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Abstract

In this paper, we consider a Dirichlet boundary sparse optimal control problem limited

by the linear parabolic equation on convex regions. The goal functional consists of a

linear quadratic functional F (·, ·) and a convex, Lipschitz continuous and FrWWWchet non-

differentiable functional j(·) acting on the control u that satisfies the box constraint.

Firstly, we proved the existence and uniqueness of the solution of the state equation

in the transformation sense and the control problem, as well as the optimality system.

Then, we give the subdifferential of functional j(·) and sparse properties of the control

in different cases. Finally, a additional regularity result is given.
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1. Úó

3ù�©Ù¥,·��ÄXe� Dirichlet>.DÕ�`��¯K�.

min
u∈Uad

J(y, u) := F (y, u) + βj(u), (1.1)

Ù¥ y, u÷v�Ô�§ 
yt +Ay = f, in ΩT ,

y = u, on ΣT ,

y(0) = y0, in Ω.

(1.2)

ÚNN��8

Uad := {u ∈ L∞(0, T ;L∞(Γ)) : ua ≤ u(x, t) ≤ ub, a.e. (x, t) ∈ ΣT}. (1.3)

DOI: 10.12677/pm.2023.1310315 3049 nØêÆ

http://creativecommons.org/licenses/by/4.0/
https://doi.org/10.12677/pm.2023.1310315


©�?§ÛpW

Ù¥ ua, ub ∈ R, Ω ⊂ R2 �àõ>/«�� ∂Ω := Γ, ΩT = Ω × (0, T ], ΣT = Γ × (0, T ], A���

�5ÑÝ.ý��f,=

Ay = −
2∑

i,j=1

∂xj
(aij(x)∂xi

y) + a0(x)y,

Ù¥, a0 ∈ L∞(Ω)÷v a0 ≥ 0, aij ∈ C0,1(Ω̄)é¡(= aij = aji )Ú÷v��ý�^�

∃γA s.t γA|ξ|2 ≤
2∑

i,j=1

aijξiξj , ∀ξ ∈ R2, a.e. x ∈ Ω.

51.1.�
�Bå�,ùp·�=�Ä��ÑÝ/ª�©�f A�Xê aij é�mCþ x��65,

³�Ùé�m��65(� [1], P164).

�¼ F (y, u)�

F (y, u) =
1

2
‖y − yΩ‖2L2(0,T ;L2(Ω)) +

α

2
‖u‖2L2(0,T ;L2(Γ)), (1.4)

r¦����DÕ5���¼ j(·)kXen«ÀJ

j1 : L1(ΣT )→ R, j1(u) = ‖u‖L1(ΣT ) =

∫
ΣT

|u(x, t)|dsdt, (1.5)

j2 : L2(0, T ;L1(Γ))→ R, j2(u) = ‖u‖L2(0,T ;L1(Γ)) =

[∫ T

0

‖u(t)‖2L1(Γ)dt

] 1
2

, (1.6)

j3 : L1(Γ;L2(0, T ))→ R, j3(u) = ‖u‖L1(Γ;L2(0,T )) =

∫
Γ

‖u(x)‖L2(0,T )ds. (1.7)

� j = j1 �,�A��`��¯K (P )P� (P1) ,Ù{ü�aq,©OP� (P2)Ú (P3).�
e©

�B,·�éþã¯K¤�9�êâ�Xeb�.

b� 1.2.b� α ≥ 0, β > 0, f ∈ L2(0, T ;L2(Ω)), yΩ ∈ L2(0, T ;L2(Ω)), y0 ∈ L2(Ω), ua < 0 < ub 9

�ª�� T > 0.

51.3.w,� 0 < ua < ubÚ ua < ub < 0�, ji(·)´ Fréchet���,¤±�
ÏéDÕ�`��,

7Lb� ua < 0 < ub.

2009c, Stadler�Ç3©z [2]¥ÄgJÑý�©ÙDÕ�`��¿éÙ?1
ê�¦),C

c5, ¯õïÄÆö3T+����õ�?Ð, ~X, Wachsmuth �<Äu Stadler �ó�3©

z [3]¥Äg©Û
ý�©ÙDÕ�`���Ø�; Cassa�Ç�<3©z [4, 5]Ú [6]¥é�5,�

�5ý�� BorelÿÝ©ÙDÕ�`��¯KÚ��5ý�� L1 ¤��©ÙDÕ�`��¯K?

