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Abstract

For any ring R, we prove that the left orthogonal class of exact Ding injective complexes

is covering and the class of exact Ding injective complexes is enveloping in the complex

category.
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1. Úó

fá#�ÇÚ¶H��Çu 2008c3 [1]¥Ú\
 Gorenstein FP-S��,�Ñ
ùa��N

õaqu Gorenstein-S���5�,y²
XJ� R´ n-FC ��´���,@oz� R-�Ñk�

� Gorenstein FP-S��ä.4·�<u 2011c3 [2]¥r Gorenstein FP-S��í2�E/�Æ,

Ú\
 Gorenstein FP-S�E/.Ï� Ding3 Gorenstein FP-S��þ�Ñ�#Ñ�z, Gillespie

u 2017c3 [3]¥ò Gorenstein FP-S��#·¶� DingS��,ò Gorenstein FP-S�E/

#·¶� DingS�E/,¿�&¢ÚïÄ
 DingS��� DingS�E/��xÚ§��5�.

Gillespiey²
3 Ding-Chen�þ,X ´ DingS�E/��=�X �z��Ñ´ DingS��;

f�<u 2020c3 [4]rù�(Jí2�
và�þ; GillespieÚ Iacobu 2021c3 [5]¥y²


ù�(Jé?¿� R¤á,Ød�	,¦��y²
é?¿� R, DingS�E/�a´E/�Æ¥

��äa.

É�±þ(J�éu,�©�Ä
�Ü� DingS�E/�aq¯K.·��Ñ
�Ü� Ding

S�E/��d�x,y²
�Ü� DingS�E/����a´'u��4�µ4�ýCXa.Ï

d,�Ü� DingS�E/����a´E/�Æ¥�CXa.?y²
z�E/Ñk���Ü�

DingS��ä.

2. ý��£

3�©¥, RL«kü ��(Ü�, R-ModL«� R-��Æ, Ch(R)L«d� R-��E/�

¤�C���Æ.E/

� � � �! Xn+1

dn+1
�! Xn

dn�! Xn�1 �! � � �

�{P� X, X �1 n-gÌ� Zn(X)=Kerdn, X �1 n-g>� Bn(X)=Imdn+1, X �1 n-gÓN

+ Hn(X)=Kerdn/Imdn+1. X ´�ÜE/��=�é?¿�ê n, Hn(X) = 0.

é Ch(R)¥�ü�E/ X, Y ,·�^ Hom(X;Y )L« Ch(R)¥l X � Y �óN��¤�C
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��+,^ Exti�1(X;Y )L«d Hom�m�Ñ¼f�)�ÓN+.

½Â 2.1 [6] � A´��E/.eé?¿k�L«E/ F ,Ñk Ext1(F;A) = 0,K¡E/ A�

FP-S�E/.·�^ FI L« FP-S�E/�a.

½Â 2.2 [3] �M ´��E/.e�3��dS�E/�¤��ÜS�

� � � ! I1 ! I0 ! I0 ! I1 ! � � �

÷ve�^�:

(1) M �= Ker(I0 ! I1);

(2) é?¿ FP-S�E/ A, Hom(A;�)�±þãS���Ü5.

K¡E/M ´ DingS�E/.d( [5]½n 2)��, DingS�E/�aÒ´z��g� DingS�

��E/�a.Ïd, dw(DI)Ò´ DingS�E/�a,Ù¥ DI L« DingS���a.

½Â 2.3 [7] � C ´C���Æ A¥���é�a.e�3�� f : M ! C,Ù¥ C 2 C,¦�

é?¿� C 0 2 C ±9?¿��� h 2 Hom(M;C 0),Ñ�3�� g 2 Hom(C;C 0)¦� h = gf ,K¡

�� f �M � C -ý�ä.?�Ú,e¦� f = gf ��� g 2 Hom(C;C)�U´ C ���gÓ�,

K¡M � C -ý�ä f �M � C -�ä.éó�k C -ýCXÚ C -CX�½Â.

½Â 2.4 [7] ��� f : M ! C�M� C -ý�ä.eé?¿�X 2 C,ÑkExt1(coker(f); X) =

0,K¡ f �M �AÏ� C -ý�ä.éó�kAÏ� C -ýCX�½Â.

