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Abstract

In this paper, we study a E-value dual of higher omni Lie algebroids. First, we define
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Dn−1E-value pairing and higher Dorfman bracket on the direct sum bundle DnE ⊕ JE,

where DnE and JE are, respectively, the n-th differential operator bundle and the jet

bundle of a vector bundle E, construct a E-value dual of higher omni Lie algebroids.

Secondly, through the matched pair of Leibniz algebras, construct a matched pair

associated to higher omni Lie bialgebroid, and study higher omni Lie bialgebroid

double associated to a trivial line bundle.
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1. Úó

Chen Ú Liu 3©z [1] ¥Ú\
 omni-o�ê��Vg, ´�þ�mþ� omni-o�ê��

þmþ�AÛí2. �þm E þ�o�ê�(�Ú omni-o�ê�� Dirac (�ïá
��é

A'X. �
ïÄ omni-o�ê��p�a, ©z [2] Ú\
p� omni-o�ê��Vg, 3�Úm

DE ⊕ JnE þ½Â
 Jn−1E-��éÚ)Ò�f, Ù¥DE Ú JnE ©O´�þm E ��C�©�f

mÚ n-� jet m. ·���, éu DE ��¡, �±n)�éóm E∗ þ��5�þ|, éu JE

þ��¡kØÓ�)º. � JE ��¡�n)� E∗ þ�~ 1-/ª, omni-o�ê� DE ⊕ JE �±

n)�IO� Courant �ê� TE∗⊕T ∗E∗ �Weinstein-�5z; � JE ��¡�n)� E∗ þ�

�5 1-/ª, omni-o�ê� DE ⊕ JE �IO� Courant �ê� TE∗ ⊕ T ∗E∗ � pseudo-�5z.

©z [3] ¥ïÄ
 Courant �ê� T ∗E ⊕ ∧nT ∗E∗ p�a� pseudo-�5zÚ Weinstein-

�5z, Ù¥ n-omni-o�ê� DE ⊕ JnE � Courant �ê�p�a� pseudo-�5z. �5

¿�´, ��þm E �z��þ�m V , du JnV = 0, Ã{¼�¤éA� n-o�ê. ,�

�¡, Ã{ïá�þm E þ� (n + 1)-o�ê�(�Úp� omni-o�ê� DE ⊕ JnE þ�

�Èfm�éA'X. éu Courant �ê�p�a� Weinstein-�5z-omni n-o�ê�

DE ⊕ ∧nJE [3], � rank(E) ≥ 2, U
ïá�þm E þ� (n + 1)-o�ê�(�Ú omni n-o�ê

�DE ⊕∧nJEþ��Èfm�éA'X. ©z [3] 0�
���5mM ×R e� omni n-o�ê�

(TM × R⊕ (∧nT ∗M ⊕ ∧n−1T ∗M), (·, ·), {·, ·}, ρ).

�©Äup� omni-o�ê� (DE ⊕ JnE, (·, ·), {·, ·}, ρ), ÏL DE Ú JE � E-éóm'X [1],

ïÄp� omni-o�ê�� E-éó. �©(�SüXeµ1 1!0�
Ä��£Ú�'Vg. 1
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2!ÏL E-éóm'X, �Ñ
p� omni-o�ê� E-éó (En(E), (−,−)∗+, {−,−}∗, ρ∗) �½Â,

±9Ù¤éA��òzV�5)Ò (−,−)∗+ Ú�¡þ�2Â Dorfman )Ò {−,−}∗. 1 3!Ï

L4ÙZ]�ê����é, 3�Ú�þm En(E) ⊕ En(E) þ�E
��4ÙZ]�ê�(�

(En(E) ⊕ En(E), {−,−}En⊕En , ρ̃). ��þmE �²��m�, ��
p� omni-oV�ê� double

(∆, (−,−), {−,−}En⊕En , ρ̃), Ù¥ ∆ = En(E)⊕ En(E). 1 4!é�©?1o(Ú8B.

2. ý��£

3�!¥, k£�©¥�9�Ä��£Ú�'Vg.

