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Abstract

In this paper, the normal rules involving omitted functions are discussed, and the

method of P � Z lemma and constructor is used to study the normality of a class of

meromorphic function family satisfying the condition (f 0(z))k � ak(z)fk
2

(z) 6= b(z). We

get that a(z)( 6� 0); b(z) are two holomorphic functios on D, and whenever a(z) = 0,

f(z) 6=1 and k � 4, the family of functions is normal.
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1. Úó

<u, Ú
Æª3©z [1]¥,ò÷v^� f 0 � afk 6= b¥�~	�í2�¼ê, ��Xe

(J:

½nA �F �«�D S��xæX¼ê, a(z)( 6� 0)Ú b(z)�«�D Sü��X¼ê.

� a(z) = 0�, f(z) 6=1� k � 4�,éuF¥�z��¼ê f ,

f 0(z)� a(z)fk(z) 6= b(z);

KF3DS�5.

�Ú3©z [2],¥y²
±e(J:

½nB �F �«�DS��xæX¼ê, h(z)�«�DSØð�0��X¼ê,k; q���

ê,éuF¥�z��¼ê f , f(z) 6= 0 �(f (k)(z))q 6= h(z), KF3DS�5.

�õ�,é7u,�©d3©z [3]¥y²
±e(J:

½nC �F �«�DS��xæX¼ê,h(z)�«�DSØð�0��X¼ê,k; q���

ê,éuF¥�z��¼ê f ,f(z) 6= 0 �(f (k)(z))q � h(z)q�õkq(k + 1) � 1�ØÓ":(ØO
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ê),KF3DS�5.

W3©z [4]¥y²
±e(J:

½nD �F�«�DS��xæX¼ê,h(z)�«�DSØð�0��X¼ê,k���ê,é

uF¥�z��¼ê f ,f(z) 6= 0 �f (k)(z) 6= h(z), KF3DS�5.

"]j3©z [5]¥y²
±e(J:

½nE �F�«�DS��xæX¼ê,h(z)�«�DSØð�0��X¼ê,k���ê,é

uF¥�z��¼ê f ,f(z) 6= 0 �f (k)(z)� h(z)�õkk�ØÓ":(ØOê), KF3DS�5.

É�þã©z�éu,·�ïÄ
'u÷v^� (f 0(z))k � ak(z)fk
2

(z) 6= b(z)�ù�a¼êx

��55�·���k = 1�¼êx´Ø�5�,ék = 2; 3�¼êx´Ø�5�,�k = 2; 3��U

ÞÑ~	��~f,Ã{ÞÑ~	¼ê�~f,�´·���
k � 4����AÏ��5½K:

½n 1 �F �«�D S��xæX¼ê,a(z)( 6� 0); b(z)�«�D S�ü��X¼ê.

� a(z) = 0�, f(z) 6=1� k � 4�,éuF¥�z��¼ê f ,

(f 0(z))k � ak(z)fk
2

(z) 6= b(z)

KF3DS�5.

2. Ún

�
y²�©�(J, ·�I�e�Ún.

Ún 1.1 [4] �F�«�DS��xæX¼ê, �1 < � < 1: eF3DS�: z0Ø�5, K

�3

(1) :� zn 2 D; zn ! z0;

(2) F¥¼ê� fn;

(3) �êS� �n ! 0+;

¦�¼ê� gn(�) = ���n fn(zn + �n�)3E²¡CþU¥¡ål��Âñ����~ê�æX¼

ê g(�), �÷v g(])(�) � g(])(0) = 1.

Ún 1.2 [5] �F �«�DS��xæX¼ê, éuz�� f 2 F , f �":ê��� k,

�3��êA � 1, ¦�� f 2 F � f(z) = 0�, jf (k)(z)j � A. eF 3DS�: z0Ø�5, K

é 0 � � � k, �3

(1) :� zn 2 D; zn ! z0;

(2) F¥¼ê� fn;

(3) �êS� �n ! 0+;

¦�¼ê� gn(�) = ���n fn(zn + �n�)3E²¡CþU¥¡ål��Âñ����~ê�æX¼
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ê g(�), Ù":ê��� k,�÷v g(])(�) � g(])(0) = kA+ 1.

Ún 1.3 [6] � f´����æX¼ê, R´��Øð� 0�kn¼ê. e f�":Ú4:Ø

k��	þ�?, K f 0 �RkÃ�õ�":.