1
ïÄ,3©z [5, 7–9]Ú [10]¥òþãïÄí2��5�Ô�m½�m� BorelÿÝÚ��5

�Ô� L1¤��©ÙDÕ�`��¯K.

2021c, Mateos�Ç3©z [11]¥ÄgïÄ
�5ý� Dirichlet>.DÕ��¯K.8c,

IS	'u �©�§ Dirichlet>.DÕ������©z��,cÙ´�Ô�§ Dirichlet>.
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DÕ���U���'�©z.

Äuþã�ïÄÄ:,�©¦^©z [10]¥¤JÑ�n«/ª�DÕ� (= ji(·), i = 1, 2, 3)m

Ð�5�Ô Dirichlet>.DÕ�`��¯K��DÕ5��ïÄ.Äk,3=z¿Âe (we¡½

Â 2.2)?nG��§ (1.2) (� [12–14]),Ùg�Ñþã��¯K��`5XÚÚ�éØÓDÕ��

Ñ���DÕ�ª.

�©(�SüXe.31 2!,�Ñ (1.2)Ú��¯K)�3��5±9�`5XÚ.1 3!,�

ÑØÓ/ª�¼ j(·)�g�©Ú|^��7�^�í����DÕ5�.14!,�Ño(.

2. ëY��¯K

Äk0�A�~^��m, W k,p(Ω), ‖ · ‖Wk,p(Ω)L« Sobolev �mÚÙIO�ê,Ù¥ k ≥ 0,

1 ≤ p ≤ ∞. � p = 2 �, P Hk(Ω) := W k,2(Ω) Ú ‖ · ‖Hk(Ω) := ‖ · ‖Wk,2(Ω), � k = 0 �, P

L2(Ω) = H0(Ω). H1
0 (Ω) = {v ∈ H1(Ω) : v = 0 on Γ}.�� Sobolev �m Lr(0, T ;W k,p(Ω))L«

¤kl [0, T ]�W k,p(Ω)� r��È¼ê�N,� 0 ≤ r < ∞�ÙIO�ê� ‖v‖Lr(0,T ;Wk,p(Ω)) =(∫ T
0
‖v‖rk,p,Ωdt

) 1
r

, r =∞��I�{ü?U=� (� [15],1 5Ù).

éu Banach �m Y , ·�{P L2(0, T ;Y ) := L2(Y ), Hs(0, T ;Y ) := Hs(Y ), ¿^ (·, ·)ΩT
,

(·, ·)ΣT
, (·, ·)Ω©OL« L2(ΩT ), L2(ΣT ), L2(Ω)�IOSÈ.ØAO`²	 cÚ C ÑL«�K~ê.

·�½ÂXe/ª�V�5�¼

a[y, v] =

∫
Ω

aij∂xi
y∂xj

vdx+

∫
Ω

a0yvdx, i, j = 1, 2.

� u ∈ L2(H
1
2 (Γ)) �, �Ô�§ (1.2) �IOf/ª�Ïé y ∈ L2(H1(Ω)) ∩ H1(H−1(Ω)) ÷v

y |Σ= uÚ y(·, 0) |Ω= y0(·)¦�

(yt, v)Ω + a[y, v] = (f, v)Ω, a.e t ∈ (0, T ] , ∀v ∈ H1
0 (Ω) (2.1)

¤á.,
,Ñu¢S�Ä(� [16]),·�=�Ä÷vNN��8���,= u ∈ Uad,ù`² (2.1)é

·���¹¿Ø·^,¤±,�
�(/?n (1.2) ,·�¦^ LionsÚMagenes�<3©z( [12]

Ú [13],1 2Ù)¥Ú\�=�Eâ�y² (1.2)=�)��3��5,�d,Äk·�Ú\e¡Ún.

