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Abstract

In this paper, we mainly study the dynamic behavior of a class of two-dimensional
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difference equation models with exponential terms. Through calculation, we firstly

give the existence of the fixed point of this two-dimensional system. Secondly, the

type of fixed point, the stability of the hyperbolic fixed point and the corresponding

parameter conditions are obtained by using the relationship between the eigenvalues

of the linear part and the stability. Finally, the bifurcation phenomenon of non-

hyperbolic fixed point is discussed by combining the knowledge of center manifold

theorem and bifurcation theory, and the conditions for generating flip bifurcation are

obtained.
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1. Úó

�©�§3y¢)¹¥�A^�5�2�§AO´3)ÔÆ!ÔnÆ!²LÆ!ó§Æ�+
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c5§¹k�ê��©�§�ïÄ�´4�/-å
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y�?1
ïÄ"�´§3ù
�'©Ù¥§du�©�§|¥¹k�ê�é�U���§|

�)vkw«L�§Ïd§4�k©ÙïÄäk�"²ï)��'5�"�±��§XJ�©�§

|k�"²ï)§ÙÄåÆ1�´Ä¬�\´Lºu´§�©ò�Ä�a¹�ê���©�§| xn+1 = axn−1 + bxne
−yn ,

yn+1 = cyn−1 + dyne
−xn ,

(1.1)

�ÄåÆ1�§ùp§n��K�ê§ëêa, b, c, d´�~ê§Ð©�x0,x−1,y0,y−1´�K¢ê"·

���§XÚ(1.1)½Â
��²¡N�F : R2
+ → R2

+

F (x, y) −→ (ax+ bxe−y, cy + dye−x)T , (1.2)

ùp§R+ := [0,+∞) ¿�(x, y)T P��þ(x, y)�=�"
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2. Ì�(J

Äk§·��ÑXÚ(1.2)ØÄ:�35Ú¤kØÄ:a.!VØÄ:½5±9�A�ë

ê^�"

½n1. XÚ(1.2)�õkü�ØÄ:E0(0, 0), E1(ln
d

1−c , ln
b

1−a)§Ù¥E1��=�0 < a < 1,0 <

c < 1 ¤á��3"L 1�Ñ
ØÄ:E0�½55�"éuØÄ:E1ó§�÷v^�a+ b = 1½

öc+ d = 1½ö(1− a)(1− c)ln b
1−a ln

d
1−c = 4�§§´�V�¶�0 < a+ b < 1, 0 < c+ d < 1( or

a+b > 1, c+d > 1),�(1−a)(1−c)ln b
1−a ln

d
1−c 6= 4�§§´��Q:¶�0 < a+b < 1, c+d > 1(or

a+ b > 1, 0 < c+ d < 1) �§§´��Ø½��:"

Table 1. Qualitative properties of the fixed point E0

L 1. ØÄ:E0�½55�

^� a.

0 < c+ d < 1 ½(:

0 < a+ b < 1 c+ d = 1 �V

c+ d > 1 Q:

a+ b = 1 c+ d > 0 �V

0 < c+ d < 1 Q:

a+ b > 1 c+ d = 1 �V

c+ d > 1 Ø½(:

y²µ �âN�(1.2)§ØÄ:÷v±e'X

x = ax+ bxe−y, y = cy + dye−x.

O���XÚ(1.2)�õkü�ØÄ:E0(0, 0), E1(ln
d

1−c , ln
b

1−a)§Ù¥E1��=�0 < a < 1,

0 < c < 1 ¤á��3"·�^J(x, y)L«XÚ(1.2)3(x, y) ?�ä�'Ý
§K

J(x, y) =

 a+ be−y −bxe−y

−dye−x c+ de−x

 .

3ØÄ:E0(0, 0)?§XÚ(1.2)�ä�'Ý
�

J(0, 0) =

 a+ b 0

0 c+ d

 ,

éA�ü�A��©O�a+ b,c+ d§dA���½5�'X���L 1¥�(Ø"
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3ØÄ:E1(ln
d

1−c , ln
b

1−a)?§XÚ(1.2)�ä�'Ý


J(ln
d

1− c
, ln

b

1− a
) =

 1 (a− 1)ln d
1−c

(c− 1)ln b
1−a 1

 ,

éA�ü�A��©O�

λ1 = 1−
√

(1− a)(1− c)ln b

1− a
ln

d

1− c
, λ2 = 1 +

√
(1− a)(1− c)ln b

1− a
ln

d

1− c
.