3Ñt6/ (M,π) þ, Ñt)Ò��/(½
ÑtÜþ π, §÷v [π, π] = 0. ��, 36/M

þ, �½��V�þ| π ∈ X(M), e÷v [π, π] = 0, K���(½
M þ�Ñt)Ò. 3©z [4]

¥, �ö�Ñ
6/M þ���HÜ-Ñt(��½Â.

½Â 1.1 [4] 6/M þ���HÜ-Ñt(�´�� n-�5N� {·, · · · , ·}

C∞(M)× · · · × C∞(M) −→ C∞(M)

÷v±e5�:

(1) �é¡: é?¿� fi ∈ C∞(M), (1 ≤ i ≤ n), σ ∈ Sn (Sn´n�é¡+),

{f1, · · · , fn} = (−1)ε(σ){fσ(1), · · · , fσ(n)}.

(2) 4ÙZ[5�: é?¿� fi, g ∈ C∞(M), (1 ≤ i ≤ n),

{f1g, f2, · · · , fn} = f1{g, f2, · · · , fn}+ g{f1, f2, · · · , fn}.

(3) Ä�ð�ª: é?¿� fi, gj ∈ C∞(M), (1 ≤ i ≤ n− 1, 1 ≤ j ≤ n),

{f1, · · · , fn−1, {g1, · · · , gn}} =
n∑
j=1

{g1, · · · , {f1, · · · , fn−1, gj}, · · · , gn}.

Ïd, �½��÷v±þ5��HÜ-Ñt)Ò {·, · · · , ·}, K��(½
Ñt n-Üþ Λ ∈ Γ(∧nTM)

÷v�ª

Λ(df1 ∧ · · · ∧ dfn) = {f1, · · · , fn}. (2.1)

� E �6/M þ��þm, Ùþ� 1-� jet m JE [5] ´d Γ(E) þ��da5½Â�. é?

¿� u, v ∈ Γ(E),m ∈ M , XJ u(m) = v(m) � dm〈u, ξ〉 = dm〈v, ξ〉, Kk [u]m = [v]m. Ïd, é?

¿� µ ∈ (JE)m, Ñ�3��L« u ∈ Γ(E) ÷v µ = [u]m. ©z [1] ¥, �öy²
 jet m JE ´

DE � E-éóm. ?3©z [6] ¥, �öÏL E-éóm�Ñ
 n-��¡ jet m.

JnE := Hom(∧nDE,E)JE = {µ ∈ Hom(∧nDE,E) | Im(µ]) ⊂ JE)} n ≥ 2, (2.2)
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Ù¥µ] : ∧n−1DE → Hom(DE,E) ½Â�:

µ](d1, ....dn−1)(dn) = µ(d1, ....dn). ∀d1, ....dn ∈ Γ(JE)

¿�n-��¡ jet méA�á�ÜS�Xe:

0 // Hom(∧nTM,E)
e // JnE

p // Hom(∧n−1TM,E) // 0 . (2.3)

� E �6/M þ��þm, ©z [7] ¥, �ö0�
 n-��©�fm DnE, =

DnE := Hom(∧nJE,E)DE = {d ∈ Hom(∧nJE,E) | Im(d]) ⊂ DE)} n ≥ 2, (2.4)

Ù¥ d] : ∧n−1JE → Hom(JE,E) ½Â�:

d](µ1, ....µn−1)(µn) = d(µ1, ....µn). ∀µ1, ....µn ∈ Γ(JE)

� rank E ≥ 2, Ù¤éA�á�ÜS�Xe:

0 // Hom(∧nE,E)
i // DnE

j // Hom(∧n−1E, TM) // 0 (2.5)

AO�, � n = 1, D1E �Iem F(E) þ� gauge-o�ê�, =�þm E þ��C�©�f

m. � n = 2 �, � π ∈ Γ(D2E), é?¿� µ1, µ2 ∈ Γ(JE), k π(µ1, µ2) ∈ Γ(E). �±p�Ñ

π] : JE → DE �÷v:

〈π](µ1), µ2〉E = π(µ1, µ2).

¿�, 3 Γ(JE) þ�)Ò [·, ·]] ½Â�:

[µ1, µ2]] = Lπ](µ1)µ2 − ιπ](µ2)dµ1 (2.6)

Ïd, d π] g,p�Ñ
o�ê� (JE, [·, ·]], j ◦ π]).