Ún2.1.é ∀ g ∈ L2(L2(Ω)),�Ô�§
− zt +Az = g, in ΩT ,

z = 0, on ΣT ,

z(T ) = 0, in Ω,

(2.2)

k��) z ∈ L2(H2(Ω) ∩H1
0 (Ω)) ∩H1(L2(Ω)),� ∂νAz ∈ L2(H

1
2 (Γ)) ∩H 1

4 (L2(Γ))�

‖∂νAz‖L2(H
1
2 (Γ))∩H

1
4 (L2(Γ))

≤ ‖g‖L2(L2(Ω)), (2.3)
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Ù¥ ∂νAzL« z'u νA�{�þ�ê, νA = a · ν, ν �ü {�þ, a�Xê aij |¤�Ý
,=

a =

(
a11 a12

a21 a22

)
.

y²: æ^ ( [1], P157) �g´, � τ ∈ [0, T ], - z̃(τ) := z(T − τ), K z̃(0) = z(T ), z̃(T ) =

z(0), g̃(·, t) = g(·, T − τ),¤±þã (2.2)�±�d�=z�Xe�Ð>�¯K
∂z̃

∂τ
+Az̃ = g̃ in ΩT ,

z̃ = 0 on ΣT ,

z̃(0) = 0 in Ω.

d( [15],1 7Ù)�'u z̃ ��§�3��) z̃ ∈ L2(H1
0 (Ω)) ∩H1(H−1(Ω)),q Ω�à«��þã

�§�àgÐ>�,?�Úd ( [15],1 7Ù,½n 5)kz̃ ∈ L2(H2 ∩H1
0 (Ω)) ∩H1(L2(Ω)).?
 (2.2)

k��) z ∈ L2(H2(Ω) ∩H1
0 (Ω)) ∩H1(L2(Ω)).d( [13],½n 2.1,½ö [17],½n 3.2Ú [18],Ún

A.2)�� ∂νAz ∈ L2(H
1
2 (Γ)) ∩H 1

4 (L2(Γ))9 (2.3). �

ÄuþãÚn 2.1,·��±½Â�Ô�§ (1.2)�=�)Xe.

½Â2.2.é ∀ f ∈ L2(L2(Ω)), u ∈ L2(L2(Γ)), y0 ∈ L2(Ω),e y ∈ L2(L2(Ω))÷v

(y, g)ΩT
= (f, z)ΩT

− (u, ∂νAz)ΣT
+ (y0, z(·, 0))Ω,∀g ∈ L2(L2(Ω)), (2.4)

K¡ y�G��§ (1.2)�=�),Ù¥ z� (2.2)�f).

½n2.3. é ∀ f ∈ L2(L2(Ω)), u ∈ L2(L2(Γ)), y0 ∈ L2(Ω), �Ô�§ (1.2) k���=�)

y ∈ L2(L2(Ω))�k

‖y‖L2(L2(Ω)) ≤ C(‖f‖L2(L2(Ω)) + ‖u‖L2(L2(Γ)) + ‖y0‖L2(Ω)). (2.5)

y²: ( [14],Ún 1)y²
� A = −4���/,Ty²é·���/(=ÑÝ.�f A ) �¤á.

�

Äu½n 2.3,·��±��Xe(J.

íØ2.4.���G��fG : L2(L2(Γ))→ L2(L2(Ω)), G(u) = y´�5ëY�,Ù¥y ´�§(1.2)�

=z).�¼F (u) := F (G(u), u) = F (y, u)3L2(L2(Γ))þFréchet��,=é∀ u, v ∈ L2(L2(Γ))k

F ′(u)v = (αu− ∂νAϕ, v)ΣT
, (2.6)

Ù¥��G� ϕ ∈ L2(H2(Ω) ∩H1
0 (Ω)) ∩H1(L2(Ω)) ÷v
− ϕt +Aϕ = y − yΩ, in ΩT ,

ϕ = 0, on ΣT ,

ϕ(T ) = 0, in Ω.

(2.7)
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y²: G(·)ëY5Ú�55©Od (2.5)ªÚ)�U\�n�Ñ.��G� ϕ��K5dÚn2.1�

Ñ.w, F ´ Fréchet���,�dóª{KÚ©ÜÈ©=� (2.6).

�

��¯K (1.1)-(1.3)���3�) ū ∈ Uad ´²;(Ø (� [12],1 3ÙÚ [1],1 2Ù)¿�d

(2.5)ª��l���G���f G´ü�,�)�3���.

P ∂j(u)� j(·)3 u?�àg�©,e¡·��Ñ��¯K (1.1)-(1.3)��`5XÚ.

