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Abstract

Proximal gradient algorithm is a classical algorithm for solving nonsmooth optimiza-

tion problems. In this paper, the multiobjective proximal gradient algorithm is ex-

tended to Hadamard manifold. Under certain conditions, it is proved that the cluster

point of the sequence generated by the algorithm is Pareto stationary. In the case,

when the objective function satis�es the Polyak-Lojasiewicz inequality, the conver-

gence rate of the algorithm is linear.
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1. có

iù6/�`zEâ�±òî¼�m¥�p�¯K=z��$�¯K, î¼�m¥��à¯K,

�å`z¯K½ö¾�¯K�±ÏL=z�·�iù6/þ�à¯K, Ã�å¯K½ö�¾�¯K.

Ïdiù6/`znØÚ�{�ïÄÚå
NõÆö�'5, éõî¼�mþ�²;�`zEâÚ

�{Ñí2�
iù6/þ. ~X, Úî{, FÝ{, &6��{, �CFÝ�{, �°(�C:�{

�, � [1{7]9Ùë�©z.

�1w`z¯K
uNõ¢S¯K, ~XDÕÌ¤©©Û [8, 9], DÕ_�òÈ [10] ÚÃiÒA

�ÀJ [11] �. �CFÝ�{ÏS�¤�$, ´¦)�1w�`z¯K�p��{, ÏdÉ�éõ

Æö�ïÄ. ~X, FISTA3�CFÝ�{¥^Nesteror ÄþEâ)¤9ÏS�fykg, ���{�Â

ñ�Ý, JÑ
\�S�Â K��{ [12]. Huang [13] �<ò�CFÝæ��{í2�iù6/

þ, T�{é¦)�5�¯K�~k�, �"yÂñ5©Û. HosseiniÚUschmajew3 [14]¥JÑ


�«äkÂñ5©Û�iùFÝæ��{. 3 [15]¥§Hosseini�<(ÜgFÝÚ[Úîg�, JÑ


�«#�iù�|¢�{. Liu �<3 [16]¥, �g = 0 ÚF = f ´Lipschitz ëY���, ïÄ


iù6/þÿ/à`z���\��{§���`Âñ�ÝO(1=k2). Chen �<3 [17] JÑ
�

«iùCàFÝ�{, T�{·^u6/M´îAp��m�f6/��¹, �öy²
dÙiù
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�CFÝ�{�|¢����ê�", ��
�{��ÛÂñ5. Huang ÚWei3 [18] y²
 [17]

¥diùCàFÝ�{)¤�S��?Û4�:Ñ´�.:. d	, ¦�3 [19] ¥òî¼�m�\

�S�Â K��{í2�iù6/þ, ��
�\��iù�CFÝ�{, ¿38I¼ê÷vi

ùKurdyka-Lojasiewicz Ø�ª�, ���{�Âñ�Ý. Fukuda �<3 [20, 21] ¥JÑî¼�m¥

¦)õ8I`z¯K��CFÝ�{�ïÄ. �´, �CFÝ�{36/þ¦)õ8I`z¯K�

vk�'�ïÄ.

É±þïÄ�éu(AO´ [17, 20, 21]), �©ò�CFÝ�{¦)õ8I`z¯Kí2

�Hadamard 6/þ, 3Hadamard6/���mþÏéÜ·���þ��|¢��, y²
�{�

)S��à:´Pareto ­½:. d	, /Ïd�¼ê, 3÷vPolyak-Lojasiewicz(PL) Ø�ª�, �

��{�Âñ�Ý´�5�. ïÄ�(J3Hadamard6/þ´#�.

�©�(�Xe. 1�!0�iù6/þ��
Ä�VgÚ5�. Ì�SN31n!, �)�

CFÝ:�{Âñ5ÚÂñ�Ý©Û. 1o!´o(.

2. ý��£

�!0��©¥^��ÎÒÚiù6/þ�Ä�VgÚ5�, �ë�©z [22{24].

