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Abstract

This paper considers the existence and multiplicity of solutions for logarithmic Kirch-

hoff equations with a small perturbation. Under some appropriate conditions for

perturbation, using constrained variational method and Mountain Pass Theorem, the

existence and multiplicity of solutions are obtained respectively when parameter small

enough.
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1. Úó

�Äe��k�6Ä�éê.Kirchhoff�§{
−(a+ b

∫
Ω
|∇u|2 dx)∆u = |u|p−2

ulnu2 + λf(x, u), in Ω,

u = 0, on ∂Ω,

Ù¥ Ω ⊂ R3 ´��äk1w>.�k.«�, a, b > 0 ´�½�~ê, 4 < p < 6, ¼ê f(x, u) ÷

v±e^�µ

(A) f(x, u) ∈ C(Ω);

(B) f(x, u) ≥ 0, � f(x, 0) 6= 0.

Kirchhoff �§�@����½��.dKirchhoff [1] JÑ, 3�5nØ!>^Æ!�ÚîåÆ

�ÔnÆ+�ké2��A^. CAc, NõÆöïÄL±e�§{
−(a+ b

∫
Ω
|∇u|2 dx)∆u = f(x, u), in Ω,

u = 0, on ∂Ω,
(1)

XMa [2]ÏL¦^C©�{ïÄ
�§ (1) �)��35, Alves [3]|^�.:nØ��aq(J.
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)o

�C, kNõÆö|^���C©�{, Xµé¡ì´½n!��½n�ïÄ
�§ (1) )��3

59)��«/�, ·��±ë�©z [4–11]. AO/, ���5� f(x, u) �|Ü�/�, 7[

² [12]��
�§ (1)õ)��35, Wen 3 [13] ¥|^ÿÀÝnØ±9'uéê��#��O,

��
�§CÒ)��35.

Éþã©z9�'¤J�éu, �©ïÄ�kéê��5�±9�6Ä�Kirchhoff �§)�

�35. du��5�´déê��5�Ú=äkëY5��¼ê f(x, u) |Ü¤, ¦��yì´

AÛ(�Ú(PS)S�k.5C��©(J, ù�´�©�M#:ÚI��Ñ�J:.

e¡�Ñ�©�Ì�(J.

½½½nnn 1.1 b� Ω ⊂ R3 ´��>.1w�k.«�, a, b > 0 ´�½�~ê, 4 < p < 6, ¼

ê f(x, u) ÷v^� (A) , K�3~ê λ∗ > 0, ¦�� λ ∈ (0, λ∗) ��§ (1) �3��).

½½½nnn 1.2 b� Ω ⊂ R3 ´��>.1w�k.«�, a, b > 0 ´�½�~ê, 4 < p < 6, ¼

ê f(x, u) ÷v^� (A) Ú (B), K� |λ| v
��, �§ (1) �3,��) vλ, ¿�3 H1
0 (Ω)�m

þ, � λ→ 0 �, vλ → 0.

2. ý��£

Äk`²©¥��
ÎÒ. ��m H1
0 (Ω) L«ÊÏ�Sobolev�m, §��ê´

‖u‖ =

(∫
Ω

|∇u|2 dx

)1/2

,

�m Ls(Ω)(2 ≤ s ≤ 6) ��ê½Â�

|u|s =

(∫
Ω

|u|r dx

) 1
s

.

´��§(1)éA�Uþ�¼�

I(u) =
a

2

∫
Ω

|∇u|2 dx+
b

4

(∫
Ω

|∇u|2 dx

)2

+
2

p2

∫
Ω

|u|p dx− 1

p

∫
Ω

|u|p lnu2dx− λ
∫

Ω

F (x, u)dx.

ÏL{ü�O�, éu p ∈ (4, 6) Ú q ∈ (p, 6), �±��

lim
t→0

|t|p−1 ln |t|
t

= 0, lim
t→∞

|t|p−1 ln |t|
|t|q−1

= 0,

=éu ε > 0, �3 Cε > 0, ¦�é?¿� t ∈ R \ {0}, k

|t|p−1
ln |t| ≤ ε |t|+ Cε |t|q−1

. (2)

dd����5�
∫

Ω
|u|p lnu2dx 3�m H1

0 (Ω) þ´k½Â�, � I(u) �����3�m H1
0 (Ω)

þ�U´Ã½Â�. Ïd, é I(u) ?1±e?�l�Ñd(J.
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)o

�ëY¼êβk(t) ÷vXe^�µ

βk(t) =

{
1, |t| ≤ k,

0, |t| ≥ k + 1;