½n2.5. � ū ∈ Uad ´�`��¯K (1.1)-(1.3)�),K�3�� ȳ ∈ L2(L2(Ω)), ϕ̄ ∈ L2(H2(Ω) ∩
H1

0 (Ω)) ∩H1(L2(Ω)), λ̄ ∈ ∂j(ū)÷v
ȳt +Aȳ = f, in ΩT ,

ȳ = ū, on ΣT ,

ȳ(0) = y0, in Ω,

(2.8a)


− ϕ̄t +Aϕ̄ = ȳ − yΩ, in ΩT ,

ϕ̄ = 0, on ΣT ,

ϕ̄(T ) = 0, in Ω,

(2.8b)

(αū− ∂νAϕ̄+ βλ̄, u− ū)ΣT
≥ 0, ∀u ∈ Uad. (2.8c)

y²: (2.8a), (2.8b)w,. (2.8c)�y²,·�æ^ ( [10],½n 3.1)¥��{,Ï ū��`),¤±é

∀ u ∈ Uadk
F (ū+ t(u− ū))− F (ū) + β(j(ū+ t(u− ū))− j(ū)) ≥ 0.

üKÓØ t,d j(·)�à5Ú- t→ 0�

F ′(ū)(u− ū) + β(j(u)− j(ū)) ≥ 0.

= ū´e�`z¯K�)

min
u∈Uad

Iβ(u) = F ′(ū)u+ βj(u) + IUad
(u),

Ù¥, IUad
� Uad��«¼ê,=

IUad
=

 0, u ∈ Uad,

∞, u /∈ Uad,

qdu F ′(ū), j(·)ëY,�|^Moreau−Rockafellar½n (ë� [19]1 IÙ,5� 5.6)��

0 ∈ ∂Iβ(ū) = F ′(ū) + β∂j(ū) + ∂IUad
(ū),
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¤± ∃ λ̄ ∈ ∂j(ū), ῑ ∈ ∂IUad
(ū)÷v

F ′(ū) + βλ̄+ ῑ = 0,

¤±,d (2.6)Úg�©½Â�

IUad
(u)− IUad

(ū) ≥ (−(αū− ∂νAϕ+ βλ̄), u− ū)ΣT
,

d IUad
(·)�½Â9 ū, u ∈ Uad��

(αū− ∂νAϕ+ βλ̄, u− ū)ΣT
≥ 0.

�

3. ���DÕ5�

e¡·�ò¦^þã�`5XÚ (2.8)í�ÀJØÓ ji(·), i = 1, 2, 3��`�� ū�DÕ5�.

3.1. ��¯K P1

d (1.5)k

j1(u) = ‖u‖L1(ΣT ) =

∫
ΣT

|u(x, t)|dsdt,

ÏL{ü�O�,·�k λ ∈ ∂j1(u)��=� λ ∈ L∞(ΣT )�éu a.e. (x, t) ∈ ΣT k

λ(x, t)


= +1, e u(x, t) > 0,

= −1, e u(x, t) < 0,

∈ [−1,+1], e u(x, t) = 0.

(3.1)

Äud,� j = j1�,l½n 2.5��ÑXe�(Ø.

íØ3.1.� ȳ ∈ L2(L2(Ω)), ϕ̄ ∈ L2(H2(Ω) ∩H1
0 (Ω)) ∩H1(L2(Ω)), λ̄ ∈ ∂j1(ū),Ké a.e. (x, t) ∈ ΣT

e�£ã¤á.

� α > 0�, k


ū(x, t) = Proj[ua,ub]

(
− 1

α
[−∂νAϕ̄(x, t) + βλ̄(x, t)]

)
,

ū(x, t) = 0��=� |∂νAϕ̄(x, t)| ≤ β,

(3.2)

� α = 0�,


e |∂νAϕ̄(x, t)| < β, K ū(x, t) = 0,

e ∂νAϕ̄(x, t) > β, K ū(x, t) = ub,

e ∂νAϕ̄(x, t) < −β, K ū(x, t) = ua,

(3.3)
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λ̄(x, t) = Proj[−1,+1]

(
1

β
∂νAϕ̄(x, t)

)
, (3.4)

d	, λ̄ ∈ L2(H
1
2 (Γ))

