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Abstract

A domination coloring of a graph G is such that each vertex v of graph G dominates at

least one color class (possibly it’s own color class), and each color class is dominated

by at least one vertex in G. The minimum number of colors among all domination

colorings is called the domination chromatic number, denoted by χdd(G). In this paper,

we study the domination coloring of the graph G and G′, where G′ obtained through

some operation of G.
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1. Úó�ý��£

�©¤ïÄ�ãþ´{ü!Ã��ëÏã, �
~^�;�â�ÚÎÒ�±ë�©z [1, 2]. �

G = (V (G), E(G)) ´�� n �ëÏã, éu V (G) ¥?¿º: v �Ý^ deg(v) 5L«, ´�ã G

¥�º: v ���º:ê8. ^ N(v) = {u|uv ∈ E(G)} L«º: v �m��, º: v �4��^

N [v] = {u|uv ∈ E(G)} ∪ {v} 5L«. XJ8Ü S ¥��Üº:� V (G) ¥�º: v ��, K¡º

: v ��
8Ü S. ^ Pn Ú Cn ©OL«äk n �º:�´Ú�, ^ mod(a, b) L« a Ø± b ¤

��{ê, ^ [n] L«Ø�L n �¤k��ê8Ü, = [n] = {1, . . . , n}. eã G ¥íØº: v � G

�ëÏ©|�êOõ, K¡º: v ´ã G ��:, e G ¥íØ> e �ã G �ëÏ©|�êO�,

K¡> e ´ã G ��>.

ãØ¥��!�¹��©|��´ã�/Ú¯K, Ù¥�¹
Nõ�~Í¶�ß�, 'X÷

v�
A½^�e�ß��. D"]©��¢S¯K¥Ò^�
ã�/ÚnØ (~X: Æ�ü

�L¯K), ¿�ã�/ÚnØ3ãØÚlÑêÆ±9|Ü`z¥åX�~'���^. CAcc

5, �XêÆ�.¢SA^�FÃí2, ã/Ú¯K�ïÄØ2´==éã�:/ÚÚ>/Ú, Ù

¦�/Ú�ª�U�JÑ, 'Xã� Dominator /Ú, Dominated /Ú, Domination /Ú�. l

¦ã�/ÚnØïÄSN�5�´L. ã�/ÚnØ3¢S)¹¥�A^´�~2��, 'Xã�

Domination /Ú3Ñõ¯K!NÝ¯K!�ÁF§Sü¯K!�§��¿�Sü¯KÚ�á´»

¯KÑåX�~���^.

ã G ����~/ÚéAu��N� f : V (G) → Z+, ¦�?¿ü���º: u, v ∈ V (G)

þk f(u) 6= f(v). ã G �Úê´ã G �~/Ú¤I�ôÚ���ê8, ^ χ(G) L«. XJ

^ k «ôÚé G ?1���~/ÚK´ã G ��� k- �~/Ú, ^ f = {V1, V2, . . . , Vk} L«.

¯¢þ, ã G � k- �~/Ú�òã G �º:8y©� k �ôÚa V1, V2, . . . , Vk, z�ôÚa

Vi = {v ∈ V (G) | f(v) = i} (i ∈ [k]) ´��Õá8.

Gera �<3©z [3]¥JÑ
ã� Dominator /Ú�Vg. ã G � Dominator /Ú´ã G �

z�º: v ������Úa (�U´g��Úa) ����~/Ú. ã G � Dominator Úê´ã

G � Dominator /Ú¤IôÚ���ê8, ^ χd(G) L«.

Boumediene Merouane H �<3©z [4]¥JÑ
ã� Dominated/Ú�Vg. ã G �

Dominated /Ú´�ã G �z��ÚaÑ��� G ¥��º:������~/Ú. ã G �
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Dominated Úê´ã G � Dominated /Ú¤IôÚ���ê8, ^ χdom(G) L«.

½½½ÂÂÂ 1 [5] ã G ��� Domination /Ú´¦�ã G �z�º: v ������Úa(�U

´g��Úa), ¿�z��Úa��� G ¥��º:������~/Ú. ã G � Domination

Úê´�ã G �¤k Domination /Ú¥¤^ôÚê8���¤éA�ôÚê8, ^ χdd(G) L«.

