Pure Mathematics ig# ¥, 2023, 13(11), 3342-3357
Published Online November 2023 in Hans. https://www.hanspub.org/journal/pm
https://doi.org/10.12677 /pm.2023.1311347 Hans Xt

BT skt e i = A s - A Ry
RN R

¥ RAR, ATH A
BN RSEHCE S G R, SH S

Woks H B 20234F10H21H:; FHAE®: 2023%FE11H22H; KA HB: 2023411 H29H

m =

EREFEREFWDR—NAMENIELZELSELRE, HE-MHEEEEEEEEMNIER, B4
BEEFEETEENEMREER. AXETHRERES ZNETEHESBHUREREL T —MEMH
B4 MR RESE, Z2REREARZEEBASFAERZEN-MBERFR, N\TRS
RIEREE, ATMERIERELZNEREMITERER, AXEHTRAENERZRESEHS
HTEHMBXMR, £T 42004 BPiEE FNSigsbeetE ), IGIF T AL IR H4E5% E &M 41 Kk &
FAERNBYR M. BEERETATLERNRESMETUEEZSFAR_MBEERFR, AMmMEE
EWSUR E RS AR G E E

K527

ERMRR, HiFkRERL, BETFEUE

Full Wayveform_ Inversion Based on
Preconditioned Conjugate Residual

Truncated Newton Method

Boqi Zeng, Qinglong He*

School of Mathematics and Statistics, Guizhou University, Guiyang Guizhou

* JEIREH.

SCEEGI: REERAR, I . T TR AR ISR 2 A A K A S [J]. BB, 2023, 13(11): 3342-3357.
DOI: 10.12677/pm.2023.1311347


https://www.hanspub.org/journal/pm
https://doi.org/10.12677/pm.2023.1311347
https://www.hanspub.org
https://doi.org/10.12677/pm.2023.1311347

BRAL, s e

Received: Oct. 21°¢, 2023; accepted: Nov. 2279, 2023; published: Nov. 29t 2023

Abstract

Full waveform inversion (FWI) is a large-scale nonlinear ill-posed problem, and its
second-order gradient information plays an important role. However, the implementa-
tion of Newton-type method is expensive. In this paper, an efficient truncated Newton
full waveform inversion method is proposed based on the conjugate residual method.
The full waveform inversion method can make full use of the second-order gradient
information of the target functional and improve the inversion accuracy. Aiming at
the problem that the truncated Newton method depends on the initial value selection,
this paper combines the trust region globalization strategy into the truncated Newton
method. In order to accelerate the convergence rate of the conjugate residual method,
the preprocessing operator is introduced in this paper. Based on the two-dimensional
2004 BP model and the Sigsbee model, the effectiveness of the preconditioned conju-
gate residual truncated Newton inversion method is verified. The numerical results
show that the preconditioned conjugate residual truncated Newton method can make
full use of the second-order gradient information, thus accelerating the convergence

speed of the algorithm and improving the imaging accuracy.
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AP [ (Full Waveform Inversion, {8 #R AT WI) 8 i 4806 35 37 85 U0 5008 A0 S B W0 00 5 45
LRI Z1) e M0 72 0 AL B AR S I M S A (. % ORI & 1 e M) ZOTIERE R A T
B E B NE, BRI EHE AR K R [1-6].
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A, DR S T R S S SRR AT SR e SR BT VR R d /MK B BRI — A T LY
A T7 (7], HRBETT IR A B AR R B SRR FE T ), DRDE SRR B A AT B8, AR R B T H bR
BRI A BE (Heessian #E B ) i — Fh bR We S SR e SRR T 0, AT — Bt FE 2R 7 v
BABRMSOEE (8], JUH BRI VT, WSOd B2 k. 2R, - XFWLRHIR R
TR, AR5 B HessianFH B BRI A7 i 75 SR A0 42 B KA TH B A BR- 1) 1 L AEF W) @ rp
PIRLF . FNA- 7 V238 i A7 2 AT AR S B AL A B AR A5 BRI bl Hessian Hi B Bl Hessian &
W30, AE DOt T SR T PR VA B O VAW SSOH 18 1) R IR /D T Hessian i B () K RS T 536 AL,
BIINL-BFGST7 ik (9] #RT, KA MR BT SR HE B2 A9 38 N, 25 T Hessian & B 2R 8 75 %
FEMR %I E IR F WL ) @S (1) A0 35 R38N e H bR R 50K — B B6 B2 (Hessian i B ) e 4z A R
P 7 Y HEE ] i v VR T 5 M ) SRR B2, L VRAZ R TR iE R e iy MU B 2 ICBU B B, AT
Rt v B A BT S5 A I B o R [10].