� E �6/M þ��þm, ·�©O^ Xnlin(E) Ú Ωn
lin(E) 5L«�þm E þ�5 n-�þ|

Ú�5 n-/ª�8Ü. d©z [3] ��, E∗ þ� n-�©�fm DnE∗ Ó�u E þ��5 n-�þ|

Xnlin(E), E∗ þ� n-��¡ jet m JnE
∗ Ó�u E þ��5 n-/ª Ωn

lin(E).

·K 1.1 [3]éu E þ��5 n-�þ| Xnlin(E) Ú�5 n-/ª Ωn
lin(E), XJ rankE ≥ 2, �â

á�ÜS� (2.5) Ú (2.3), ·�k:

Xnlin(E) ∼=Γ(DnE∗) ∼= Γ(∧nE ⊗ E∗)⊕ Γ(∧n−1E ⊗ TM);

Ωn
lin(E) ∼=Γ(JnE

∗) ∼= Γ(∧nT ∗M ⊗ E∗)⊕ Γ(∧n−1T ∗M ⊗ E∗).
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3. p� Omni-o�ê� E-éó

�!l E-éóm�*gÑu, 3p� omni-o�ê� (DE ⊕ JnE, (−,−)+, {−,−}, ρ) �Ä:

þ, ïÄp� omni-o�ê�� E-éó (DnE ⊕ JE, (−,−)∗+, {−,−}∗, ρ∗). �â©z [1] ¥ E-éó

m�½Â, �±�Ñ n-��¡ jet m JnE � n-��©�fm DnE � E-��é)Ò 〈−,−〉.

½Â 2.1 � E �6/ M þ��þm, JnE �Ù n-��¡ jet m, n-��þm DnE ⊂
Hom(∧nJnE,E)DE ¡� n-� jetm JnE�E-éóm,XJE-��é 〈−,−〉 : Γ(JnE)×Γ(DnE)→
E ´�òz�.

©z [8], �öïÄ
E/ (Γ(Hom(∧•JE,E)DE),dJ) ��'Vg, Ù¥ dJ �þ>��f.

½Â 2.2 [8] é?¿� d ∈ Hom(∧kJE,E)DE , ±9 µ1, ...., µn ∈ Γ(JE), N�

dJ : Hom(∧kJE,E)DE → Hom(∧k+1JE,E)DE ½Â�

(dJd)(µ1, ..µk+1) =

k+1∑
i=1

(−1)i+1(π]µi)(d(µ1, ..µ̂i, ..µk+1))

+
∑
i<j

(−1)i+jd([µi, µj ]], µ1, ..µ̂i, ..µ̂j , ..µk+1).

AO�, �½��o�ê� (E, [−,−]E , ρE), �±��� π] : JE → DE �'�þóE/

(Γ(Hom(∧•JE,E)),dJ) �fE/ (Γ(Hom(∧•JE,E)DE),dJ), �â©z [9], �±��Xe½Â

½Â 2.3 é?¿� d ∈ Hom(∧kJE,E)DE , ±9 µ, µ1, ...., µn ∈ Γ(JE), N�

Lµ : Hom(∧kJE,E)DE → Hom(∧kJE,E)DE ½Â�

(Lµd)(µ1, ..µk) = π]µ(d(µ1, ..µk))−
k∑
i=1

d(µ1, ..., [µ, µi]], ..., µk).

 ¿�f ιµ ½Â�: ιµd(µ1, ..µk−1) = d(µ, µ1, ..µk−1).

Ïd, é?¿� µ, ν ∈ Γ(JE), ¤éA�o�f Lµ Ú ¿�f ιµ ÷ve��ª:

Lµ = dJιµ + ιµdJ;

[Lµ, ιµ] = ι[µ,ν]] , [Lµ,Lν ] = L[µ,ν]] ;

[ιµ, ιν ] = [dJ,Lµ] = 0. (3.1)

½n 2.4 - En(E) := DnE⊕JE,Kp� omni-o�ê��E-éó (En(E), (−,−)∗+, {−,−}∗, ρ∗)
(�Xe:

(1) �¡V�5 Dn−1E-��é (−,−)∗+ ½Â�

(d + µ, r + ν)∗+ = (ινd + ιµr); (3.2)
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(2) Ùþ� Dorfman )Ò {−,−}∗ : Γ(En(E))× Γ(En(E))→ Γ(En(E)) ½Â�

{d + µ, r + ν}∗ = [d, r] + Lµr− ινdJd + [µ, ν]] = Lµr− ινdJd + [µ, ν]]; (3.3)

Ù¥ [µ, ν]] dª (2.6)�Ñ.