Kavitha. K �<3©z [6]¥ïÄ
� Cn � Dominator Úê. Qin Chen, Chenye Zhao,

Min Zhao �<3©z [7]ïÄ
(k�¦Èã Pn�Pm, Pn�Cm, Cn�Cm � Dominator Úê.

Nazanin Movarraei �<3©z [8]ïÄ
2Â Petersen ã� Dominator Úê. Wayne Goddard,

Michael A. Henning �<3©z [9]ïÄ
äk��»�²¡ã� Dominator Úê. Saeid Alikhani

Ú Mohammad R. Piri �<3©z [10]ïÄ
õ>/l<Ýã� Dominated Úê. Klavzar S,

Tavakoli M �<3©z [11]ïÄ
�)ã� Dominated Úê. Zhou �<3©z [5]¥ïÄ
´!

�!ì!�� k-Üã!(ã±9Óã� Domination Úê, ïÄ
χdd(H) = χ(H) �A«ã(�,

¿���
éu?¿ã� Domination /Ú´ NP-���. 3©z [12]¥Caiyun Wang ïÄ
ã G

�ã G′ � Total-Domination Úê�m�'X, ùp�ã G′ ´ã G ÏL,«ö����ã. ©

z [13]¥È�<O�Ñ
 Mycielskian ã����Úê.

·���éu?¿ã� Domination /Ú´ NP-���, ¤±�©&?�´ χdd(G) � χdd(G
′)

�m�'X, Ù¥ G′ ´ã G ÏL,«ö�(íØº:½>±9Â º:½>)¤���ã.

2. ã G− e Ú G− v � domination Úê

3�!¥, ·��Äã G− e Ú G− v � domination Úê. ã G− v ´�lã G ¥íØº:

v � v ���>¤���ã. ã G− e ´lã G «íØ> e ���ã. 3�!¥��ã G− e Ú
G− v � domination Úê�.. �
y²e¡�½n, ·�k0�±e��Ún.

ÚÚÚnnn 2.1 [5] éu��ênµ

(1) en ≥ 2, χdd(Pn) = 2 · bn
3
c+mod(n, 3);

(2) en ≥ 3,

χdd(Cn) =


2, n = 4;

3, n = 3, 5;

2 · bn
3
c+mod(n, 3), ÄK.

½½½nnn 2.2 � G ´��ëÏã, ¿�> e = uv ∈ E(G) Ø´�>, K

χdd(G)− 1 ≤ χdd(G− e) ≤ χdd(G) + 1.

y² Äky²Ø�ª��>. � f = (V1, V2, · · · , Vk) ´íØ>����ã G − e ���
Domination /Ú. e¡éã G ?1/Ú.

�/1 f(u) = f(v) = i(i ∈ {1, 2, . . . , k}).
�º: u ½ö v /�«#�ôÚ j(j /∈ {1, 2, . . . , k}). Ø���5, b� f(u) = j. ã G ¥�

{vk/Ú�º:�±ã G− e �/Ú�ªØUC, w,ù«/Ú÷vã� Domination /Ú½Â,

¤±d/Ú´ã G ��� Domination /Ú. = χdd(G)− 1 ≤ χdd(G− e).
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�/2 f(u) = i, f(v) = j(i 6= j ∈ {1, 2, . . . , k}).
ã G ¥�{vk/Ú�º:�±ã G − e �/Ú�ªØUC, w,ù«/Ú÷vã�

Domination /Ú½Â, ¤±d/Ú´ã G ��� Domination /Ú. = χdd(G) ≤ χdd(G− e).
nþ¤ã, χdd(G)− 1 ≤ χdd(G− e).
�e5y²Ø�ª�m>. � f = (V1, V2, · · · , Vk) ´ã G ��� Domination /Ú, �k

f(u) = m, f(v) = n(m 6= n ∈ {1, 2, . . . , k}). �e5éã G− e ?1 Domination /Ú. �±±en

«�/?1?Ø.

�/1 º: v vk��ôÚa Vm, �º: u �vk��ôÚa Vn.