LT 250 735 R — K 70 4 P P A 66 M Hessian s 1, )38 6 Hessian 8 M6 16 L 77 0
P SR B R T AR LR 77 1 2 T SRR AR i PV SR AR 07 v o
UG RE, LA MO G T HessianfiMER B3, A 20040 T S0UE MOHH B0, M4
Feb M S 7 T T BB 2 W T, — N TR0 R R R WU R i, — RN
TR 4 7 A R (T A W7, R T A (O A WU 7, 6T 03 R M 7
577 5 AL 1 {2 L AR O R, RN R T (3 4 R A SR £
T PR P R IE M RO, PR B3E & TR P WL 38 0 A 1],

e BE T 72 75 (CR) AR — PP SR Ml X R 1 07 F2 4 I AR 2 5 v, H i Hestenenel f1Stiefel ¢ H
[12]. CRM 3 ZE AR /MG IR 22, FCAE SR AR A0 PR 2k PR 07 A2 41 1) i B A R 47 (1 R I
FongFlSaundersffi i T 245 BE R0 R IEE B, — U8 1) R 501F B8 C R AR 52 B0 8 328 sk L 12 A3 oA
s 17 R 2T Bt Bl R AR D B R I e, CRI B R P A A5 L A 3& & T SR A5 I 7 325 Hh 1 15 sk
TR [13]

AR ST T LR TR 7 A M T R A SR A 7 1k R R 3 4 R A S ST AT A 4 O S T
Jiike N1 B ITIE SR EE, A SCH] N TAL 38 BT R g T T A B A L B R
ZEyk, PR T TALERAE A W A g AT L, W id APCRTRUST-NEWTON J5 ik, 2% [E | JLH ik
78 S 10 EE A RO RO T AT S A IR L, A T — R A A W A R RIEE, 3T
BRI YR TR, 48 B SE 5 DL IFPCRTRUST-NEWTON /7 ¥2: 1 B0 Al 2 itk A
APCRTRUST-NEWTONTJT % 5 A BR Y A7 B9 4025 0% (167 2 WL-BFGS) #E4T % L5256, DL
RPCRTRUST-NEWTON J7 VA7 V55 285025 I E A RS 52 7 T ) AR e e

2. B 5R%
2.1. F#I8 £ /LR IE BB BT S 30 %
g b, FWIATLARIR N E /D it n) &

N
min f(m) = 53 | Rus(m) — d.3. 1)

m
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MG wg(m) 2 BRI B 2 i i

A(m)ug = qs, (2)

Hr, Am) W ET, mANTRSE, uRosX BRI A g, 1R R 5 370
AR R A SRR AE iy AR T3 RE (1) HEAT — &

1
o(my + Amy) = f(myg) + Angk + EAmszAmk, (3)

/ﬂ\:q:" g = Vf(mk)yﬂﬁ*i@ﬁﬁlﬁmkﬁﬁgfﬂgﬁ’ H, = V2f(mk)?%ﬂ?Eﬁ‘@lﬁﬁ‘]ﬂessian%ﬁﬁio
W ZUGEAL R e MEAE R ELf (m) BB/ ME, 7T A2

HyAmy, = —gy, (4)
ZITRE (PO RE, 5 2 1% 07 R Ay, AR 8007 1), DR AR 1A A 500k

Mpi1 = Mg + Amk (5)

FWIZ — N RHUBEAR L (9 R, € (Y Hessian i KA 47 A0 RE B 0 it v ELBOR MR #1509 PR X
DAL bR 35 AR AU SRR A 7 RE 5 B I R P A A 3 Bk A4 5 5 2 1 7 32k g A B 24 1t
e

FEARWUT R, A BRI B A bR B f, (B RAAfEm— A& AR A BEAR 4 ik
RLfe PRIE, I TEBUR A SRS, 0 — oA R H AR AR, % Ay

. 1
Jin G(my + Amy) = f(my)+Amg gy, + §AmekAmk7 (6a)

s.t.||Amk||2 < Ak7Ak > 0, (Gb)