�(M; g)´��m�Hadamard6/, g´Mþ�iùÝþ. ·�^rL«Mþ�Levi-Civitaé

ä. �x 2M . ^TxML«:x?���m, TM :=
S

x2M
TxML«Mþ��m. �
 : [a; b]!M ´

ë�ü:x; y 2 M�©ã1w­�(
(a) = x; 
(b) = y). ½Â­�
 ��Ý�L(
) :=
R b
a
k
0(t)kdt.

ü:x; y 2M �ål½Â�d(x; y) := inf
 L(
).XJr
0V = 0, �þ|V¡�÷X­�
²1. AO

/, éu1w­�
, XJ
0g²1, =r
0
0 = 0, K¡
 ´�^ÿ/�. d(x; y) := inf
 L(
). ±:x

�¥%, r > 0��»�4¥P�B(x; r), =

B(x; r) := fy 2M : d(y; x) � rg:

3Hadamard6/þ, éu?¿ü:x; y 2 M , k����^ÿ/�
ë�, v 2 TxM , �êN

�expx : TxM !M ½Â�

expx v = 
(1;x; v) = y;

�
(0) = x; 
0(0) = v. �ê_N�exp�1x :M ! TxM ½Â�

exp�1x y = v;

�kexp�1x yk =


exp�1y x



 = d(x; y). ²1£ÄP(x;y) : TxM ! TyM½Â�

P(x;y)v = !; ! 2 TyM; v 2 TxM;

��±SÈØC, =

hv; !0i
x
=


P(x;y)v;P(x;y)!

0
�
y
; v; !0 2 TxM:
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g,ê8ÜP�N. é?¿n 2 N, Cn(M) L«½Â3M þ�n �ëY��¼ê�8Ü.

�h 2 C1(M), h�FÝ|P�gradh.

�C � M´Hadamard6/M���f8, é?¿x; y 2 C, ÿ/�
k
(0) = x; 
(1) =

y; 
(t) 2 C; t 2 [0; 1], e÷v
((1� t)x+ ty) 2 C, K¡C�à8.

½Â1 �f : M ! R´Mþ�ëY��¼ê, é?¿�x; y 2 M , ÿ/�
(t) 2 M;
(0) =

x; 
(1) = y, t 2 [0; 1] XJ

f(
(t)) � tf(x) + (1� t)f(y);

K¡f´Mþ�ÿ/à¼ê.XJ

f(
(t)) < tf(x) + (1� t)f(y);

K¡f´Mþ�ÿ/rà¼ê.

½Â2�f :M ! R´Mþ�ëY��¼ê, � > 0, é?¿�x; y 2M , XJ

f(y) � f(x) +


gradf(x); exp�1x y

�
+
�

2



exp�1x y


2 : (1)

K¡f´� > 0�rà¼ê. �� = 0�, f´à¼ê, � > 0�, f´rà¼ê.

½Â3�f :M ! R´Mþ�ëY��¼ê, L > 0, é?¿�x; y 2M , XJf�FÝgradf÷v



P(x;y)gradf(x)� gradf(y)


 � Ld(x; y);

K¡f´FÝL-LipschitzëY�, L�Lipschitz~ê.

½Â4 [16]�f :M ! R´Mþ�ëY��¼ê, ÷vFÝL-LipschitzëY, XJ

f(y) � f(x) +


gradf(x); exp�1x y

�
+
L

2



exp�1x y


 : (2)

K¡f´ÿ/L�1w¼ê.

½Â5�f :M ! R´Mþ�ëY��¼ê, x 2M; v 2 TxM , Kf 3x ?����ê�

f 0(x; v) = lim
t!0+

f(expx tv)� f(x)

t
:

�Ä��õ8I`z¯K

min
x2M

F (x) = (F1(x); :::; Fm(x))
T ;

Ù¥Fi : M ! R, i 2 I = f1; :::;mg. ½ÂRm¥�� S'X� (<), éu = (ui); v = (vi) 2 R
m, X

Ju � v(u < v)��=�ui � vi(ui < vi).

