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Hardy-Littlewood maximal operator M is bounded from W (FLp, Lq) to W (FLp, Lq).
Meanwhile, we obtained that the Hardy-Littlewood maximal operator M is weak (1,1)

in Wiener amalgam spaces.
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1. Úó

Hardy-Littlewood4��f3ØÓ¼ê�m¥�k.5k¯õ�ïÄ. Stein3©z [1]¥äN

�Ñ
Hardy-Littlewood4��f3 Lebesgue�m¥´r (p, p).Úf (1, 1).�f. Kinnunen3

©z [2]¥y²
 Hardy-Littlewood4��f3 Sobolev�mW 1,p(Rn)þ�k.5,¿�Ñ:��

O�(J. Diening3©z [3]¥y²
Hardy-Littlewood4��f3C�êLebesgue�mLp(·)(Rn)

¥�k.5. Bennett, DeVoreÚ Sharpley3©z [4]y²
 BMO�m¥ Hardy-Littlewood4��

f�k.5.

Wiener3©z [5]¥Äg½Â
¼ê�mW (L1, L2)ÚW (L2, L1) ;3©z [6] [7] ¥q½Â


¼ê�mW (L1, L∞)ÚW (L∞, L1) ,Ù¥ amalgam�mW (Lp, Lq)�IO�ê½Â�

‖f‖W (Lp,Lq) =

(∑
n∈N

(∫ n+1

n

|f(t)|pdt
) q

p

) 1
q

.

AO/, � p = q �, W (Lp, Lp) = Lp . e p1 ≥ p2, q1 ≤ q2 , K W (Lp1 , Lq1) ↪→ W (Lp2 , Lq2) ; e

p1 ≤ p2, q1 ≤ q2 ,KW (FLp1 , Lq1) ↪→W (FLp2 , Lq2).

Feichtinger 3©z [8]¥òWiener JÑ� amalgam �m W (Lp, Lq) í2���ÿÀ+Ú�

�ÛÜ�¼ê�m(½��m)¥,¿¡T�m�Wiener amalgam�m.?�Ú, FeichtingerïÄ


Wiener amalgam�m�i\'X!òÈ�éó5�±9E��(J.

Heil3©z [9]¥½Â
\�Wiener amalgam�m,¿y²
\�Wiener amalgam�m��

A5�.

�XWiener amalgam�m�ïá,²;�f3Wiener amalgam�mþ�k.5�kéõ�
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ïÄ. Cordero, D
′
EliaÚ Trapasso3©z [10]¥ïÄ
'u a� τ ��©�f Opτ (a)3��m

ÚWiener amalgam�m¥�ëY5.�²�Úÿí�3©z [11]¥y²
üa��È©�f3·

Ü�ê�mþ�k.5. CunananÚ Tsutsui3©z [12]¥|^ªÇ��©)�fÚ4�Ø�ª

ïÄ
Wiener amalgam�m�,�f�k.5,��Ñ
IOWiener amalgam�mÚ��É5

Wiener amalgam�m�m�i\'X.�©ïÄ Hardy-Littlewood4��f3W (FLp, Lq)¥�
k.5ÚWiener amalgam�m¥�f (1, 1)5.

2. ý��£

ÎÒ½Â: éu?¿� x ∈ Rn ,½Â |x|2 = x · x ,Ù¥ x · y ´ Rn þ�IþÈ. C∞0 (Rn)´ Rn

þäk;|8�Ã¡��¼ê�m. S(Rn)´ Rn þ1w�ü¼ê�m. S ′(Rn)´ S(Rn)�ÿÀé

ó�m,�¡�O©Ù�m.

e f, g ∈ L2 ,Kü�¼ê f, g�SÈ½Â�

< f, g >=

∫
Rn

f(t)g(t)dt.

§*Ð� S′ × S��±d < ·, · >L«.

� 1 ≤ p ≤ ∞ , Fourier-Lebesgue�m½Â�

FLp(Rn) = {f ∈ S ′(Rn) :�3 h ∈ Lp(Rn), ĥ = f}.

e f ∈ L1(Rn) ,K f � FourierC�½Â�

f̂(ξ) = Ff(ξ) =
∫
Rn e

−2πix·ξf(x)dx.

²£�fÚ^=C�½Â�

Thf(t) = f(t− h) Ú Mωf(t) = e2πiωtf(t).

w, F(Thf) = M−hf̂ , F(Mωf) = Tωf̂ , MωTh = e2πihωThMω.

e f ∈ Lp(Rn) ,g ∈ Lq(Rn) , 1 ≤ p, q ≤ ∞ ,½Â f, g�òÈ�

(f ∗ g)(x) =
∫
Rn f(x− y)g(y)dy.

ÎÒ B1 ↪→ B2L«¼ê�m B1ëYi\�¼ê�m B2¥.

k�Ñ Hardy-Littlewood4��fÚWiener amalgam�m�½Â.