Horf, A REHUCE R, ZEIXANKILE ¢ (my -+ Amy ) T LRI EBUR RS (m)o F7(62) F1(6b)E
N A AR Rk 1)
fEH X R I e — AN % ), B SEEMRSER & SN NI LR IEFR K &

AL FE
_ flmw) = f(mu + Amy,)
Pk 6(mx) — d(mx + Amy)’

(7)

FUAEL 2 B0 F b bR B (9 SE B B 5 TG T R (B — Ui (BB 2 (0 T ) (R BB 2 SRy A
SR, MR R R ] DR S &L H AR 8, Al DA A2 I Amy,,  FFIE 3K
BRI A MR, NIRRT IUE R R Am,, FFEMEBUREARA,, JFEET T ST U
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BAMyo FIEITR A B4 5 A SR PR AR A vk 1) St ok
BOR 1. (U8R SRS AT A

1: 7[‘)]&3'1{7’]0 <m <mn< 1 s O<oi<oa<1l< Ug,f(mo),k' =0
2: while k < maz_iter do
3 gk = f(me)
if [lg1ll, < cga + cor lg0]l, then
m :=my » break
end if
1% Hessian® M H,,
HR R L2 B Amy,
TR A (7)) THE I B pp
10: FHrmy:

© % 3P TR

my + Amy,  pr > 1o
Mmgy1 =

M, Pr < 1Mo

11 EFEBIECEAR A
min((maz(ajor))||Amg|lo2Ak),  pr < Mo

maz(oia, min(ag||[Amg||oaAk)),  px € [10,m]

A =
h mazoia, man(og||Amg|losAg), Pk € (m1,m2)
maz(Agmin(ay||Amyl|osA)),  px =2
af = _Vf(mk)TAmk
B2 f((my + Amy) — f(my) — 7 f (mk)T A my,)
12: if k == max_iter or f(myy1) < epf(mo) then
13: m = mgy1 » break

14: end if

15: k=k+1
16: end while
17: ﬁ@m

2.2. TSR IR EE

LB 721 (Conjugate residual method, &1 CR) B 51 P 57 A8 H7E A5 480 4 Jm 10 S i 1)
BT AR A G JT. AT EEN AR CR KSRGS IR+ 7] 8 (6a).

e BRSAE IR LI, SRS I T 7] (62) AH 24 TSR A 0 T [l 8t

1
: T T
min e(m)=g m+ 5™ Hm, (8)

v, g=gi, H=Hy, m=Amy. WIZHFRRERIMIAm,, WA H— 00777250 ME )
WA B LA AR
HAmy, = —g.
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CR J7iEK KA LR 2 1tk T REAL e A 9 SR a1 LA il 7t

min  $(m) = [Hm + gl

meR™
CREIEAMS Al Frow

ri Hry (©)

p = —————,

" pl H?p
Mg = Mp_1 + QpPr_1, (10)
Ty = Tp—1 — apHpg_1, (11)
Pk = Tk + BrDPr—1, (12)
T
T, Hry,

= = 13
B rl  Hrg—q (13)

BARHE S IR Z% (14,15

N T RECREEFITHERCE, HE T pseudo-Hessian X Hessian X} /1 2k 76 & B9 R 4FI L, #4)
a7 ARETAL I [16]

My = diag(3 (P ) (), (1)

s=0

BT IRk, B TR —/MEBE T WSS, M@ FEiid M, Mg — AR
EEMME, M =C2=MT, HL2C'HC™, §=C"'g, my = C 'miy. WTRALBE K CRE I
FWF

Fp=—§— Himp=—-C"lg— C ' HC Yy = C~Y(—g — Hmy,) = C'ry,

WMz, =ry w,=Hz q,=Cqy » pr=Cp, T52

ay = 5}’@71/ ||<jk,1\|2 = 51%1/ ||071Qk||2 = 5]@71/ <M71Qkan>

Ty = M1 + @1 = Cmy, = Cmy_y + @ C™'pr = my = myy + @M~ 'pp
e =7Tp1— kg1 = C 'y =C'rp1 —a,C gy = 1 = 11 — Qi1
Ge =tae = G = (C7'r) T (C7 ) = rf Mty = (M) Twg, = G = 2w
Gy = Hip, =, = C 'HC Yy =t = C 'Hz, = G, = C 'Hzp, = C 'y = g, = Hzy,
5 — ks