⋂
H

1
4 (L2(Γ)) ���, q α > 0 � ū ∈ L2(H

1
2 (Γ))

⋂
H

1
4 (L2(Γ)). Ù¥,

Proj[a,b](c)L« c3 [a, b]þ�ÝK,= Proj[a,b](c) = min{b,max{a, c}}.

y²: (3.2) �1��ªf´ (2.8c) ���(J(� [1], 1 3Ù), (3.2) 1��ªfÚ (3.4) �y

²ë� [6] �íØ 3.2. (3.3) �y²ë� [20]. ¦+©z [6, 20] ���¯K´ý��, ��Iò

y²¥�Cþ x Ú��G�O�� (x, t) Ú −∂νAϕ̄(x, t) =��y. qdÚn 2.1�� ∂νAϕ̄ ∈
L2(H

1
2 (Γ))

⋂
H

1
4 (L2(Γ)),�dÝK�fProj[a,b]�5�(� [1], P114 )� λ̄ ∈ L2(H

1
2 (Γ))

⋂
H

1
4 (L2(Γ)),

éu ūÓn.

�

53.2. � α > 0 �, (3.2) �1��, 1��ªf©O�Ñ
�`�� ū �DÕ5�9�K5, �

α = 0 �, e8Ü {(x, t) ∈ ΩT : |∂νAϕ̄(x, t)| = β} � Lebesgue ÿÝ� 0, Ké ∀(x, t) ∈ ΩT k

ū(x, t) ∈ {ua, 0, ub},=��k bang-bang-bang(� (� [1], P70 ).

3.2. ��¯K P2

d (1.6)k

j2(u) = ‖u‖L2(L1(Γ)) =

[∫ T

0

‖u(t)‖2L1(Γ)dt

] 1
2

=

[∫ T

0

(∫
Γ

|u(x, t)|ds

)2

dt

] 1
2

.

d ( [21],½n 8.20.3 )�� L2(L1(Γ))�éó�m´ L2(L∞(Γ)).¤±,·�kXe�·K.

·K3.3.� u 6= 0�, λ ∈ ∂j2(u)��=� λ ∈ L2(L∞(Γ))�éu a.e. (x, t) ∈ ΣT k

λ(x, t)



=
‖u(t)‖L1(Γ)

‖u‖L2(L1(Γ))

, e u(x, t) > 0,

= −
‖u(t)‖L1(Γ)

‖u‖L2(L1(Γ))

, e u(x, t) < 0,

∈

[
−
‖u(t)‖L1(Γ)

‖u‖L2(L1(Γ))

,+
‖u(t)‖L1(Γ)

‖u‖L2(L1(Γ))

]
, e u(x, t) = 0,

(3.5)

� u = 0�,k ∂j2(u) = {λ ∈ L2(L∞(Γ)) : ‖λ‖L2(L∞(Γ)) ≤ 1}.

y²:d( [22],Ún 2.1)k

∂j2(u) =

{
λ ∈ L2(L∞(Γ)) : ‖λ‖L2(L∞(Γ)) ≤ 1Ú

∫
ΣT

λudsdt = ‖u‖L2(L1(Γ))

}
. (3.6)
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Äk,y² (3.5)÷v (3.6).w, λ ∈ L2(L∞(Γ))�k ‖λ‖L2(L∞(Γ)) ≤ 1Ú∫
ΣT

λudsdt =
1

‖u‖L2(L1(Γ))

∫
ΣT

‖u(t)‖L1(Γ)udsdt

=
1

‖u‖L2(L1(Γ))

∫ T

0

[
‖u(t)‖L1(Γ)

∫
Γ

uds

]
dt

=
1

‖u‖L2(L1(Γ))

∫ T

0

‖u(t)‖2L1(Γ)dt

=
‖u‖2L2(L1(Γ))

‖u‖L2(L1(Γ))

= ‖u‖L2(L1(Γ)).

ey� λ ∈ ∂j2Ú u 6= 0�, (3.5)¤á,d (3.6)9HölderØ�ª��

‖u‖L2(L1(Γ)) =

∫
ΣT

λudsdt,

≤
∫ T

0

‖λ(t)‖L∞(Γ)‖u(t)‖L1(Γ)dt, (3.7)

≤

(∫ T

0

‖λ(t)‖2L∞(Γ)

) 1
2
(∫ T

0

‖u(t)‖2L1(Γ)

) 1
2

,

= ‖λ‖L2(L∞(Γ))‖u‖L2(L1(Γ)),

≤ ‖u‖L2(L1(Γ)), (3.8)

=k ∫ T

0

‖λ(t)‖L∞(Γ)‖u(t)‖L1(Γ)dt =

(∫ T

0

‖λ(t)‖2L∞(Γ)

) 1
2
(∫ T

0

‖u(t)‖2L1(Γ)

) 1
2

.