½Â2.1 [13]e f ∈ L1
loc(Rn) , f �¥% Hardy-Littlewood4�¼êMf ½Â�

Mf(x) = sup
r>0

1

|B(x, r)|

∫
B(x,r)

|f(y)|dy,

Ù¥ B(x, r)´± x�¥%, r��»�m¥,= B(x, r) = {y ∈ Rn : |x − y| < r} ,({P B(0, r)�

B(r)).�fM : f 7→Mf ¡� Hardy-Littlewood4��f.
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Hardy-Littlewood4�¼êMf ��±ÏLòÈ�/ªL«.

½Â2.1 [13]P vn� Rn¥ü ¥ B(1)�ÿÝ,@o

Mf(x) = sup
r>0

(|f | ∗ ϕr)(x),

Ù¥ ϕ(y) = 1
vn
χB(1)(y) , ϕr(y) = 1

rn
ϕ(y

r
).

½Â2.2 [7]éu?�� f ∈W (L1, L∞)(Rn) ,'uI�¼ê g ∈W (L∞, L1)(Rn)�á� Fourier

C�(STFT)½Â�

Vgf(x, ω) :=

∫
Rn

f(t)g(t− x)e−2πiωtdt =< f,MωTxg >, (x, ω) ∈ Rn.

w,k Vgf(x, ω) = ̂(f · Txḡ)(ω) , (x, ω) ∈ Rn .e g ∈ S� f ∈ S′ ,K Vgf 3 R2nþ´��ëY�.

½Â2.3 [8]� g ∈ C∞0 (Rn) �÷v ‖g‖2 = 1 , 1 ≤ p, q ≤ ∞ , ½Â Wiener amalgam �m

W (FLp, Lq)Xe

{
f ∈ Lploc(R

n) : ‖f‖W (FLp,Lq) = ‖‖fTxg‖FLp‖Lq
x
<∞

}
,

T½Â¿Ø�6u g�ÀJ.,	,e B,C þ� Banach�m,KWiener amalgam�mW (B,C)�

aq½Â.

e¡0��©Ì�^��Ún.

Ún2.1 [9]�Bi, Ci(i = 1, 2, 3)´Banach�m,W (Bi, Ci)��AuBi, Ci�Wiener amalgam

�m.

(1)éu?¿� f1 ∈ B1, g1 ∈ B2 ,�3~ê c1 > 0 ,¦�

‖f1 ∗ g1‖B3
≤ c1‖f1‖B1

‖g1‖B2
,

�éu?¿� f2 ∈ C1, g2 ∈ C2 ,�3~ê c2 > 0 ,¦�

‖f2 ∗ g2‖C3
≤ c2‖f2‖C1

‖g2‖C2
,

K�3~ê c > 0 ,¦�éu?¿� f ∈W (B1, C1), g ∈W (B2, C2) ,k

‖f ∗ g‖W (B3,C3) ≤ c‖f‖W (B1,C1)‖g‖W (B2,C2).

(2)e B1 ↪→ B2� C1 ↪→ C2 ,KkW (B1, C1) ↪→W (B2, C2).

AO/,éu 1 ≤ pi, qi ≤ ∞, i = 1, 2 ,� p1 ≥ p2, q1 ≤ q2 ,Kk

W (Lp1 , Lq1) ↪→W (Lp2 , Lq2).

(3)éu?¿� u ∈W (B1, C1) ∩W (B2, C2)� θ ∈ [0, 1] ,K u ∈W (B3, C3)�
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‖u‖W (B3,C3) ≤ ‖u‖θW (B1,C1)
‖u‖1−θW (B2,C2)

(4)eB′, C ′©O´Banach�mB,C�éóÿÀ�m,�C∞0 3BÚC¥þÈ�,KW (B,C)

�éó�mW (B,C)′ = W (B′, C ′).

Ún2.2 [13] Hardy-Littlewood4��fM ´f (1, 1).�f.=�3~ê C = Cn ,¦�é?

¿� λ > 09 f ∈ L1(Rn)k

|{x ∈ Rn : Mf(x) > λ}| ≤ C

λ
‖f‖L1 .

Ún2.3 e 1 ≤ p, q ≤ ∞ ,K

W (FLp, Lq) ∗W (FL∞, L1) ↪→W (FLp, Lq),

=�3��~ê C ,¦�éu?¿� f ∈W (FLp, Lq) , g ∈W (FL∞, L1) ,k

‖f ∗ g‖W (FLp,Lq) ≤ C‖f‖W (FLp,Lq)‖g‖W (FL∞,L1).

y d YoungØ�ªk Lq ∗ L1 ↪→ Lq.

�âÚn2.1(1)��,·��Iy: FLp ∗ FL∞ ↪→ FLp.


 FLp ∗ FL∞ = F(Lp · L∞) ↪→ FLp, = FLp ∗ FL∞ ↪→ FLp .(Ø�y.

3. ½n9y²

Äk�Ñ Hardy-Littlewood4��f3Wiener amalgam�mW (FLp, Lq)¥�k.5.