½Â6�x� 2M , XJØ�3x 2M , ¦F (x) � F (x�), �F (x) 6= F (x�), K¡x�´F�Pareto�

`:.
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½Â7�x� 2M , XJØ�3x 2M , ¦F (x) < F (x�), K¡x�´F�fPareto�`:,.

51. F�Pareto�`:´F�fPareto�`:, ��Ø�½¤á.

½Â8 [22]�x0 2M , XJ

max
i2I

Fi
0(x0; v) � 0; 8v 2 Tx0M: (3)

K¡x0�F�Pareto­½:.

3. iù6/þ�õ8I�CFÝ�{

3.1. �{9Âñ5©Û

�!�ÑHadamard6/þ�õ8I�CFÝ�{9ÙÂñ5�y². �ÄXe�õ8I`z

¯Kµ

min
x2M

F (x) = f(x) + g(x); (4)

Ù¥F : M ! Rm´�þ�¼ê(F = (Fi)i2I), Fi : M ! R, g : M ! R´ÿ/à¼ê(g = (gi)i2I),

f :M ! R ´ÿ/Li�1w¼ê(f = (fi)i2I), -

L = max
i2I

Li: (5)

�x 2M , é?¿�v 2 TxM , ½Â¼ê x : TxM ! RXe:

 x(v) = max
i2I

fhgradfi(x); vi+ gi(expx v)� gi(x)g : (6)

´� x ´��à¼ê, � x(0) = 0.

Ún1. �x 2M , é?¿�v 2 TxM , e��ª¤á:

 0x(0; v) = max
i2I

F 0i(x; v): (7)

y² Ï� x(0) = 0, d���ê�½Â, Kk

 0x(0; v) = lim
t!0+

 x(tv)�  (0)

t

= lim
t!0+

max
i2I

fhgradfi(x); tvi+ gi(expx tv)� gi(x)g

t

= max
i2I

lim
t!0+

fhgradfi(x); tvi+ gi(expx tv)� gi(x)g

t

= max
i2I

F 0i(x; v):

�x 2M; l > 0, ,é?¿�v 2 TxM ,½Â¼ê�l;x : TxM ! RXe:
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�l;x(v) =  x(v) +
l

2
kvk

2
: (8)

 xd(6)½Â, ���l;x´rà¼ê, ��l;x(0) = 0.

d±þ¤½Â¼ê, ·�ò½Âzg�CFÝ�{�|¢��vk = vl(xk) Xe:

vl(x) = argmin
v2TxM

�l;x(v): (9)

��l(x)L«(9)��`�, =

�l(x) = min
v2TxM

�l;x(v) = �l;x(vl(x)): (10)

52. 1. Ï��l;x´rà¼ê, K(8)k��). Ïd, vl(xk) ´û½�.

2. Ï��l;x(0) = 0, k�l;x(vl(xk)) � 0.

3. d( [25] Maximun Theorem)�N��l(x)´ëYN�. d	,d( [26] Corollary 8.1), �vl(x)

´���, ¤±´vl(x) �´ëY�.

�fi´ÿ/Li�1w¼ê, L = max
i2I

Li, gi´ÿ/à¼ê�§�ÑXe�õ8I�CFÝ�{,

e©¡���{1.

�{1.

Step 1. Ð©z; l > L, x0 2M;k = 0.

Step 2. O�f¯K(9): -x = xk; vk = vl(xk).

Step 3. XJvk = 0, KÊ�.

Step 4. -xk+1 = expxk vk; k = k + 1, Step 2.

e¡ÚnòLãvl(�), �l(�)�¯K(4) ¥F �Pareto ­½:�m�'X.