¤±é a.e. t ∈ (0, T ), ∃ c ∈ R÷v ‖λ(t)‖L∞(Γ) = c‖u(t)‖L1(Γ).l (3.8)�íÑ ‖λ‖L2(L∞(Γ)) = 1 , �

ÀJ c = 1
‖u‖L2(L1(Γ))

. l (3.7)�
∫

Γ
λ(x, t)u(x, t)ds = ‖λ(t)‖L∞(Γ)‖u(t)‖L1(Γ),ùÒy²
(3.5).

��,2l (3.6)íÑ ∂j(0).

�

Äud,� j = j2�,l½n 2.5��ÑXe�(Ø.

íØ3.4.� ȳ ∈ L2(L2(Ω)), ϕ̄ ∈ L2(H2(Ω) ∩H1
0 (Ω)) ∩H1(L2(Ω)), λ̄ ∈ ∂j2(ū),Ké a.e. (x, t) ∈ ΣT

e�£ã¤á.

� α > 0�, k


ū(x, t) = Proj[ua,ub]

(
− 1

α
[−∂νAϕ̄(x, t) + βλ̄(x, t)]

)
,

ū(x, t) = 0��=� |∂νAϕ̄(x, t)| ≤ βγ̄(t),

(3.9)
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� α = 0�,


e |∂νAϕ̄(x, t)| < βγ̄(t), K ū(x, t) = 0,

e ∂νAϕ̄(x, t) > +βγ̄(t), K ū(x, t) = ub,

e ∂νAϕ̄(x, t) < −βγ̄(t), K ū(x, t) = ua,

(3.10)

λ̄(x, t) = Proj[−γ̄(t),+γ̄(t)]

(
1

β
∂νAϕ̄(x, t)

)
, (3.11)

Ù¥,� ū 6= 0�, γ̄(t) =
‖ū(t)‖L1(Γ)

‖ū‖L2(L1(Γ))
,ÄK γ̄(t) = 1.d	, λ̄ ∈ L2(H

1
2 (Γ))

⋂
H

1
4 (L2(Γ))���,q

α > 0�k ū ∈ L2(H
1
2 (Γ))

⋂
H

1
4 (L2(Γ)).

y² (3.9)�1��ªf3íØ 3.1¥®y². (3.9)�1��ªf!(3.10)Ú (3.11)�y²ë�©

z [10]�íØ 3.6.y²L§¥�Iò��G�O�� −∂νAϕ̄(x, t)=��y. λ̄Ú ū��K5y²

3íØ 3.1¥®y.

�

3.3. ��¯K P3

d (1.7)k

j3(u) = ‖u‖L1(Γ;L2(0,T )) =

∫
Γ

‖u(x)‖L2(0,T )ds.

Äk,·�kXe�·K.

·K3.5. λ ∈ ∂j3(u)��=� λ ∈ L∞(Γ;L2(0, T ))Ú
‖λ(x)‖L2(0,T ) ≤ 1, a.e. x ∈ Γ0

u,

λ(x, t) =
u(x, t)

‖u(x)‖L2(0,T )

, a.e. x ∈ ΓuÚ t ∈ (0, T ),
(3.12)

Ù¥, Γu = {x ∈ Γ : ‖u‖L2(0,T ) 6= 0}, Γ0
u = Γ \ Γu.