Br =

lelfuk—l
Pr =7k + Brbr = C 'pr = C e + BuC 'pr1 = bk = 74 + Brpra

Gk = U + Brie-1 = O g = O ug + BuC'qu1 = qu = up + Brqe
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SEBLLE S T JATEH A I CR AT BT

Efil. %H 7’7J£/r€4§|1$, ﬂgf%ﬁﬁ%_é{’l = 0, ,k‘ ;glg;ﬁ_’f’i 7é O, %<pi7pj>M—1 :pZTM_lpj, D]'JT

F\ PR A% L
g = HM 'p,,

pi = r;‘rM_ln- = <T¢,T¢>M71 = Hri”M*l ’

G = TiTMflqi = (ri,q;) = riTMleMflpi = Z;T,Zz = TiTMleMflri,

(HM™'py, HM 7 i)y = (00 @i)p-0 =0 i#5 4,5 =0,

2 Hzy=r]M"HM'r; =0  i#j  i,j=0,---,k
pPM T HM 'y = (M7'p) H(M™'r,) =0  0<i<j<k
lmill o < llmylly—n i<y 45=0,---k
>0  i=0,-,k

<pi7rj>#—1 >0 OSZaJSk

(15)
(16)
(17)
(18)
(19)
(20)
(21)
(22)

(23)

JEB. PR (18)-(23) AT A £k RGHm = —gIICRATFIH 7, = C s G = C s pre = C~ '

M~ =C7'OMREL EIBERATAFTIE(15)-(17).

HIAgERETE, wTEL W TFE =0, g =uo = Hzg = HM 'rg = HMpo, T (15) KoL, MR

B T EPE (15) B, WXk + 16
Qi1 = Upr1 + Berr@e = Hzpgr + Bt HM 'y,
= HM 'reqr + Bor HM 'y

= HM ' (rg41 + Bes1pr)

= HM 'pps1
PR (15) BT
H 5T (20) T 15
G=miM q=ri{ M *HM 'p,
=rp M7 Y HM ™ (), + Brpr—1)
=i M~ HM "7y, + Berf M~ HM ™' pj,_y
=rf M HM 'r,
YRR (17) Lo
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FH P 5 (20) R 5 (17) v] 15

Prs1 =Ty M 'y = 1 M (re — o1 i)

=ri M7 — i M g

=rp M vy, — apprf M THM
=rp M = (rg — anprgr) My
=i M 'y — apyrgi M rF

= pr — p4+1GCk

PE R (16) BT

SE2FT 7R A TGFAT B S UK CRITIE I SR, BINTCR AR08 275 3Tk [15)

Bk 2. BURMEEICRIT L

-

CWINH, g, Ap > 0,7, >0,7. >0

I\

v/ Po, do = Co, o = Po

s WAk = 0,mg = 0,79 = —g,Mzy = ro,uo = Hzo,{0 = 23 U0, qo = Uo,Po = To,Po = Ta 20, Vo =

3: while v, > 7, + 7, (|90l ;-1 do

4 k+—k+1

5 FIHBEE3 T B o Mpy_

6: my = Mg—1 + QpPr—1

7 Tk = Tk—1 — Okqr—1

8 MZk =T

9: Pk = Pk—1 — QCr—1 > pp =1 M7ry,
10: vV = \/p7

11: u, = Hzp,

12: Cp = 2 ug bC=rfM g =2 g =rFMYHM 1r),
130 B = C/C1 = 2 un/2]_uk—

14: pp =71k + BePr1

15: Gk = Uk + Brqr—1

16: i = pr + Br (ph—1 — apdp_1)
17: 8k = Cp + Biok—1

18: end while

19: ﬁlﬁ]mk

> g, = HM 'p,

_ T
> Uy = Pp Tk

>0 = ngpk

2.3. BiRSM

T 2% 1 13 3 AL UM AR A WU B S E T SRR AR L I R B 2 —o 3T B CRIEAN

WA, + 70 (| gol| y—a s FEEUAT ALK AT

T, =0 Tr = mm(l/], ngH)a (24)
X HLA AN E A AR A TS A
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BE 3. HerP Kt E