Ún2. �vl(x), �l(x)©O�(9)Ú(10)¤½Â, x´F�Pareto­½:�¿©7�^�´vl(x) = 0,

�l(x) = 0.

y² b�x´F�Pareto­½:, vl(x) 6= 0, ½ö�l(x) < 0. d52 ¥cü:, vl(x) 6= 0��=

��l(x) < 0. Ïd,

�l(x) =  x(vl(x)) +
l

2
kvl(x)k

2
< 0: (11)

Ï� x´à¼ê, � x(0) = 0, Kk

 x(tvl(x)) =  x(tvl(x) + (1� t) x(0))

= t x(vl(x)) + (1� t) x(0)

= t x(vl(x))

< �
tl

2
kvl(x)k

2
8t 2 (0; 1);

���Ø�ªd(11)�. Ïd, é?¿�t 2 (0; 1), k
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 x(tvl(x))

t
� �

tl

2
kvl(x)k

2
:

Ï�vl(x) 6= 0; l > 0, (Ü(7),k

 0x(0; vl(x)) = max
i2I

F 0i(x; vl(x)) � �
l

2



vl(x)2

 < 0;

�x´F�Pareto­½:gñ.

b�vl(x) = 0; �l(x) = 0, xØ´F�Pareto­½:. d�l(x)�½Â, k

�l;x(v) =  x(v) +
l

2



vl(x)2

 � �l(x) = 0 v 2 TxM:

�t 2 (0; 1), k
 x(tv) +

l
2
ktv) k2

t
� 0 v 2 TxM:

�t! 0, éþª�4�, (Ü(7), k

max
i2I

F 0i(x; v) � 0;

�xØ´F�Pareto­½:gñ. nþ�y.

e¡, ·�ò�Ñfi´ÿ/Li�1w¼ê, L = max
i2I

Li, S�Ú��1���CFÝ�{, ¿y²

�{�)�S�à:�3�, �Pareto­½:.

�y²�{�Âñ5§Äky²e¡�Ún.

Ún3. �fvkg´dÝ�{1�)�S�, S�fFi(xk)gi2Ike., Kk

lim
k!1

kvkk = 0;

y² Ï�fi´ÿ/Li�1w¼ê, L = max
i2I

Li, ¤±

fi(xk+1) � fi(xk) + hgradfi(xk); vki+
L

2
kvkk

2
;

Ù¥vk 2 TxkM;xk+1 = expxk vk: ?


fi(xk+1) + gi(xk+1) = fi(xk) + gi(xk) + fi(xk+1)� fi(xk) + gi(xk+1)� gi(xk)

� fi(xk) + gi(xk) + hgradfi(xk); vki+ gi(xk+1)� gi(xk) +
L

2
kvkk

2

� fi(xk) + gi(xk) +  xk(vk) +
L

2
kvkk

2
:

d(8)��l;x(v) =  x(v) +
l
2
kvk

2
´rà¼ê, ��l;x(0) = 0, k�l;x(vl(xk)) � 0, ¤±

 xk(vk) � �
l

2
kvkk

2
;
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?
k

fi(xk+1) + gi(xk+1) � fi(xk) + gi(xk) +
L� l

2
kvkk

2
:

qÏ�fFi(xk)gi2Ike., K�3(F̂i)i2I 2 R
m, ¦�

F̂i � Fi(xk) = fi(xk) + gi(xk);

òþªlk = 0 �k = k̂ �\\, �

fi(xk̂+1) + gi(xk̂+1) � fi(x0) + gi(x0) +
L� l

2

k̂X
k=0

kvkk
2
:

qÏ�l > L, Kk
k̂X

k=0

kvkk
2
�

2

l � L
(fi(x0) + gi(x0)� F̂i):

-k̂ !1, ��
k̂X

k=0

kvkk
2
<1:

��

lim
k!1

kvkk = 0:

½n1. XJx�´�{�)�S�fxkg�à:,Kx�´F�Pareto­½:. d	,XJfFi(xk)gi2Ik

e., K�{�)�S�fxkg�à:�3, �Ñ´F �Pareto­½:.

y² �x�´fxkg�à:, K�3fxkg�f�
�
xkj
	
Âñ�x�, dÚn2 ��kvkj = vl(xkj ) !

vl(x
�) = 0, =x�´F�Pareto ­½:. dÚn4 ��, �fFi(xk)gi2Ike., Kklimk!0 kvkk = 0:

qdÚn2�vk éA�x
�´F�Pareto­½:.