(3) eN� ρ∗ : DnE ⊕ JE → DE ½Â�

ρ∗(d + µ) = π]µ, (3.4)

Ù¥?¿� d, r ∈ Γ(DnE), µ, ν ∈ Γ(JE).

4. p� Omni-oV�ê� Double

©z [10] ¥, �öy²
ÏLÚ\oV�ê��Manin triples, �±3 Courant-�ê�nØ

�µee�EoV�ê�� double. 3�!¥, ÏL4ÙZ]�ê����é5�Ep� omni-o

V�ê� double.

©z [11] ¥, �ö0�
4ÙZ]�ê����é�'Vg, ¿y²
6/M þ��� n-�

(n > 2) �HÜ-ä�'(�½Â
�é���4ÙZ]�ê. Äk, £��e4ÙZ]�ê���

�é�½Â.

½Â 3.1 [11] (A1, {−,−}1, ρ1), (A2, {−,−}2, ρ2) ´M þ�ü�4ÙZ]�ê�, e¦���

Úm A1 ⊕ A2 ��¤4ÙZ]�ê�(� (A1 ⊕ A2, {−,−}A1⊕A2
, ρ), K¡ (A1, A2) ´4ÙZ]�

ê� A1 Ú A2 ���é, �÷v A1, A2 ´ A1 ⊕A2 �4ÙZ]f�ê�.

d©z [4] Ú·K 2.5 ��, (En(E), {−,−}, ρ), Ú (En(E), {−,−}∗, ρ∗) �¤ü�4ÙZ]�ê
�. Ïd, �â4ÙZ]�ê����é�½Â, �±�ÑXe½Â.

½Â 3.2 (En(E), {−,−}, ρ), (En(E), {−,−}∗, ρ∗) ´ü�4ÙZ]�ê�, e¦���Úm

En(E) ⊕ En(E) ��¤4ÙZ]�ê�(� (En(E) ⊕ En(E), {−,−}En⊕En , ρ̃), � En(E), En(E) ´

En(E)⊕En(E) �4ÙZ]f�ê�, K¡ (En(E), En(E)) ´4ÙZ]�ê� En(E) Ú En(E) ��

�é.

�â©Ù��, ρ̃(α + x) = ρ(α) + ρ∗(x), � {α, β}En⊕En = {α, β}, {x, y}En⊕En = {x, y}∗. d
u Γ(En(E) ⊕ En(E)) ∼= Γ(En(E)) ⊕ Γ(En(E)), ·�± Pr1 L« Γ(En(E) ⊕ En(E)) ∼= Γ(En(E)) ⊕
Γ(En(E)) � Γ(En(E)) �Ý�, Pr2 L« Γ(En(E) ⊕ En(E)) ∼= Γ(En(E)) ⊕ Γ(En(E)) � Γ(En(E))

�Ý�, dd, ¦�©Op�Ñ±e�5N�:

ρL : Γ(En(E))× Γ(En(E))→ Γ(En(E)),

ρR : Γ(En(E))× Γ(En(E))→ Γ(En(E)),

ρL∗ : Γ(En(E))× Γ(En(E))→ Γ(En(E)),

ρR∗ : Γ(En(E))× Γ(En(E))→ Γ(En(E)),
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Ù¥, é?¿� α, β ∈ Γ(En(E)), x, y ∈ Γ(En(E)) ÷v

ρL(α)y = Pr1{y, α}En⊕En , ρR(α)y = Pr1{α, y}En⊕En ,

ρL∗ (x)β = Pr2{β, x}En⊕En , ρR∗ (x)β = Pr2{x, β}En⊕En .