ã G − e ¥�¤kº:�/ÚUYUì G �/Ú�ª?1/Ú, w,ù«/Ú÷vã�

Domination /Ú½Â, ¤±d/Ú´ã G− e ��� Domination /Ú. = χdd(G− e) ≤ χdd(G).

�/2 º: v vk��ôÚa Vm, �´º: u ��
ôÚa Vn.

eº: u ´��/üÚ�º:, Kã G− e ¥�¤kº:UYUì G �/Ú�ª?1/Ú, w

,ù«/Ú÷vã� Domination /Ú½Â, ¤±d/Ú´ã G − e ��� Domination /Ú. =

χdd(G− e) ≤ χdd(G). XJº: u Ø´��üÚº:, K©�±eü«�/?1?Ø:

�/2.1 3ã G − e ¥, �3º: u ��:/Ú n, K��«#�ôÚ l(l /∈ {1, 2, . . . , k}) �
u �¤k�:/Ú, ¿�ã G − e ¥�{vk/Ú�º:UYUì f �/Ú�ª?1/Ú, w

,ù«/Ú÷vã� Domination /Ú½Â, ¤±d/Ú´ã G − e ��� Domination /Ú. =

χdd(G− e) ≤ χdd(G) + 1.

�/2.2 3ã G − e ¥, º: u ��:vk/Ú n, K��«#�ôÚ l(l /∈ {1, 2, . . . , k}) �
u �?¿���:/Ú, ¿�ã G − e ¥�{vk/Ú�º:Uì f �/Ú�ª?1/Ú, w

,ù«/Ú÷vã� Domination /Ú½Â, ¤±d/Ú´ã G − e ��� Domination /Ú. =

χdd(G− e) ≤ χdd(G) + 1.

�/3 º: v ��
ôÚa Vm, º: u ���
ôÚa Vn.

XJº: u, v Ñ´/üÚ�º:, Kã G − e ¥�¤kº:�± f �/Ú�ªØC, w,

ù«/Ú÷vã� Domination /Ú½Â, ¤±d/Ú´ã G − e ��� Domination /Ú. =

χdd(G− e) ≤ χdd(G). XJº: u, v ¥����Ø´üÚº:, K©�±eü«�/?1?Ø:

�/3.1 º: u, v Ù¥��Ø´üÚº:.

Ø�� u ´üÚº:, 3ã G − e ¥, �3º: v ��:/Ú m, K��«#�ôÚ

l(l /∈ {1, 2, . . . , k}) � v �?¿���:/Ú, ¿�ã G − e ¥�{vk/Ú�º:Uì f �/

Ú�ª?1/Ú, w,ù«/Ú÷vã� Domination /Ú½Â, ¤±d/Ú´ã G − e ���
Domination /Ú. = χdd(G− e) ≤ χdd(G) + 1.

�/3.2 º: u, v ÑØ´üÚº:.

3ã G − e ¥, �3º: u ��:/Ú n, º: v ��:/Ú m, ^�«#�ôÚ p (p /∈
{1, 2, . . . , k}) � u ½ v ?¿��º:?1/Ú, ¿�ã G − e ¥�{vk/Ú�º:Uì f �

/Ú�ª?1/Ú, w,ù«/Ú÷vã� Domination /Ú½Â, ¤±d/Ú´ã G − e ���
Domination /Ú. = χdd(G− e) ≤ χdd(G) + 1.