dA���½5�'X��§�a + b = 1½öc + d = 1�§λ1,2 = 1, KØÄ:E1´�V�¶

�(1 − a)(1 − c)ln b
1−a ln

d
1−c = 4�§λ1 = −1, λ2 = 3§KØÄ:E1 ´�V�",��¡§éu

V��/µ

(1)XJ0 < a + b < 1, 0 < c + d < 1,�(1 − a)(1 − c)ln b
1−a ln

d
1−c 6= 4, Kln b

1−a ln
d

1−c > 0,

=(1− a)(1− c)ln b
1−a ln

d
1−c > 0, �±��ü¢A��

λ1 = 1−
√

(1− a)(1− c)ln b

1− a
ln

d

1− c
, λ2 = 1 +

√
(1− a)(1− c)ln b

1− a
ln

d

1− c
,

u´§λ1 < 1(�λ1 6= −1),λ2 > 1 KE1´Q:"

(2)XJ0 < a+ b < 1, c+ d > 1,Kln b
1−a ln

d
1−c < 0, =(1− a)(1− c)ln b

1−a ln
d

1−c < 0, �±��

üEA��

λ1 = 1− i
√
−(1− a)(1− c)ln b

1− a
ln

d

1− c
, λ2 = 1 + i

√
−(1− a)(1− c)ln b

1− a
ln

d

1− c
,

dd��, λ1,2���þ�u1§Ïd§E1´��Ø½��:"

(3)XJa+ b > 1, 0 < c+ d < 1,Ó(2)§E1´��Ø½��:"

(4)XJa+ b > 1, c+ d > 1,�(1− a)(1− c)ln b
1−a ln

d
1−c 6= 4, Ó(1)§KE1´Q:"y."

3þ¡�L§¥§·�©Û
ØÄ:��3�¹±9VØÄ:�k'5�§e¡·

�m©?Ø�VØÄ:�©
y�§±9�)©
�ëê^�"�Äd = d0 + ε0, �d0÷

v(1− a)(1− c)ln b
1−a ln

d0
1−c = 4, Ù¥§ε0 ��©
ëê"P

ρ1 =
1

2
(a+ (1− a)(

−1

2
+ c)ln

d0
1− c

)2 +
(a− 1)2

4
· (1 + (−1

2
+ c)ln

d0
1− c

)ln
d0

1− c
,

ρ2 =
1

d0ln
d0
1−c
·
−1− a+ c(1− a)ln d0

1−c

2
.

½n2. XJd = d0 + ε0Ú(1 − a)(1 − c)ln b
1−a ln

d0
1−c = 4, ε0¿©�§�ρ1 6= 0, ρ2 6= 0§KX

Ú(1.2)3ØÄ:E1(ln
d

1−c , ln
b

1−a)NC¬u)flip ©
"
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y²µ �
òXÚ(1.2)�ØÄ:E1£��:§·��C� x = ln d
1−c + ξ,

y = ln b
1−a + η,

XÚ(1.2)C�µ (
ξ

η

)
−→

(
aξ + (1− a)(ξ + ln d

1−c)e
−η + (a− 1)ln d

1−c

cη + (1− c)(η + ln b
1−a)e−ξ + (c− 1)ln b

1−a

)
. (2.1)

�
�B§·�ò(2.1)m>U�VúªÐm

aξ + (1− a)(ξ + ln
d

1− c
)e−η + (a− 1)ln

d

1− c

= aξ + (1− a)ξ + (a− 1)ξη + (a− 1)ln
d

1− c
η +

1− a
2

ln
d

1− c
η2 +O(3).

ùp§O(3)L«�ê�u2��"Ón§

cη + (1− c)(η + ln
b

1− a
)e−ξ + (c− 1)ln

b

1− a

= cη + (1− c)η + (c− 1)ξη + (c− 1)ln
b

1− a
ξ +

1− c
2

ln
b

1− a
ξ2 +O(3).

=XÚ(2.1)�du(
ξ

η

)
−→

(
ξ + (a− 1)ξη + (a− 1)ln d

1−cη + 1−a
2
ln d

1−cη
2

η + (c− 1)ξη + (c− 1)ln b
1−aξ + 1−c

2
ln b

1−aξ
2

)
+ h.o.t., (2.2)

y3�Äd = d0 + ε0,�(1 − a)(1 − c)ln b
1−a ln

d0
1−c = 4, Ù¥§ε0 ��©
ëê§ε0 = 0 �©
�"

d�§N�(2.2)¤�

(
ξ

η

)
−→

 1 (a− 1)ln d0
1−c

(c− 1)ln b
1−a 1

(ξ
η

)
+

(
f(ξ, η, ε0)

g(ξ, η, ε0)

)
, (2.3)

ùp§

f(ξ, η, ε0) = (a− 1)ξη + (a− 1)ln
d0 + ε0
d0

η +
1− a

2
ln
d0 + ε0
1− c

η2 +O(3),

g(ξ, η, ε0) = (c− 1)ξη +
1− c

2
ln

b

1− a
ξ2 +O(3).