·K 3.3 XJ (En(E), En(E)) ´4ÙZ]�ê� En(E) Ú En(E) ���é, @o�34ÙZ

]�ê� En(E) 3 En(E) þ�L« (ρL∗ , ρ
R
∗ ) Ú4ÙZ]�ê� En(E) 3 En(E) þ�L« (ρL, ρR),

�é?¿� α, β ∈ Γ(En(E)), x, y ∈ Γ(En(E)) ÷v±e�N^�:

du ρ : (Γ(En(E)), {−,−}) → (X(M), [−,−]) Ú ρ∗ : (Γ(En(E)), {−,−}∗) → (X(M), [−,−])

´�4ÙZ]�êÓ�, Ïd, k

(1) ρ(ρR(α)y) + ρ∗(ρ
L
∗ (y)α) = [ρ(α), ρ∗(y)];

(2) ρ∗(ρ
R
∗ (β)x) + ρ(ρL(x)β) = [ρ∗(β), ρ(x)];

�â4ÙZ]�ê� En(E)Ú En(E)¤÷v�4ÙZ]ð� {α, {β, γ}}−{{α, β}, γ}−{β, {α, γ}} =

0. ·�k

(3) ρR({α, β})y = {α, ρR(β)y} − {β, ρR(α)y}+ ρR(α, ρL∗ (y)β)− ρR(β, ρL∗ (y)α);

(4) ρR∗ ({x, y}∗)α = {x, ρR∗ (y)α}∗ − {y, ρR∗ (x)α}∗ + ρR∗ (x, ρL(α)y)− ρR∗ (y, ρL(α)x);

(5) ρL({α, β})y = {α, ρL(β)y} − {ρR(α)y, β}+ ρR(α, ρR∗ (y)β)− ρL(ρL∗ (y)α, β);

(6) ρL∗ ({x, y}∗)α = {x, ρL∗ (y)α}∗ − {ρR∗ (x)α, y}∗ + ρR∗ (x, ρR(α)y)− ρL∗ (ρL(α)x, y);

(7) ρL({α, β})y = {ρL(α)y, β}+ {ρL(β)y, α}+ ρR(α, ρR∗ (y)β)− ρL(ρR∗ (y)β, α);

(8) ρL∗ ({x, y}∗)α = {ρL∗ (x)α, y}∗ + {ρL∗ (y)α, x}∗ + ρR∗ (x, ρR(α)y)− ρL∗ (ρR(α)y, x).

Ïd, (En(E), En(E)) ´4ÙZ]�ê����é, 3�Ú�þm En(E) ⊕ En(E) þk��4

ÙZ]�ê�(� (En(E)⊕ En(E), {−,−}En⊕En , ρ̃), Ù4ÙZ])Ò�

{α+ x, β + y}En⊕En = {α, β}+ ρR∗ (y)α+ ρL∗ (x)β + {x, y}∗ + ρL(α)y + ρR(β)x. (4.1)

� E = M ×R �²��5m�, DE = TM ×R, JE = T ∗M ×R. �â�þm E þ� n-�õ

��f DnE Ú n-��¡ jet m JnE �½Â, ·�k DnE ∼= ∧n(TM × R), JnE ∼= ∧n(T ∗M × R),

Ïd�ÜS� (2.5) �L«�:

0 // ∧n(M × R)⊗M × R i // Dn(M × R)
j // ∧n−1(M × R)⊗ TM // 0 (4.2)

d©z [2] ��, �ÜS� (2.3) �L«� ∧nT ∗M -��á�ÜS�:

0 // ∧nT ∗M ⊗M × R e // Jn(M × R)
p // ∧n−1T ∗M ⊗M × R // 0 . (4.3)

·K 3.4 [3] � E = M × R, Ùþ��5 n-�þ| Xnlin(E) Ú�5 n-/ª Ωn
lin(E) kXeÓ�
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'X:

Xnlin(M × R) ∼=Γ(Dn(M × R)) ∼= Xn(M)⊕ Xn−1(M); (4.4)

Ωn
lin(M × R) ∼=Γ(Jn(M × R)) ∼= Ωn(M)⊕ Ωn−1(M). (4.5)

K En(E) = TM × R⊕ ∧n(T ∗M × R), En(E) = ∧n(TM × R)⊕ T ∗M × R.