½Â 2.5 [8] � (F ; C)´C���Æ A¥���{Lé.eé A¥�?¿é�M ,Ñ�3Xe

ü�á�Ü� 0 ! M ! C ! F ! 0, 0 ! C 0 ! F 0 ! M ! 0,Ù¥ C; C 0 2 C, F; F 0 2 F ,K¡

(F ; C)���{Lé.

½Â 2.6 [8] � F ´C���Æ A¥���é�a.e F 'u�Ú�µ4� F 'u÷Ó��

Ø,üÓ��{ØÚ*Üþµ4,K¡ F ´�� thicka.

½Â 2.7 [8] � (F ; C)´kv
S�é��C���Æ A¥�����{Lé.e F ´ thick

a� F \ C = Inj,Ù¥ InjL«¤kS�é��a,K¡ (F ; C)�S�{Lé.

½Â 2.8 [9] � (F ; C) ´C���Æ A ¥���{Lé. eé?¿ F 2 F ; C 2 C, Ñk

Exti�1(F; C) = 0,K¡ (F ; C)�¢D{Lé.ù��Óu F 'u÷Ó��Øµ4,½ö C 'uüÓ

��{Øµ4.

½Â 2.9 [9] � (F ; C)´C���Æ A¥���{Lé.e F ´CXa� C ´�äa,K¡

(F ; C)���{Lé.

3. Ì�(J

e¡�Ún 3.1�Ún 3.2�Ñ
�Ü� DingS�E/��d�x.

Ún 3.1 X ´�Ü� DingS�E/��=��3E/á�Ü� 0 ! K ! I ! X ! 0,Ù¥
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I �S�E/,K ��Ü� DingS�E/.

y²:d ( [10],·K 2.1)��, X ´ DingS�E/��=��3E/á�Ü� 0! K ! I !

X ! 0,Ù¥ I �S�E/, K � DingS�E/.Ï� I ´�Ü�,¤±d ( [11],íØ 3 (I) (i))�

�, X ´�Ü���=� K ´�Ü�.l X ´�Ü� DingS�E/��=��3E/á�Ü�

0! K ! I ! X ! 0,Ù¥ I �S�E/,K ��Ü� DingS�E/.

Ún 3.2 X ´�Ü� DingS�E/��=� X ´d DingS���¤��ÜE/.

y²: (7�5)Ï�X 2 ex(DI) � dw(DI)Ú ( [5],½n 2),¤±X ´ DingS�E/.qÏX

´�Ü�,¤± X ´�Ü� DingS�E/.

(¿©5)Ï�X ´ DingS�E/,¤±X ´d DingS���¤�E/.qÏX ´�Ü�,¤

± X ´ DingS���¤��ÜE/.

e¡�·K 3.3`²
�Ü� DingS�E/����a´ýCXa.

·K 3.3 �Ü� DingS�E/����a´ Ch(R)¥�ýCXa.

y²:d ( [12],½n 3.11)��, (?DI;DI)´ R-Mod¥d��8Ü{)¤�S�{Lé.?

d ( [8],·K 7.2 (2))��, (?ex(DI); ex(DI))´ Ch(R)¥d��8Ü{)¤�S�{Lé,u´

dS�{Lé�½Â�� (?ex(DI); ex(DI))´ Ch(R)¥���{Lé.l ?ex(DI)´ Ch(R)

¥ (AÏ�)ýCXa.2dÚn 3.2��, DingS���¤��ÜE/�aÒ´�Ü� DingS�E

/�a.l�Ü� DingS�E/����a´ Ch(R)¥�ýCXa.

e¡�Ún 3.4`²
{Lé (?ex(DI); ex(DI))�¢D5.

Ún 3.4 (?ex(DI); ex(DI))´ Ch(R)¥�¢D{Lé.

y²:�Äá�Ü� 0! A! B ! C ! 0,Ù¥ A 2 ex(DI); B 2 ex(DI),ey C 2 ex(DI).

Ï� ex(DI) � dw(DI)Ú ( [5],Ún 3),¤± C 2 dw(DI).qÏ A 2 ex(DI); B 2 ex(DI),¤±

A, B ´�Ü�E/.u´,d ( [11],íØ 3 (I) (i))��, C �´�Ü�E/.l C 2 ex(DI) .