nþ¤ã, χdd(G− e) ≤ χdd(G) + 1.

~~~ 1 ½n 2.2 ¥�e.´;�, �Ñ��;�e.�x. �ã G ´��ã K3 �, K3− e ∼= P3.

K χdd(K3) = 3, χdd(P3) = 2. Ùþ.�´;�, ;�þ.��xXã 1¤«, χdd(G) = 3, χdd(G −
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e) = 2.

Figure 1. A domination coloring of graphs G and G− e

ã 1. G Ú G− e ��� domination /Ú

½½½nnn 2.3 � G ´�� n (n ≥ 2) �ëÏã, ¿�º: v ∈ V (G) Ø´�:, K

χdd(G)− 1 ≤ χdd(G− v) ≤ χdd(G) + deg(v)− 1.

y² Äky²Ø�ª��>. � f = (V1, V2, · · · , Vk) ´ã G− v ��� Domination /Ú. e

¡éã G ?1/Ú.

�º: v /�«#�ôÚ j(j /∈ {1, 2, . . . , k}). ã G ¥�{vk/Ú�º:UYUì f �

/Ú�ª?1/Ú, w,ù«/Ú÷vã� Domination /Ú½Â, ¤±d/Ú´ã G ���

Domination /Ú. = χdd(G)− 1 ≤ χdd(G− v).

�e5y²Ø�ª�m>. � f = (V1, V2, · · · , Vk) ´ã G ��� Domination /Ú, �k

f(v) = m(m ∈ {1, 2, . . . , k}). e¡éã G− e ?1/Ú. ©±eü«�/?1?Ø:

�/1 ã G ¥Ø�º: v / m Ú.

ã G− v ¥�¤kº:UYUì f �/Ú�ª?1/Ú, w,ù«/Ú÷vã� Domination

/Ú½Â, ¤±d/Ú´ã G− v ��� Domination /Ú. = χdd(G− v) ≤ χdd(G).

�/2 ã G ¥�kº: v / m Ú.

^º: v �Ý«ôÚ cn(n = 1, 2, · · · , k, cn /∈ {1, 2, · · · , k}) ÚôÚ i éº: v �m��¥�

º:?1/Ú, ã G− v ¥�{vk/Ú�º:�º:UYUìã G− v �/Ú�ª?1/Ú, w

,ù«/Ú÷vã� Domination /Ú½Â, ¤±d/Ú´ã G − v ��� Domination /Ú. =

χdd(G− v) ≤ χdd(G) + deg(v)− 1.

ÏL�/1Ú�/2��, χdd(G− v) ≤ χdd(G) + deg(v)− 1.

~~~ 2½n 2.3¥�e.´;�,�Ñ��;�e.�x. �ã G´��ã C10 �, C10−v ∼= P9.

K χdd(C10) = 7, χdd(P9) = 6.

d½n2.2, �±��e¡�íØ:

íííØØØ 2.4 � n (n ≥ 2) �ëÏã G , ÷vº: v ∈ V (G) Ø´�:, K|χdd(G)−χdd(G− v)| �
±?¿�.

y² º: v1, v2, · · · , vn ^ χdd(Pn) «ôÚ?1/Ú, �º: v �¤k�:�«#�ôÚ

χdd(Pn) + 1, �º: v �«#�ôÚ χdd(Pn) + 2, w,ù«/Ú÷vã� Domination/Ú½Â,¤
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±d/Ú´ã G ��� Domination /Ú. d�íØã G ¥�º: v, �±�� G− v = Pn ◦K1.

Ï�

χdd(G) = 2 + χdd(Pn) =

2dn
3
e+ 1, n ≡ 1(mod3);

2dn
3
e+ 2, ÄK.

χdd(Pn ◦K1) =


2n
3

+ χdd(Pn) n ≡ 0 (mod3),

2n+1
3

+ χdd(Pn) n ≡ 1 (mod3),

2n−1
3

+ χdd(Pn) n ≡ 2 (mod3).

Xã 2¤«´ã G � Domination /Ú. ¤± |χdd(G)− χdd(G− v)| �±?¿�.

Figure 2. A domination coloring of graph G

ã 2. G ��� domination /Ú

e¡ïÄéã G ?1º:Ú>�Â ��ã� Domination Úê.

3. ã G\v,G\e Ú G
⊙

v � domination Úê

� v ∈ V (G), e ∈ E(G), e = uv, ã G\v ´�l G ¥íØº: v, ¿�òº: v �¤k�:ü

ü�ë¤/¤�ã. ã G\e ´�l G ¥íØ> e �\\��#�º: x, ¿�òº: x �º: u

Ú v �¤k�:�ë¤/¤�ã. ã G
⊙
v ´�l G ¥íØº: v ���¥º:�m�>¤/¤

�ã, Ùº: v ¿�lã G ¥íØ. Äk�Ä>Â :

½½½nnn 3.1 � G ´��ëÏã, ¿� e ∈ E(G), K

χdd(G)− 2 ≤ χdd(G\e) ≤ χdd(G) + 1.