1: iﬁi)\:Ak > 0, Mg —1,Tk—15 Ck—15 Qk—15 Ph—15 Pk—15 Vk—1, Ok—1, flk—1
2: if 0p_1 =0 and pi_, =0 then
3: E%ﬁakﬂ]pk—l

Pr—1 ¢ Th—1, Qg < min (a,, aq) if (1 >0

Drk—1 ¢ Th—1, 0 Qi if (k-1 <0

else if §,_1 =0 and pi_1 #0 then
T o, o,

A~

e =min (o, aq)  if (o1 >0

Qpr = O if (,_1 <0

Qpx = Op+ if pp_1 >0

Qpx = Qp— if Hr—1 <0

HEE = —Qpr b1 + Qe 1 — %0472“*(1%1
E%ﬁakandpk—l
Ph—1 & Th—1, 0 < e if § >0

Pk—1 € Tk—1, Qg & Op= if fk <0

g elseif §,_1 >0 and (,_1 >0 then
2 _
9: k= Coo1/ llawllar—1 = CGom1/ (M qr, qi)

10: if o > a,+ then
11: ooy, < ap+
12: end if

13: else

14: & Moy, o BITHER
Qpr = Qp+ if 61 <O0,ur_1>0
- if 61 <0,ur_1 <0

ape = man (op+, o) if 01 > 0,1 >0

ape =min (oy-,0p) i 01 > 0,1 <0

15: 5L = —ope pir—1 + e pr—1 + 5(a0- 051 — 07 Ci1)
16: B My, SEHTEREE A L

17: end if

18: i’ilﬁlak, Pr—1

&
Bl
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3. BEKW

ARATIE T 2D ARSI W TR, WNEUE T E A E T PCRTRUST-NEWTON J5 v /) Al 4714 A
THERCR, HREQ)ONFERE T, BEAERA

2

Au(m) + ~ulm) = q,(z,.), (25)

Horb, g2 fEe BRI, wRAME, mEiX B HEE,

PRI 5 R (25) K F R & W A% 22 0 . sUBEAT B [17). RO e, WA el )z
W 5 564 (PML), AR IS 3 7 IS0 (18] AEASCI AT skie b, T A 1 5 5k AF 35
NPMLWB G T AT Bk 7 R4 R 2 T LU il 1 ELRE AT SR [19].

ERUEAI IR R A B
IV.f (mo)ll,

Ay =
0 10

FAEX AR AR RS HB E N

Yo = 1.0e — 4 Y1 = 0.25 Yo = 0.75 o1 = 0.25 g9 = 0.5 03 = 4

TR IEZ R E N
ef=1.0e —10 €y = €5 = 1.0e — 10

AR SCHE 2004 BPARE R MISigsbeett B 3 47 i (8 S 56 LA UE 595 AW S M AT RT A7 18, I K 2L
5 L-BFGS J VAT A L DA TE 12 552 7E V1 5803 A e ARG B2 T 1 18 55

3.1. 2004 BPi&#!

2004 BPA5 AL 75 S i ) LA AL 2 — [20], 2 AL (AL ZE L km /sF5 km /s [
R PIRY S AR 2 WAAE s H, Bl T R gt R 2 Ml #h AR T R, Bt R
IR/D ) RE 1T DL I X A S SRR BRI TR S, XN T Rk P SO A R . %A
BRI R421 x 212 (4510 ANPML PIAE), FHERFED K NAL = Az =20 m. FIAAREAL X A
SR AR F G AR TS, 1] 1 B/ Y 1) LSRR () FIRI AR (b). 100/ 2 YR AI400/ 42
WA B AR AERR TS 2T, R VR IR EE 80 m, FRYS S IR EE 20 m,  REIECA BT K v RE YR