� k < |t| < k + 1 �, 0 < βk(t) < 1. ½Â

fk(x, t) = βk(t)f(x, t), Fk(x, t) =

∫ t

0

fk(x, s)ds, (3)

K�3�~ê C(k), k

|fk(x, t)| ≤ C(k), |Fk(x, t)| ≤ C(k). (4)

À�λ̄(k) > 0, ¦�éu?¿�x ∈ Ω, t ∈ R, k ∈ N, k

λ̄(k) |fk(x, t)| ≤ 1, λ̄(k) |Fk(x, t)| ≤ 1, λ̄(k)tfk(x, t) ≤ 1. (5)

dd, éu k ∈ N, λ ∈
(
0, λ̄(k)

)
, ½Â?����¼�

Ik(u) =
a

2

∫
Ω

|∇u|2 dx+
b

4

(∫
Ω

|∇u|2 dx

)2

+
2

p2

∫
Ω

|u|p dx

− 1

p

∫
Ω

|u|p lnu2dx− λ
∫

Ω

Fk(x, u)dx. (6)

|^ [11] �aqy², d (2) ªÚ (6) ª, ·��±�� Ik(u) ∈ C1(H1
0 (Ω),R), ±9éu?¿�

u, v ∈ H1
0 (Ω), ¤á

(I ′k(u), v) =a

∫
Ω

|∇u∇v|dx+ b

∫
Ω

|∇u|2 dx

∫
Ω

|∇u∇v|dx

−
∫

Ω

|u|p−2
uv lnu2dx− λ

∫
Ω

fk (x, u) vdx. (7)

3. ½n 1.1�y²

ÚÚÚnnn 3.1 b� a, b > 0 ´�½�~ê, 4 < p < 6, p < q < 6, K�3 λ∗(k) > 0, ¦�é?¿

� λ ∈ (0, λ∗), k

(1) �3 u0 ∈ H1
0 (Ω) Ú~ê r > 0, � ‖u0‖ > r �, Ik (u0) < 0;

(2) �3~ê ρ > 0, � |u| = r �, Ik(u) ≥ ρ.

yyy²²² (1) |^Sobolev i\½n, (2)Ú (5), l (6) ��

Ik(u) >

(
a

2
− ε

p

)
‖u‖2 − Cε

p
‖u‖q − λC(k)|Ω|.
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)o

À�λ∗(k) > 0 9 r, ρ > 0, Ké?¿ λ ∈ (0, λ∗(k)) Ñk

Ik(u) ≥ ρ,Ù¥‖u‖ = r.

(2) duéu?¿�s ∈ (0,+∞), ¤á

2 (1− sp) + psp ln s2 > 0, (8)

Ïdé?¿� t > 0, u ∈ E Ñk

Ik(tu) ≤ at2

2

∫
Ω

|∇u|2dx+
bt4

4

(∫
Ω

|∇u|2dx

)2

+
2tp

p2

∫
Ω

|u|pdx− tp

p

∫
Ω

|u|p lnu2dx

− tp ln t2

p

∫
Ω

|u|pdx+ |Ω|

6
at2

2
‖u‖2 +

bt4

4
‖u‖4 + C ‖u‖p − tp

p

∫
Ω

|u|p lnu2dx+ |Ω| . (9)

qÏ�p ∈ (4, 6), ¤±�t→∞ �, Ik(tu)→ −∞ . ùÒ¿�X,7½�3 u0 ¦� Ik(u0) < 0. Ún

3.1 y..

ÚÚÚnnn 3.2 b� a, b > 0 ´�½�~ê, 4 < p < 6, p < q < 6, Ké?¿� λ ∈ (0, λ∗), Ik 3�

m H1
0 (Ω) ¥÷v (PS) ^�, Ù¥ λ∗(k) dÚn 3.1 �Ñ.

yyy²²² b� {un} ⊂ H1
0 (Ω) � I 3 H1

0 (Ω) ¥� (PS) S�, K� n→∞ �, �3 C > 0, ¦�

�n→∞, ¤á
| Ik (un) |< C, ‖I ′k (un)‖ → 0. (10)

d (5)− (7) ª, �±í�

C > Ik (un)− 1

p
(I ′k (un) , un)

>
(p− 2)a

2p
‖un‖2 +

(p− 4)b

4p
‖un‖4 +

2

p2

∫
Ω

|un|p dx

− λ
∫

Ω

[
Fk (x, un)− 1

p
fk (xn, un)un

]
dx

>
(p− 2)a

2p
‖un‖2 −

p+ 1

p
|Ω|. (11)

ùÒ¿�X {un} 3�m H1
0 (Ω) þk., ��3 {un} �,�f�£Ø�EP� {un} ¤9 u ∈

H1
0 (Ω), � n→∞ �k 

un ⇀ u 3 H1
0 (Ω)S,

un → u 3Lr(Ω)S (1 ≤ r < 6),

un → u a.e. x ∈ Ω.