Äky² χdd(G\e) ≤ χdd(G) + 1. � f = (V1, V2, · · · , Vk) ´ã G ��� Domination /Ú, ¿

� f(u) = i, f(v) = j(i, j ∈ {1, 2, . . . , k}). e¡éã G\e ?1/Ú. ©±en«�/?1?Ø:

�/1 eº: u Ú v Ñ´üÚº:.

�º: x /ôÚ i, ã G\e �{vk/Ú�º:�º:UYUì f �/Ú�ª?1/Ú, �â

Domination /Ú�½Â, w,ù«/Ú÷vã� Domination /Ú½Â, ¤±d/Ú´ã G\e ��
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� Domination /Ú. = χdd(G\e) ≤ χdd(G)− 1.

�/2 eº: u´üÚº:, º: v Ø´üÚº:, ¿�º: v ��Úa Vi.

�º: x /ôÚ i, ã G\e �{vk/Ú�º:�º:�± G �/Ú�ª?1/Ú, �â

Domination /Ú�½Â, w,ù«/Ú´ã G\e ���Domination /Ú, Kχdd(G\e) ≤ χdd(G).

�/3 eº: u Ø´üÚº:, º: v �Ø´üÚº:, ¿�º: u ��
ôÚa Vj , º: v

���
ôÚa Vi.

�º: x /�«#�ôÚ m(m /∈ 1, 2, · · · , k), ã G\e �{vk/Ú�º:�º:UYUì G

�/Ú�ª?1/Ú, �â Domination /Ú�½Â, w,ù«/Ú´ã G\e ���Domination /

Ú, Kχdd(G\e) ≤ χdd(G) + 1.

nþ¤ã, kχdd(G\e) ≤ χdd(G) + 1.

e¡y² χdd(G)− 2 ≤ χdd(G\e). � f = (V1, V2, · · · , Vk) ´ã G\e ��� Domination /Ú.

e¡éã G ?1/Ú.

^ü«#ôÚ m,n(m,n /∈ 1, 2, · · · , k) éº: u Ú v ?1/Ú, ã G �{vk/Ú�º:�

º:UYUì G\e þ f �/Ú�ª?1/Ú, �â Domination /Ú�½Â, w,ù«/Ú´ã G

���Domination /Ú, K χdd(G)− 2 ≤ χdd(G\e).
d½n 2.2 Ú 3.1 �±��±e�íØ:

íííØØØ 3.2 �ã G ´ëÏã, ¿� e ∈ E(G) Ø´�>, K

χdd(G− e) + χdd(G\e)
2

− 1 ≤ χdd(G) ≤ χdd(G− e) + χdd(G\e) + 3

2
.

�e5�Äº:�Â :

½½½nnn 3.3 � G ´��ëÏã, ¿� v ∈ V (G), K

χdd(G)− 2 ≤ χdd(G\v) ≤ χdd(G) + deg(v)− 1.

Äky² χdd(G\v) ≤ χdd(G) + deg(v)− 1. � f → [k] ´ã G ��� Domination /Ú, v �

Ù¥���:´ u. e¡éã G\v ?1/Ú.

ØUCº: u �ôÚ, ^ deg(v) − 1 «ôÚ cj(j = 1, 2, · · · , deg(v) − 1, cj /∈ {1, 2, · · · , k}) �
º: v �m��«�º:?1/Ú(Ø�¹º: u), ã G\v �{vk/Ú�º:�º:UYUì G

þ f �/Ú�ª?1/Ú, w,ù«/Ú÷vã� Domination /Ú½Â, ¤±d/Ú´ã G\v �
�� Domination /Ú. = χdd(G\v) ≤ χdd(G) + deg(v)− 1.

�e5y² χdd(G)− 1 ≤ χdd(G\v). � f → [k] ´ã G\v ��� Domination /Ú. e¡éã

G ?1/Ú.