A��λ1 = −1, λ2 = 3, éA�A��þ�( 1−a
2
ln d0

1−c , 1)T , (a−1
2
ln d0

1−c , 1)T , ��5C�

(ξ, η)T = H(u, v)T ,
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KXÚ(2.3)C�µ

(
u

v

)
−→

 −1 0

0 3

(u
v

)
+H−1

(
f̃(u, v, ε0)

g̃(u, v, ε0)

)
, (2.4)

ùp§

H =

 1−a
2
ln d0

1−c
a−1
2
ln d0

1−c

1 1

 ,

H−1 =

 1

(1−a)ln d0
1−c

1
2

−1

(1−a)ln d0
1−c

1
2

 ,

f̃(u, v, ε0) = (a− 1)ln
d0 + ε0
d0

(u+ v) + (
1− a

2
ln
d0 + ε0
1− c

− (1− a)2

2
ln

d0
1− c

)u2

+(
1− a

2
ln
d0 + ε0
1− c

+
(1− a)2

2
ln

d0
1− c

)v2 + (1− a)ln
d0 + ε0
1− c

uv,

g̃(u, v, ε0) = (1− a)(−1

2
+ c)ln

d0
1− c

u2 + (1− a)(
3

2
− c)ln d0

1− c
v2 + (a− 1)ln

d0
1− c

uv,

éA�]!XÚ 
u

ε0

v

 −→

−u

ε0

3v

+


f̂(u, v, ε0)

0

ĝ(u, v, ε0)

 (2.5)

ùp§

f̂(u, v, ε0) =
1

(1− a)ln d0
1−c

f̃(u, v, ε0) +
1

2
g̃(u, v, ε0),

ĝ(u, v, ε0) =
−1

(1− a)ln d0
1−c

f̃(u, v, ε0) +
1

2
g̃(u, v, ε0).

�N�(2.5)3�:NCk����¥%6/

v = h(u, ε0) = h1u
2 + h2uε0 + h3ε

2
0 +O(3),

�â©z [9] ��§ù
Xêh1, h2, h3�ûu�§

ℵ(h(u, ε0)) = h(−u+ f̂(u, h(u, ε0), ε0), ε0)− 3h(u, ε0)− ĝ(u, h(u, ε0), ε0) = 0,
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'�u2, uε0, ε
2
0�Xê§·��±��

h1 =
1

4
(a− 1)(1 + (−1

2
+ c)ln

d0
1− c

), h2 =
−1

4d0ln
d0
1−c

, h3 = 0.

u´§

v = h(u, ε0) =
1

4
(a− 1)(1 + (−1

2
+ c)ln

d0
1− c

) · u2 − 1

4d0ln
d0
1−c
· uε0 +O(3), (2.6)

Pp = ln(d0+ε0)−lnd0
lnd0−ln(1−c) , òªf(2.6)�\XÚ(2.5)1����§§��

(
u

ε0

)
−→

(
−u
ε0

)
+

(
f∗(u, ε0)

0

)
+ h.o.t., (2.7)

ùp§

f∗(u, ε0) = −pu+ (−ph1 +
1

2
p+

a− 1

2
+

1− a
8d0

ε0 +
(1− a)(−1

2
+ c)ln d0

1−c

2
)u2

+
p

4d0ln
d0
1−c

uε0 +
a− 1

2
ln

d0
1− c

h1u
3,

XÚ(2.7)½Â
����N�u 7→ φε0(u), ùp

φε0(u) = −u+ f∗(u, ε0) + h.o.t.. (2.8)

O���

ρ1 = [
1

2
(
∂2φε0
∂u2

)2 +
1

3
(
∂3φε0
∂u3

)]|(0,0)

=
1

2
(a+ (1− a)(

−1

2
+ c)ln

d0
1− c

)2 +
(a− 1)2

4
· (1 + (−1

2
+ c)ln

d0
1− c

)ln
d0

1− c
,

ρ2 = [
∂φε0
∂ε0

∂2φε0
∂u2

+ 2
∂2φε0
∂u∂ε0

]|(0,0) =
1

d0ln
d0
1−c
·
−1− a+ c(1− a)ln d0

1−c

2
.

��ρ1 6= 0, ρ2 6= 0§K©z [10]¥½n3.5.1 ��òz^�Úî�^�(F1),(F2) ¤á§ù¿�

Xd�XÚ(1.2) 3ØÄ:E1(ln
d

1−c , ln
b

1−a) NC¬u)flip ©
"y."

3. (Ø

�©ÏL�5Ü©A���½5�'X?Ø
VØÄ:�a.9½5§|^¥%6/

½nÚ©
nØ��
�VØÄ:�)flip ©
�^�"�´§3ù�©Ù¥§Ù¢·�==�

ïÄ
ØÄ:E13^�(1− a)(1− c)ln b
1−a ln

d
1−c = 4e�flip©
�/§,3½n1¥§·��±

wÑØÄ:E0, E1�kAaÙ¦�V��/§du§��{��p§3ùp·�6�vkUY?

Ø"~X§éuE0ó§�a+ b = 1,c+ d 6= 1�§·��±|^½n2¥��{��XÚ(1.2)��
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