(12)
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)o

|^ (2), (5) ÚHölder Ø�ª��∣∣∣∣∫
Ω

(
|un|p−2

un lnu2
n − |u|

p−2
u lnu2

)
(un − u) dx

∣∣∣∣
≤
∫

Ω

(
ε|un|+ Cε|un|q−1 + ε|u|+ Cε|u|q−1

)
|un − u|dx

≤ (|un|2 + |u|2)|un − u|2 + C(|un|q−1
q + |u|q−1

q )|un − u|q
= on(1) (13)

Ú ∣∣∣∣λ ∫
Ω

(fk (x, un)− fk (x, u)) (un − u) dx

∣∣∣∣
≤ λ

∫
Ω

(|fk (x, un)|+ |fk (x, u)|) |un − u|dx

≤ 2 |Ω|
1
2 |un − u|2

= on(1). (14)

?(Ü (6)-(7) ªk

on(1) = (I ′k (un)− I ′k (u) , un − u)

= a ‖un − u‖2 +
b

2
(‖un‖2

∫
Ω

∇un(∇un −∇u)dx− ‖u‖2
∫

Ω

∇u(∇un −∇u)dx)

−
∫

Ω

(
|un|p−2

un lnu2
n − |u|

p−2
u lnu2

)
(un − u) dx

− λ
∫

Ω

(fk (x, un)− fk (x, u)) (un − u) dx

≥ C ‖un − u‖2 ,

K� n→∞ �, k ‖un − u‖ → 0. Ún 3.2 y..

éuÚn 3.1 �½� u0, ½Â

Γ :=
{
γ ∈ C

(
[0, 1], H1

0 (Ω)
)

: γ(0) = 0, γ(1) = u0

}
,

dk := inf
γ∈Γ

max
0≤t≤1

Ik(γ(t)).

ÚÚÚnnn 3.3 b� a, b > 0 ´�½�~ê, 4 < p < 6, p < q < 6, Ké?¿� λ ∈ (0, λ∗), Ik ä

k�.� dk, Ù¥ λ∗(k) dÚn 3.1 �Ñ.

yyy²²² dy²aqu [14], ùpÑ�.

ÚÚÚnnn 3.4 b� a, b > 0 ´�½�~ê, 4 < p < 6, p < q < 6, Ké?¿� λ ∈ (0, λ∗), �3�

k Ã'��~êM , ¦� ‖uk‖ < M , Ù¥uk ´dÚn 3.3 ½Â� Ik ��.:, λ∗(k) dÚn 3.1

�Ñ.
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)o

yyy²²² ½Â#�¼Xe

Î(u) =
a

2

∫
Ω

|∇u|2 dx+
b

4
(

∫
Ω

|∇u|2 dx)2 +
2

p2

∫
Ω

|u|p dx− 1

p

∫
Ω

|u|p lnu2dx+ |Ω| . (15)

´� Ik(u) ≤ Î(u). $^aquy²Ún 3.1 ��{��, Î(u)�äkì´AÛ(�. Ïd, e½Â

d̂ := inf
γ∈Γ

max
0≤t≤1

Î(γ(t)).

Kk

dk ≤ d̂.

?d (11) ª��

d̂ ≥ dk ≥
(

1

2
− 1

p

)
‖uk‖2 −

p− 1

p
|Ω|,

u´, ‖uk‖ ≤M , Ù¥M > 0 �� k Ã'. Ún 3.4y..

ÚÚÚnnn 3.5 b� a, b > 0 ´�½�~ê, 4 < p < 6, p < q < 6, Ké?¿� λ ∈ (0, λ∗), K�3

� kÚ λ Ã'��~ê M̃ , ¦� |uk|∞ ≤ M̃ , Ù¥ uk ´dÚn 3.3 ½Â� Ik ��.:, λ∗(k) dÚ

n 3.1 �Ñ.

yyy²²² ��Bå�, Ø�b� u = uk. éu?¿�m ∈ N, �½ β > 1, ½Â

Bm =
{
x ∈ Ω; |u|β−1 ≤ m

}
, Dm = Ω \Bm

Ú

um =

{
u |u|2(β−1)

, x ∈ Bm,
m2u, x ∈ Dm.