Ún 1.4 [7] �Q´���~êkn¼ê, m; k´��ê. eQ�":?��´� k+ 2, 3

E²¡CþQ(k)(z) = 1k).

Ún 1.5 [8] �Q´���~êkn¼ê, m; k´��ê. eQ�":?þ� k+ 2, �§�

4:�?Ø z = 0	þ� 2, éu?¿���êm, 3E²¡CþQ(k)(z) = zmk).

Ún 1.6 �F�«�DS��xæX¼ê, k � 3; a(z)( 6= 0)Ú b(z)�«�DSü��X¼

ê. eéuF¥�z��¼ê f ,

(f 0(z))k � ak(z)fk
2

(z) 6= b(z);

KF3DS�5.

y² Ø���5§b�F 3ü ��S�: z0 ?Ø�5, a(z0) 6= 0. dÚn 1:1�,�

3 fn 2 F ; zn ! z0; �n ! 0+, ¦�

gn(�) = �
1

k�1

n fn(zn + �n�)

3E²¡CþU¥åS4��Âñ����~ê�æX¼ê g(�). ¿�k3��K g(�)�4:�

«�Sk

(g0n(�))
k � ak(zn + �n�)g

k2

n (�)� (g0(�))k � ak(z0)g
k2(�) (1)

¤á

du

(g0n(�))
k � ak(zn + �n�)g

k2

n (�) = �
k
2

k�1

n

�
f 0n(zn + �n�)� a(zn + �n�)f

k
n(zn + �n�)

�

6= �
k
2

k�1

n b(zn + �n�);

lim
n!1

�
k
2

k�1

n b(zn + �n�) = 0;

� (g0n(�))
k�a(zn+�n�)g

k2

n (�)3��K g(�)�4:�«�SS4��Âñu (g0(�))k�a(z0)g
k2(�).

�â(1)ÚHurwitz½n�, (g0(�))k � ak(z0)g
k2(�) � 0½ (g0(�))k � ak(z0)g

k2(�) 6= 0.

e(g0(�))k � ak(z0)g
k2(�) � 0K

g(�) =
1

k�1

p
(1� k)(a(z0)� + c)

;

Ù¥ c�~ê. Ï�k � 3; a(z0) 6= 0, ¤±�g(�)´æX¼êgñ.
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e(g0(�))k � ak(z0)g
k2(�) 6= 0K

g0(�)

gk(�)
6= a(z0):

ù´Ï�µé �0 2 C,

(1)� g(�0) 6= 0;1�, g0(�0)
gk(�0)

6= a(z0)¤á.

(2)� g(�0) = 0�, d� g0(�0) 6= 0, l �0´
g0(�)
gk(�)

�4:, � g0(�0)
gk(�0)

6= a(z0):

(3)� g(�0) =1�, d� �0´
g0(�)
gk(�)

���1 ":, � g0(�0)
gk(�0)

6= a(z0):

-G(�) = 1
g(�)

, k

Gk�2(�)G0(�) 6= �a(z0):

duk � 3, �G(�)´�~ê, � g(�)�´~ê, ù� g(�)´�~ê�æX¼êgñ. nþ, F3 z0

?�5, lF3ü ��S�5.

5Ún2:1�Ún2:2¥� = 0��/´d±Ú�êÆ[zalcmna y²�,
Æªy²
�1 <

� < 1��/,ùü«�/é":Ø�?Û�¦.�~¨,�[,3":?� k��¹e,y²


�1 < � < k��/,ùp·��ÑA � 1Ø´���,=´�
Qãþ��B.

3. ½n�y²

y² dÚn 1:6, ·��Iy²F 3 0?�5Ò�±
. Ø��D = �, ¿�Ù¥m �

1; '(0) = 1; �3 0 < jzj < 1S a(z) 6= 0: du (f 0(z))k) � ak(z)fk
2

(z) 6= b(z)� a(0) = 0�,

f(0) 6=1, �
(f 0(z))k

ak(z)fk2(z)
�

b(z)

ak(z)fk2(z)
6= 1:

ù´Ï�, éu z0 2 �,

(1)� a(z0) 6= 0� f(z0) 6= 0;1�, (f 0(z0))
k

ak(z0)fk
2 (z0)

� b(z0)

ak(z0)fk
2 (z0)

6= 1¤á.