Ún 3.5 ?ex(DI)´ Ch(R)¥� thicka.

y²:é?¿�
L

i2I Xi 2
?ex(DI),?¿M 2 ex(DI),kXe�Ó�ª:

0 =Ext1(
L

i2IXi;M) �=
Q

i2IExt
1(Xi;M):

u´,é?¿ i 2 I,Ñk Ext1(Xi;M) = 0.Ïd,dM �?¿5��,Xi 2
?ex(DI).l ?ex(DI)

'u�Ú�µ4.dÚn 3.4��, ?ex(DI)'u÷Ó��Øµ4.w, ?ex(DI)'u*Üµ4.e

¡�Iy² ?ex(DI)'uüÓ��{Øµ4.

�Ä�Ü� 0! A! B ! C ! 0;Ù¥ A 2 ?ex(DI); B 2 ?ex(DI).é?¿M 2 ex(DI),k

�Ü�:

0 =Ext1(A;M)!Ext2(C;M)!Ext2(B;M):
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dÚn 3.4��, Ext2(B;M) = 0.l Ext2(C;M) = 0.,��¡,dÚn 3.1��,éM ká�Ü

� 0! K ! I !M ! 0,Ù¥ I �S�E/,K ��Ü� DingS�E/.lk�Ü�:

0 =Ext1(C; I)!Ext1(C;M)!Ext2(C;K):

Ï� K 2 ex(DI), ¤± Ext2(C;K) = 0. l Ext1(C;M) = 0. Ïd, d M �?¿5��, C 2

?ex(DI),= ?ex(DI)'uüÓ��{Øµ4.

e¡�·K 3.6`²
 ?ex(DI)'u��4��µ45.

·K 3.6 ?ex(DI)'u��4�µ4.

y²:Ï� (?ex(DI); ex(DI))´ Ch(R)¥�{Lé,¤±dÚn 3.5Ú ( [3],·K 3.2)��,
?ex(DI)'u��4µ4.

íØ 3.7 ?ex(DI)´ Ch(R)¥�CXa.

y²:d·K 3.2Ú·K 3.6��, ?ex(DI)´'u��4�µ4�ýCXa.Ïd, ?ex(DI)´

Ch(R)¥�CXa.

e¡�½n 3.8�Ñ
 ?ex(DI)´ Ch(R)¥�CXa��d�x.

½n 3.8 e��^�d:

(1) ex(DI)´ Ch(R)¥��äa;

(2) (?ex(DI); ex(DI))´ Ch(R)¥���{Lé;

(3) ?ex(DI)´ Ch(R)¥�CXa.

y²: (1)) (2)díØ 3.7±9^� (1)��� (2).

(2)) (1)Ú (2)) (3)þd��{Lé�½Â��.

(3)) (2)dÚn 3.4��, (?ex(DI); ex(DI))´¢D{Lé.?�Ú,d ( [9],½n 1.4)��,

{Lé (?ex(DI); ex(DI))´��{Lé��=� ?ex(DI)´CXa�é?¿ X 2 ?ex(DI), X

Ñk ex(DI) -�ä.e¡·�y²é?¿ X 2 ?ex(DI), X Ñk ex(DI) -�ä.

é?¿ X 2 ?ex(DI), �Äá�Ü� 0 ! X
f
! I ! I=X ! 0, Ù¥ f � X �S��

ä. ·�y² f TÐ� X � ex(DI)-�ä. é?¿� M 2 ex(DI), Ï� ex(DI) � dw(DI) Ú

I 2 FI � ?dw(DI),¤± Ext1(I;M) = 0.ldM �?¿5��, I 2 ?ex(DI).?dÚn 3.5

��, I=X 2 ?ex(DI).u´,é?¿ Y 2 ex(DI),Ñk Ext1(I=X; Y ) = 0.l f � X �AÏ�

ex(DI) -ý�ä.qÏ f � X �S��ä,¤±¦� f = gf � g 2 Hom(I; I)�U� I ���gÓ

�.l f � X � ex(DI) -�ä.

íØ 3.9 ex(DI)´ Ch(R)¥��äa.

y²:d½n 3.8��, ex(DI)´ Ch(R)¥��äa��=� ?ex(DI)´ Ch(R)¥�CXa.

díØ 3.7��, ?ex(DI)´ Ch(R)¥�CXa.l ex(DI)´ Ch(R)¥��äa.Ïd,dÚ

n 3.2��,�Ü� DingS�E/�a´ Ch(R)¥��äa.
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