´� um ∈ H1
0 (Ω), um ≤ |u|2β−1

9

∇um =

{
(2β − 1) |u|2(β−1)∇u, x ∈ Bm,
m2∇u, x ∈ Dm,

ùÒ¿�X um �±��ÿÁ¼ê. Ød�	, ���∫
Ω

∇u∇umdx = (2β − 1)

∫
Bm

|u|2(β−1) |∇u|2 dx+m2

∫
Dm

|∇u|2 dx. (16)

-

vm =

{
u |u|β−1

, x ∈ Bm,
mu, x ∈ Dm,

l v2
m = uum ≤ |u|2β ±9

∇vm =

{
β |u|β−1∇u, x ∈ Bm,
m∇u, x ∈ Dm.
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)o

?k ∫
Ω

|∇vm|2 dx = β2

∫
Bm

|u|2(β−1) |∇u|2 dx+m2

∫
Dm

|∇u|2 dx. (17)

2d (16) Ú (17)ª��∫
Ω

(
|∇vm|2 −∇u∇um

)
dx = (β − 1)2

∫
Bm

|u|2(β−1) |∇u|2 dx. (18)

ò um �\ (7) ª, Kk

a

∫
Ω

∇u∇umdx+ b

∫
Ω

|∇u|2 dx

∫
Ω

∇u∇umdx =

∫
Ω

|u|p−1
um lnu2dx+ λ

∫
Ω

fk(x, u)umdx.

d (4), (16) Ú (18) ªk

a

∫
Ω

|∇vm|2 dx+ β2b

∫
Ω

|∇u|2 dx

∫
Ω

uumdx

= a(β − 1)2

∫
Bm

|u|2(β−1) |∇u|2 dx+ a

∫
Ω

∇u∇umdx+ β2b

∫
Ω

|∇u|2 dx

∫
Ω

uumdx

≤ a
[

(β − 1)2

2β − 1
+ 1

] ∫
Bm

∇u∇umdx+ β2b

∫
Ω

|∇u|2 dx

∫
Ω

uumdx

≤ β2(a

∫
Ω

∇u∇umdx+ b

∫
Ω

|∇u|2 dx

∫
Ω

uumdx)

≤ β2

[∫
Ω

|u|p−1 |um| lnu2dx+ λ

∫
Ω

fk(x, u) |um|dx
]

≤ β2

(
ε

∫
Ω

|u| |um|dx+ Cε

∫
Ω

|u|q−1 |um|dx+

∫
Ω

|um|dx
)

≤ β2

(
ε

∫
Ω

|u|2β dx+ Cε

∫
Ω

|u|q−2+2β
dx+

∫
Ω

|u|2β−1
dx

)

≤ β2C1

(∫
Ω

|u|q−2+2β
dx

) 2β
q−2+2β

+ β2Cε

∫
Ω

|u|q−2+2β
dx

+ β2C2

(∫
Ω

|u|q−2+2β
dx

) 2β−1
q−2+2β

. (19)

Ø�b�
∫

Ω
|u|q−2+2β

dx > 1, ¤á∫
Ω

|∇vm|2 dx ≤ β2C

∫
Ω

|u|q−2+2β
dx.

�âSobolevØ�ª��(∫
Bm

|vm|6 dx

) 1
3

≤ S
∫

Ω

|∇vm|2 dx ≤ Sβ2C

∫
Ω

|u|q−2+2β
dx.
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)o

?�Ú, (ÜHölderØ�ªÚÚn 3.4 k

(∫
Bm

|vm|6 dx

) 1
3

≤ Sβ2C |u|q−2
6 (

∫
Ω

|u|2βr1 dx)
1
r1

≤ Sβ2CM q−2(

∫
Ω

|u|2βr1 dx)
1
r1 , (20)

Ù¥ r1 ÷v
1
r1

+ q−2
6

= 1. Ï�3Bm¥, k |vm| = |u|β, ¤±

(∫
Bm

|u|6β dx

) 1
3

≤ Sβ2CM q−2(

∫
Ω

|u|2βr1 dx)
1
r1 .