FEREGE R, A0 B Ui 2.5, 3.0, 4.0, 5.5, 6.5, 7.5, 8.5, 9.5, 10.0, 12.0 Hz. M\
(RS g PZ IR AT B A0 e KIBAL H 733l 791428 (PCRTRUST-NEWTON) #1164 25 (L-
BFGS). K&l 207~ & 4% 2.5 Halbf B A 7 iE U st 22, e i g R ulpy 2k, Al 2n]
PLF i, PCRTRUST-NEWTONJ7 % AH 8 FL-BFGS 7 1% 45 %5 15 e HUS S50 FE AR Sk 14 3
(a) 7 NPCRTRUST-NEWTON J A A 15148 G E A 45 R, K] 3(b) FTn NL-BFGSJ7
EEMRIENRL64AP E R EM R, B AR AREEBEMAEA B = 1.56 km (a)Flz = 5.55 km (b)
AR . B 3(a) R 4 ATLE 1, L-BFGSHVETER ZE EMAE KB FH s, X7F
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m)
Vp(km/s)

Y (kn

X (km)

(a) 2004 BP Sz s (b) 2004 BP Ik 8 R

Figure 1. The 2004 BP speed model
1. 2004 BP j# A

Bz = 1.56 km AR\ o] LA A B B A E e TIPCRTRUST-NEWTON i EAMMUAE K JZ
EE R A EM R R GF, 5HESEM PR AULES, 7E R TR R ER PR I L-BFGS i
EEMSREE. X2AHTPCRTRUST-NEWTON J5 %3 T Hessian 0 FE M3, FIH T 2 Bt
Yy, $em T BRI, [FE, HessianF BRI 0] LR AN E IR BN 2 U8R e, 327 7 BB 7 7%

z‘,
Py
o

PCR-TRUST —— i ! i i ’ POR-TRUST ——
‘ L-BFGS - — LBFGS - —
08 08 \
:3 E 0.6
< <
3 = 04 5
g g \
02 % N
~.. S~
________________________ _ ) e S
0 20 40 60 80 160 léﬂ |4‘ﬂ 160 0 50 100 150 200 250 300 350 400
Iterations LU decomposition
(a) WStk (b) HFRZEXT LU MR IREUI AR 1k it 22

Figure 2. The objective function change curve of 2004 BP model
2. 2004 BPHERY) H bx e 08 10 Hh 25

ke
Y (km)

0 1 2 3 4 5 6 7 8 o 1 2 3 4 5 6 7 8
X (km) X (km)

(a) PCRTRUST-NEWTON 771 % i 4% (b) L-BFGS J5 i & i 45

Figure 3. The inversion results of 2004 BP model
3. 2004 BPHEA 1) S 4 1
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T o | T s -
S N
3+ . 3+ B
4 £ L L L L I 1 4+ I 1 I I =
1.0 1.5 2.0 2.5 3.0 3.5 4.0 45 5.0 1.0 1.5 2.0 2.5 3.0 3.5 4.0 45 5.0
vp(km/s) vp(km/s)
(a) T = 1.56km AbHIHIH (b) = = 5.55km ALHIFITH

Figure 4. Longitudinal profile of 2004 BP model parameters
4. 2004 BPHEA SN 1 # 1H

3.2. Sigsbeet&#!

Sigsbeeit R4 2 2 1) 3 AR, ELITUE A4 32 43 S THI A7 /0 3 270 AR B2 PRI BT 210, PR T ik
Fr 5 PR B v B L DA R URR A I AR 5 4, TR 2 5 AR B0 22 R B 3%, 1A 1 IR T %
R LA R . SRR K/ 411 x 164, ZFRERFES K NAT = Az =15 m. 97/MEIEM390M 4%
WA AT A AE AL 3T, FEVR (M BE 60 m, AR EE 15 m, REIESRA N A ik o R YR
P 5T N SRR (a) FITUARERL (b), BIEAEA h R F e s s i 45 21,

4.5 0 4.5
4.0 0.5 4.0
3.5 3.5
3.0 = 1o 3.0
25 & 15 25
2.0 2.0
2.0
15 15
1.0 1.0
0 1 2 3 4 5
)

(km/s)
Y (km)
vp(km/s)

Y (k

0 1 2 3 4 5
X (km) X (km

(a) Sigsbee FLSIid 5 1A (b) Sigsbee ¥J4H3H AR A

Figure 5. The Sigsbee speed model
5. Sigsbee i# & 151

R P, B0 Z2.5, 3.0, 4.0, 5.5, 7.0, 9.0, 10.5, 12.0, 15.0, 17.0 Hz. ¥
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Figure 6. The objective function change curve of Sigsbee model
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Figure 7. The inversion results of Sigsbee model
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Figure 8. Longitudinal profile of Sigsbee model parameters
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