½n 3.5 � E ´M þ�²��m, - ∆ = En(E) ⊕ En(E), Kp� omni-oV�ê�-double

(∆, (−,−), {−,−}En⊕En , ρ̃) (�Xe:

(1) En(E)⊕ En(E) := (TM × R⊕ ∧n(T ∗M × R))⊕ (∧n(TM × R)⊕ T ∗M × R)

(2)�òzV�5é¡ C∞(M)-��é (−,−) ½Â�

((X, f)⊕ (αn, αn−1), (Λ,Γ)⊕ (ξ, g)) = 〈ιXαn, ιξΛ〉+ fg〈αn−1,Γ〉 − 〈ιXαn−1, ιξΓ〉 (4.6)

(3)- πi ∈ Γ(TM × R),Φi ∈ Γ(∧n(T ∗M × R)),Πi ∈ Γ(∧n(TM × R)), φi ∈ Γ(T ∗M × R), i = 1, 2,

K�¡þ� Courant )Ò½Â�

{π1 ⊕ Φ1 + Π1 ⊕ φ1, π2 ⊕ Φ2 + Π2 ⊕ φ2}En⊕En

= {π1 ⊕ Φ1, π2 ⊕ Φ2}En + ρR∗ (Π2 ⊕ φ2)(π1 ⊕ Φ1) + ρL∗ (Π1 ⊕ φ1)π2 ⊕ Φ2

+ ρL(π1 ⊕ Φ1)(Π2 ⊕ φ2) + ρR(π2 ⊕ Φ2)(Π1 ⊕ φ1) + {Π1 ⊕ φ1,Π2 ⊕ φ2}En

(4) eN�½Â�

ρ̃((X, f)⊕ (αn, αn−1), (Λ,Γ)⊕ (ξ, g))

= ρ((X, f)⊕ (αn, αn−1)) + ρ∗((Λ,Γ)⊕ (ξ, g))

= (X, f) + (π, χ)](ξ, g).

Ù¥ (X, f) ∈ X(M) × C∞(M,R), (αn, αn−1) ∈ Ωn(M) × Ωn−1(M), (Λ,Γ) ∈ Xn(M) × Xn−1(M),

(ξ, g) ∈ Ω1(M)× C∞(M,R).

y² �âª(3.2), ÏLO���

((X, f)⊕ (αn, αn−1), (Λ,Γ)⊕ (ξ, g))

= ((ιXαn + fαn−1,−ιXαn−1), (ιξΛ + gΓ,−ιξΓ))

= (〈ιXαn + fαn−1, ιξΛ + gΓ〉,−〈ιXαn−1, ιξΓ〉)

= 〈ιXαn, ιξΛ〉+ fg〈αn−1,Γ〉 − 〈ιXαn−1, ιξΓ〉

=�y� (4.6).

dª (4.1) ��, Ù¥ {π1 ⊕Φ1, π2 ⊕Φ2}En d©z [3] ¤�Ñ, {Π1 ⊕ φ1,Π2 ⊕ φ2}En dª (3.3)

¤�Ñ, ¿�, - Pr1 L« Γ(∆) � Γ(En(E)) �Ý�, Pr2 L« Γ(∆) � Γ(En(E)) �Ý�, �âp
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���5N�, ��

ρR∗ (Π2 ⊕ φ2)(π1 ⊕ Φ1) = Pr2{Π2 ⊕ φ2, π1 ⊕ Φ1}En⊕En ,

ρL∗ (Π1 ⊕ φ1)(π2 ⊕ Φ2) = Pr2{π2 ⊕ Φ2,Π1 ⊕ φ1}En⊕En ,

ρL(π1 ⊕ Φ1)(Π2 ⊕ φ2) = Pr1{Π2 ⊕ φ2, π1 ⊕ Φ1}En⊕En ,

ρR(π2 ⊕ Φ2)(Π1 ⊕ φ1) = Pr1{π2 ⊕ Φ2,Π1 ⊕ φ1}En⊕En .

éueN� ρ̃ : ∆→ DE �½Âdª (3.4)�Ñ.

5. (Ø

�©3c<ïÄ�Ä:þ$^p��*:ÐmïÄ. 3�Úm DnE ⊕ JE þ�E
p�

omni-o�ê� E-éó En(E). Ùg, ÏL4ÙZ]�ê����é, �E
�p� omni-oV�ê

��'���é, ¿���
�²��mM × R �'�p� omni-oV�ê� double.
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