^ü«#ôÚ m,n(m,n /∈ {1, 2, · · · , k}) �º: v ?1/Ú, ã G ¥�{vk/Ú�º:�

º:UYUì G\v þ f �/Ú�ª?1/Ú, �â Domination /Ú�½Â, w,ù«/Ú´ã G

���Domination /Ú, K χdd(G)− 2 ≤ χdd(G\v).

~~~ 3 ½n 3.3 ¥�e.´;�, �Ñ��;�e.�x. �ã G ´� C5 �, C5\v ∼= C4,

K χdd(C5) = 4, χdd(C4) = 2. Ùþ.�´;�, ;�þ.��x, ã G ´���Üã K2,4 �,

K2,4\v ∼= K5, K χdd(K5) = 5, χdd(K2,4) = 2.

d½n 2.3 Ú½n 3.3 �±��±e�íØ:
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íØ3.4 �ëÏã G �º: v Ø´�:, K

χdd(G− v) + χdd(G\v)

2
− deg(v) + 1 ≤ χdd(G) ≤ χdd(G− v) + χdd(G\v)

2
+ 1.

½n3.5 � G ´��ëÏã, ¿� v ∈ V (G), K

χdd(G)− deg(v) + 1 ≤ χdd(G
⊙

v) ≤ χdd(G) + 1.

Äky² χdd(G
⊙
v) ≤ χdd(G) + 1. � f = (V1, V2, · · · , Vk) ´ã G ��� Domination /Ú,

¿�f(v) = i. e¡éã G
⊙
v ?1/Ú. �±©±eü«�/?1&?:

�/1 eº: v ´üÚº:.

ã G
⊙
v �º:�º:UYUì G þ f �/Ú�ª?1/Ú, �â Domination /Ú�½Â,

w,ù«/Ú÷vã� Domination /Ú½Â, ¤±d/Ú´ã G
⊙
v ��� Domination /Ú.

= χdd(G
⊙
v) ≤ χdd(G).

�/2 eº:º: v Ø´üÚº:.

^�«#�ôÚ m(m /∈ 1, 2, · · · , k) �/ôÚ i �º:?1/Ú, Ø
º: v. ã G
⊙
v �{

vk/Ú�º:�º:UYUì G þ f �/Ú�ª?1/Ú, �â Domination /Ú�½Â, w

,ù«/Ú÷vã� Domination /Ú½Â, ¤±d/Ú´ã G
⊙
v ��� Domination /Ú. =

χdd(G
⊙
v) ≤ χdd(G) + 1.

�e5y² χdd(G)− deg(v) + 1 ≤ χdd(G
⊙
v). � f → [k] ´ã G

⊙
v ��� Domination /

Ú, v �Ù¥���:´ u. e¡éã G ?1/Ú.

ØUCº: u �ôÚ, ^ deg(v) − 1 «ôÚ cj(j = 1, 2, · · · , deg(v) − 1, cj /∈ {1, 2, · · · , k}) é
º: v �m��¥�º:?1/Ú(Ø�)º: u), ã G\v �{vk/Ú�º:�º:UYUì G

þ f �/Ú�ª?1/Ú, �â Domination /Ú�½Â, w,ù«/Ú÷vã� Domination /Ú

½Â, ¤±d/Ú´ã G
⊙
v ��� Domination /Ú. = χdd(G)− deg(v) + 1 ≤ χdd(G

⊙
v).

~~~ 4 ½n 3.5 ¥�e.´;�, �Ñ��;�e.�x. �ã G ´��ã Kn �, Kn

⊙
v ∼=

K1,n. K χdd(Kn) = n, χdd(K1,n) = 2. Ùþ.�´;�, ;�þ.��xXã 3¤«, χdd(G) =

4, χdd(G
⊙
v) = 5.

Figure 3. A domination coloring of graphs G and G
⊙

v

ã 3. G Ú G
⊙

v ��� domination /Ú

íØ3.6 � G ´��ëÏã, ¿�º: v ∈ V (G), K| χdd(G)
χdd(G

⊙
v)
| �±?¿�.
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4. o(

�©3 Domination /Ú�½Â� Ghanbari N 0���
ãö��Ä:þ, ïÄ
ã G − e
G − v, G\v,G\e Ú G

⊙
v � domination Úê�ã G � domination Úê�m�'X, ¿��x


A�;�.¤÷v�ã.
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