3.2. �{Âñ�Ý©Û

�!ò0�3�{1¥, ^F�d�¼ê, �8I¼ê÷vPolyak � LojasiewiczØ�ªe��

�CFÝ�{�Âñ�Ý.

½Â9 [27, Simple merit function] ½Â¯K(4)�{üd�¼êu0 :M ! R �

u0(x) = sup
v2TxM

min
i2I

fFi(x)� Fi(expx v)g ; 8x 2M: (12)

½Â10 [27, Regularized merit function] �l > 0, ½Â¯K(4)��Kzd�¼êul :M ! R �

ul(x) = max
v2TxM

min
i2I

� �l;x(v); 8x 2M: (13)
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d(8)�

ul(x) = max
v2TxM

min
i2I

�
hgradfi(x);�vi+ gi(x)� gi(expx v)�

l

2
kvk

2

�
; 8x 2M: (14)

53. u0¥�(Fi)i2IÚul¥�(fi)i2I , (gi)i2I´¯K(4)¥éA�¼ê.

½n2. [27, Theorem3.1, Theorem3.3,Theorem3.2] �x 2M , v 2 TxM , u0; ul©O�{ü, �K

zd�¼ê, Ke�`{¤á:

(i). é?¿�x 2M , u0(x) � 0. x´F�fPareto�`:, ��=�u0(x) = 0.

(ii). é?¿�x 2M , ul(x) � 0. x´F�Pareto­½:, ��=�ul(x) = 0.

(iii). é?¿�x 2M , l � L > 0, Kul(x) � uL(x) �
l
L
ul(x)

54. ½n2´î¼�m¥d�¼ê [27, Theorem3.1, Theorem3.3,Theorem3.2]���í2.

½Â11�é?¿�x 2M , v 2 TxM , c > 0, XJØ�ª

LuL(x) � cu0(x): (15)

¤á, K¡¯K(4)÷vPolyak � LojasiewiczØ�ª. �¯K(4)�ü8I¼ê, �÷vPolyak-

LojasiewiczØ�ª�, =�m = 1; g1 = 0, c > 0¤á

1

2
kgradf1(x)k

2
� c(f1(x)� f�1 ); 8x 2M; (16)

Ù¥f�1´f1��`�.

½n3. XJ¯K(4)÷vPolyak�LojasiewiczØ�ª, K�{1�)�S�fvkg¦�fu0 (xk)g�

5Âñ, =

u0(xk+1) � (1�
c

l
)u0(xk):

y² Ï�fi´ÿ/Li�1w¼ê, L = max
i2I

Li, k

Fi(xk+1)� Fi(xk) �


fi(xk); exp

�1
xk
xk+1

�
+ g(xk+1)� gi(xk) +

l

2



exp�1xk xk+1


2 ;

-xk+1 = expxk vk, vk 2 TxkM , Kk

Fi(xk+1)� Fi(xk) �


gradfi(xk); exp

�1
xk
xk+1

�
+ g(xk+1)� gi(xk) +

l

2



exp�1xk xk+1


2

= hfi(xk); vki+ g(expxk vk)� gi(xk) +
l

2
kvkk

2

� max
vk2TxkM

�
hgradfi(xk); vki+ g(expxk vk)� gi(xk) +

l

2
kvkk

2

�

= �ul(xk);

d½n2¥�(iii), �Lul(x) � LuL(x) � lul(x), qÏ�LuL(x) � cu0(x), ¤±

Fi(xk+1)� Fi(xk) � �ul(vk) � �
c

l
u0(xk):
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Ké?¿�x 2M; k

Fi(xk+1)� Fi(x) � Fi(xk)� Fi(x)�
c

l
u0(xk);

?


sup
vk2TxkM

min
i2I

Fi(xk+1)� Fi(x) � sup
vk2TxkM

min
i2I

Fi(xk+1)� Fi(x)�
c

l
u0(xk):

du0�½Â, ¤±k

u0(xk+1) � (1�
c

l
)u0(xk):
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