 2a, t ∈ (0, 1),

−((v′)q−1)′ = 3(u
1
5 + v

1
6 ) + 3b

(4.1)

Ù¥ a , b > 0 , 0 < p− 1 < 1, 0 < q − 1 < 1,�

f(t, u, v) = 2(u
1
3 + v

1
4 ) + 2a, g(t, u, v) = 3(u

1
5 + v

1
6 ) + 3b.

w, f, g : [0, 1] × [0,+∞) × [0,+∞) → [0,+∞) ëY, � f, g 'u1�Ú1nCþ´4O�. -

ϕ1(r) = r
1
3 , ϕ2(r) = r

1
5 , r ∈ (0, 1),´� ϕ1(r) = r

1
3 > r, ϕ2(r) = r

1
5 > r. é?¿ u, v ∈ R+, t ∈

[0, 1], r ∈ (0, 1),÷v

f(t, ru, rv) = 2((ru)
1
3 + (rv)

1
4 ) + 2a

≥ r 1
3 [2(u

1
3 + v

1
4 ) + 2a]

≥ r
1

3(p−1) [2(u
1
3 + v

1
4 ) + 2a]

= ϕp−11 (r)f(t, u, v),

g(t, ru, rv) = 3((ru)
1
5 + (rv)

1
6 ) + 3b

≥ r 1
5 [3(u

1
5 + v

1
6 ) + 3b]

≥ r
1

5(q−1) [3(u
1
5 + v

1
6 ) + 3b]

= ϕq−12 (r)f(t, u, v).

,	

h1(t) =

∫ t

0

(1− s)p−1ds, h2(t) =

∫ t

0

(1− s)q−1ds, t ∈ [0, 1],
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f(t, l1, l2) ≥ f(t, 0, 0) = 2a > 0 , g(t, l1, l2) ≥ g(t, 0, 0) = 3b > 0.Ù¥ l1, l2 d1nÜ©��,´�

½n 3.1¥^�Ñ÷v.�d½n 3.1��XÚ 4.1k����) (u∗λ,µ, v
∗
λ,µ) ∈ P̄h,é?¿Ð©:

(u0, v0) ∈ P̄h,½Â

un+1 =

∫ t

0

(

∫ 1

s

[2(u
1
3
n−1(τ) + v

1
4
n−1(τ)) + 2a]dτ)p−1ds, n = 1, 2, ...

vn+1 =

∫ t

0

(

∫ 1

s

[3(u
1
5
n−1(τ) + v

1
6
n−1(τ)) + 3b]dτ)q−1ds, n = 1, 2, ...

� n→∞, un(t)→ u∗λ,µ, vn(t)→ v∗λ,µ.
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