-m→∞, �âüNÂñ½n, k

|u|6β ≤ β
1
β

[
SCM q−2

] 1
2β |u|2βr1 . (21)

� σ = 3
r1

, K σ > 1. - (21) ª¥ β = σ, ·�k

|u|6σ ≤ σ
1
σ

[
SCM q−2

] 1
2σ |u|6 . (22)

2ö, - (21) ª¥ β = σ2, Kk

|u|6σ2 ≤ σ
2
σ2
[
SCM q−2

] 1
2σ2 |u|6σ . (23)

Ïd, (Ü (22) Ú (23) ª��

|u|6σ2 ≤ σ( 1
σ+ 2

σ2
) [SCM q−2

] 1
2( 1

σ+ 1
σ2

) |u|6 .

- (21) ª¥ β = σi, i = 1, 2, ..., ¿E±þÚ½��

|u|6σi ≤ σ
(∑i

j=1
j

σj

) [
SCM q−2

]( 1
2

∑i
j=1

1

σj

)
|u|6 .

-þª¥i→∞, (ÜÚn 3.4, ·�k

|u|∞ ≤ C |u|6 ≤ CM ≤ M̃,

Ù¥ M̃ > 0 � M̃���� λ Ú kÃ'. Ún 3.5 y..

½½½nnn 1.1���yyy²²² ÀJ~ê k, ¦� k > M̃ , Ù¥ M̃ dÚn 2.5�Ñ. - λ∗ = λ∗(k), Ké?¿

� λ ∈ (0, λ∗), ·�k |uk|∞ < k. Ïd, �â fk(x, t) Ú Fk(x, t) �½Â, k

fk(x, uk) = f(x, uk) a.e. x ∈ Ω.

u´ uk ´�§(1)�).
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)o

4. ½n 1.2�y²

5¿�, 3Ún3.1¥, XJ·�ò r Ú ρ ©OO�¤����~ê, K�3 λ′ ∈ (0, λ∗), ¦��

λ ∈ (0, λ′) �, Ik Eäkì´AÛ(�. =ke¡Ún.

ÚÚÚnnn 4.1 �3~ê 0 < r0 < r, 0 < ρ0 < ρ, ±9 0 < λ
′
(k) < λ∗(k), K�3 u0 ∈ H1

0 (Ω), é

?¿� λ ∈ (0, λ
′
)k Ik (u0) < 0 ‖u0‖ > r0 Ú

Ik(u) ≥ ρ0 Ù¥ ‖u‖ = r0, (24)

Ù¥ r, ρ, λ∗(k) dÚn 3.1 �½.

yb�ëY¼ê f(x, u) 3 Ω þ÷v f(x, 0) ≥ 0, f(x, 0) 6= 0. dÚn 3.1��

inf
‖u‖=r

Ik(u) ≥ ρ > 0 ≤ Ik(0). (25)

- Br = {u ∈ H1
0 (Ω)| ‖u‖ ≤ r}, K Ik 3 Br þ�±��4��, �4��:� vλ, ´� vλ ∈ Br. ¯

¢þ, �âEkland C©�n, ·��±ÀJ��S� {vn} ⊂ Br, ¦�3 Brþk Ik(vn) → Ik(vλ),

‖I ′k (vn)‖ → 0. w,, �3 {vn} ���fS�(Ø�EP� {vn}), 3 Br þk vn ⇀ vλ. �â Ik �

fe�ëY5, �±�� Ik(vλ) ≤ lim inf
n→∞

Ik(vn), K vλ ´ Ik 3 Br þ�4��. 2d Ik(0) ≤ 0, ·

��±�� Ik(vλ) < 0 < Ik(uk), Ù¥ uk ´½n 1.1¥¤�½� Ik ��.:. Ïd vλ 6= uk. |^

�Ún 3.5 �aqy²�±��, � |λ| < λ∗ v
��, ·�k |vλ|∞ ≤ C, Ù¥ C > 0 � k Ã'.

dd, À�k > C, K fk(x, vλ) = f(x, vλ), lvλ ´�§(1) ���).

,��¡, dÚn 4.1 ��, éz��λ ∈ (0, λ′), vλ Ñ´�§(1)�). Kd vλ ∈ Br, k

‖vλ‖ < r. ÄK� λ → 0 �, ‖vλ‖ → α, Ù¥0 < α < r. e¡, ·�ÀJS� {λn} ⊂ (0, λ′), K

� n → ∞�, λn → 0. dd��, �3 ρ′ > 0, ¦�� n ¿©��, k Ik(vλn) ≥ ρ′ > 0. ù�

Ik(vλ) < 0 ´gñ�. Ïd, � λ→ 0 �, ‖vλ‖ → 0.
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