½n3.1 éu 1 < p, q < ∞ , e f ∈ W (FLp, Lq) , K Hardy-Littlewood 4��f M ´

W (FLp, Lq)→W (FLp, Lq)k.�. =

‖Mf‖W (FLp,Lq) ≤ C‖f‖W (FLp,Lq).

y Ï�Mf(x) = sup
r>0

(|f | ∗ ϕr)(x) ,d FourierC��Ä�5�Ú Cauchy-SchwartzØ�ª�

‖ϕr(x)‖W (FL∞,L1) = ‖‖ϕr(x)Tyg(x)‖FL∞
x
‖L1

y

≤ ‖‖ϕr(x)Tyg(x)‖L1
x
‖L1

y

≤

∥∥∥∥∥
(∫

Rn

|ϕr(x)|2dx
) 1

2
(∫

Rn

|g(x− y)|2dx
) 1

2

∥∥∥∥∥
L1

y

≤ C1

∥∥∥∥∥
(∫

Rn

|g(x− y)|2dx
) 1

2

∥∥∥∥∥
L1

y

,

Ù¥ C1 =
(∫

Rn |ϕr(x)|2dx
) 1

2 = π
1
2

vnrn
.
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ey
∥∥∥(∫Rn |g(x− y)|2dx

) 1
2

∥∥∥
L1

y

�È.

d Cauchy-SchwartzØ�ªk

∥∥∥∥∥
(∫

Rn

|g(x− y)|2dx
) 1

2

∥∥∥∥∥
L1

y

=

∫
Rn

(∫
Rn

(|g(x− y)|χB(x,α)(y))2dx

) 1
2

χB(α)(y)dy

≤

∫
Rn

∣∣∣∣∣
(∫

Rn

|g(x− y)χB(x,α)(y)|2dx
) 1

2

∣∣∣∣∣
2

dy

 1
2 (∫

B(α)

∣∣χB(α)(y)
∣∣2 dy

) 1
2

≤ C2‖g‖W (L2,L2),

Ù¥ χB(x,α)(y)�I�¼ê, α > 0,B(x, α)´± x�¥%, α��»�¥.


 ‖g‖W (L2,L2) = ‖g‖L2 = 1 ,¤±
∥∥∥(∫Rn |g(x− y)|2dx

) 1
2

∥∥∥
L1

y

≤ C2.

¤± ‖ϕr(x)‖W (FL∞,L1) ≤ C (C = C1C2) ,= ϕr(x) ∈W (FL∞, L1).

Ïd,�âÚn2.3��

‖Mf‖W (FLp,Lq) ≤ ‖ϕr‖W (FL∞,L1)‖f‖W (FLp,Lq)

≤ C‖f‖W (FLp,Lq).

½n�y.

íØ3.2 éu 1 < q ≤ ∞ ,e f ∈W (L1, Lq), ḡ ∈W (L∞, L1) ,� Hardy-Littlewood4��f

M ´ Lp → Lpk.�,K�fM �´W (L1, Lq)→W (FL∞, Lq)k.�.

y - Q = [0, 1)nL«ü �N,K

‖Mf‖W (FL∞,Lq) = ‖‖Mf(x)Tyg(x)‖FL∞
x
‖Lq

y

≤ ‖‖Mf(x)Tyg(x)‖L1
x
‖L1

y

=

(∫
Rn

(∫
Rn

|Mf(x)Tyg(x)|dx
)q

dy

) 1
q

=

(∫
Rn

(∑
k∈Zn

∫
Q+k

|Mf(x)Tyg(x)|dx

)q
dy

) 1
q

≤

(∫
Rn

(∑
k∈Zn

sup
Q+k

Tyg(x)

∫
Q+k

|Mf(x)|dx

)q
dy

) 1
q
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=

(∫
Rn

(∑
k∈Zn

sup
Q+k

Tyg(x)

)q (∫
Q+k

|Mf(x)|dx
)q

dy

) 1
q

≤

(∫
Rn

(∑
k∈Zn

sup
Q+k

Tyg(x)

)q (∫
Q+k

|f(x)|dx
)q

dy

) 1
q

≤

∥∥∥∥∥∑
k∈Zn

sup
Q+k

Tyg(x)

∥∥∥∥∥
L∞

∥∥∥∥∫
Q+k

|f(x)|dx
∥∥∥∥
Lq

≤ ‖ḡ‖W (L∞,L1)‖f‖W (L1,Lq)


 ḡ ∈W (L∞, L1) ,=‖Mf‖W (FL∞,Lq) ≤ C‖f‖W (L1,Lq).

½n�y.

¯¤±�, Hardy-Littlewood4��f3 Lebesgue�m´f (1, 1).�f.�âWiener amal-

gam�m� Lebesgue�m�m�'X,·�y²
 Hardy-Littlewood4��f3Wiener amalgam

�m¥�´f (1, 1).�f.

½n3.3 Hardy-Littlewood4��fM 3Wiener amalgam�m¥´f (1, 1).�f.=�

3~ê C ,¦�é?¿� λ > 09 f ∈W (L1, L1)k

|{x ∈ Rn : Mf(x) > λ}| ≤ C

λ
‖f‖W (L1,L1).

y du L1 = W (L1, L1) ,�âÚn2.2 ��

|{x ∈ Rn : Mf(x) > λ}| ≤ C

λ
‖f‖W (L1,L1).

½n�y.

Ä7�8
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