y²:du L1(Γ;L2(0, T ))�éó�m� L∞(L2(0, T )),�aqu (3.6),·�k

∂j3(u) = {λ ∈ L∞(Γ;L2(0, T )) : ‖λ‖L∞(Γ;L2(0,T )) ≤ 1Ú

∫
ΣT

λudsdt = ‖u‖L1(Γ;L2(0,T ))}. (3.13)

e λ ∈ ∂j3(u), Kd (3.13) � ‖λ‖L∞(Γ;L2(0,T )) ≤ 1 N´íÑ (3.12) �1��'X.|^ (3.13) Ú

HölderØ�ª�

‖u‖L1(Γ;L2(0,T )) =

∫
ΣT

λudsdt ≤
∫

Γ

‖λ(x)‖L2(0,T )‖u(x)‖L2(0,T )ds ≤ ‖u‖L1(Γ;L2(0,T )),

=k ‖λ(x)‖L2(0,T ) = 1 Úé a.e. x ∈ Γu Ú t ∈ (0, T ) k λ(x, t) = c(x)u(x, t), Ù¥ c(x) =
1

‖u(x)‖L2(0,T )
> 0.
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��,e λ÷v (3.12),K|^ (3.13)N´u� λ ∈ ∂j3(u).

�

Äud,� j = j3�,l½n 2.5��ÑXe�(Ø.

íØ3.6.� ȳ ∈ L2(L2(Ω)), ϕ̄ ∈ L2(H2(Ω) ∩H1
0 (Ω)) ∩H1(L2(Ω)), λ̄ ∈ ∂j3(ū),Ké a.e. (x, t) ∈ ΣT

e�£ã¤á.

� α > 0�, k


ū(x, t) = Proj[ua,ub]

(
− 1

α
[−∂νAϕ̄(x, t) + βλ̄(x, t)]

)
,

‖u(x)‖L2(0,T ) = 0��=� ‖∂νAϕ̄(x, t)‖L2(0,T ) ≤ β,

(3.14)

� α = 0�,

e ‖∂νAϕ̄(x, t)‖L2(0,T ) < β, K ‖u(x)‖L2(0,T ) = 0,

e ‖u(x)‖L2(0,T ) = 0, K ‖∂νAϕ̄(x, t)‖L2(0,T ) ≤ β,
(3.15)

λ̄(x, t) =


1

β
∂νAϕ̄(x, t), x ∈ Γ0

ū,

ū(x, t)

‖ū‖L2(0,T )

, x ∈ Γū.

(3.16)

d	, λ̄ ∈ L2(H
1
2 (Γ))

⋂
H

1
4 (L2(Γ))���,q α > 0�k ū ∈ L2(H

1
2 (Γ))

⋂
H

1
4 (L2(Γ)).

y²: (3.14)�1��ªf3íØ 3.1¥®y. (3.14)�1��ªf, (3.15)Ú (3.16)�y²ë�©

z [10]�íØ 3.9.y²L§¥�Iò��G�O�� −∂νAϕ̄(x, t)=��y. ū, λ̄��K53íØ

3.1¥®y.

�

éuà«� Ω,·�kXe��K5(J,§�y²ë� [14]�½n 2Ú [23]�½n 2.1.

íØ3.7. � ȳ ∈ L2(L2(Ω)), ϕ̄ ∈ L2(H2(Ω) ∩H1
0 (Ω)) ∩H1(L2(Ω)), λ̄ ∈ ∂j3(ū), yΩ ∈ L2(L2(Ω)),K

k

ȳ ∈ L2(H1(Ω)) ∩H 1
2 (L2(Ω)), ū ∈ L2(H

1
2 (Γ)) ∩H 1

4 (L2(Γ)),

z ∈ L2(H2(Ω) ∩H1
0 (Ω)) ∩H1(L2(Ω)).

4. (Ø

díØ3.1.,íØ3.4.,íØ3.6.�(Ø�±wÑ�·�ÀJØÓDÕ��,¤��DÕ�ª´

Ø�Ó�,� j = j1(·)�,�`�����DÕ�ª(�ØÉÙ��;� j = j2(·)�,3A�¤k�

m:þr?�mDÕ5,�ù«DÕ�ª�U¬�X�m�í£
Cz;� j = j3(·)�,3���m

m�(= (0, T ] )þkð½ØC��mDÕ�ª.ù��Yê�¦)©¥¤JÑ�>.DÕ�`��

¯KC½
Ä:,e�Ú�Ì�ó��±�7þã�.�ê�Cq¦),lÑ�ª�Ø�©ÛÚ�

Eê�«~�yþã¤����DÕ5Ú�Y�Ø�(J��¡Ðm.
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