(2)� a(z0) = 0½ f(z0) = 0�, d�ak(z0)f
k2(z0) = 0, �´ (f 0(z0))

k(z0) 6= b(z0), l z0´¼

ê (f 0(z))k

ak(z)fk2 (z)
� b(z)

ak(z)fk2 (z)
�4:, � (f 0(z0))

k

ak(z0)fk
2 (z0)

� b(z0)

ak(z0)fk
2 (z0)

6= 1¤á.

(3)� a(z0) 6= 0; f(z0) = 1�, d� z0 ´
(f 0(z))k

ak(z)fk2 (z)
��� 8":, l (f 0(z0))

k

ak(z0)fk
2 (z0)

�
b(z0)

ak(z0)fk
2 (z0)

6= 1¤á.

-

F1 =

�
gnjgn(z) =

1

a(z)fk�1n (z)
; f 2 F

�
;

K gn�":��´ k � 1, 0´ gn���m4:, Ù{4:��´ k � 1.

b�F13 z = 0?Ø�5. dÚn 1:2�, �3 gn 2 F1; zn ! 0; �n ! 0+, ¦�

Gn(�) =
gn(zn + �n�)

�n
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3E²¡CþU¥åS4��Âñ����~ê�æX¼êG(�). Gn�":��´ k � 1,

0´Gn���m4:, Ù{4:��´ k � 1. ±e©ü«�¹?Øµ

�/ 1. �/ 1. zn
�n
!1: KG(�)�4:���k � 1. ·�äó:3fC nG �4:gS

(1� k)k
�

(f 0n(zn + �n�))
k

ak(zn + �n�)fk
2

n (zn + �n�)
�

b(zn + �n�)

ak(zn + �n�)fk
2

n (zn + �n�)

�
� (G0(�))

k

¯¢þ

G0
n(�) =

�
1

�na(zn + �n�)fk�1n (zn + �n�)

�0

= (1� k)
f 0n(zn + �n�)

a(zn + �n�)fkn(zn + �n�)
�

a0(zn + �n�)

a2(zn + �n�)fk�1n (zn + �n�)

P

I1 =
a0(zn + �n�)

a2(zn + �n�)fk�1n (zn + �n�)
; I2 = (1� k)k

b(zn + �n�)

ak(zn + �n�)fk
2

n (zn + �n�)

5¿�µ

I1 =
m(zn + �n�)

m�1'(zn + �n�) + (zn + �n�)
m'0(zn + �n�)

(zn + �n�)m'(zn + �n�)
Gn(�)�n

=
m�n

zn + �n�
Gn(�) +

�n'
0(zn + �n�)

'(zn + �n�)
Gn(�)� 0:

Ik�12 = ak(zn + �n�)[(1� k)kb(zn + �n�)]
k�1[�nGn(�)]

k2
� 0:

K�n¿©��

(1� k)k
�

(f 0n(zn + �n�))
k

ak(zn + �n�)fk
2

n (zn + �n�)
�

b(zn + �n�)

ak(zn + �n�)fk
2

n (zn + �n�)

�
� (G0(�))

k

d^� (f 0(z))k

ak(z)fk2 (z)
� b(z)

ak(z)fk2 (z)
6= 1: dHurwitz½nkG0(�) � (1� k)k½G0(�) 6= (1� k)k.

eG0(�) � (1� k)k, KG(�)´���gõ�ª, ù�G(�)�":?��´ k � 1gñ.

eG0(�) 6= (1� k)k, KdÚn 1:2�G(�)´��kn¼ê,ù�Ún 1:4gñ

�/ 2. zn
�n
! � 6=1: K

gn(�n�)

�n
=

gn(zn + �n(� �
zn
�n
))

�n
= Gn(� �

zn

�n
)

�n(�) =
1

�1+mn fk�1n (�n�)
= �m'(�n�)

gn(zn + �n(� �
zn
�n
))

�n
;
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k

�n(�)� �mG(� � �) = �(�)

3E²¡�?¿;f8þUì¥¡ål��¤á. Ï�G(�)3 � = 0?k��m4:, Ï

d�(0) 6= 0:

�0n(�) =

�
f1�kn (�n�)

�1+mn

�0
= (1� k)

f 0n(�n�)

�mn f
k
n(�n�)

l

(�0n(�))
k = (1� k)k

(f 0n(�n�))
k

�mk
n fk

2

n (�n�)

= (1� k)k�mk'k(�n�)
(f 0n(�n�))

k

�mk
n fk

2

n (�n�)

= (1� k)k�mk'k(�n�)

�
(f 0n(�n�))

k

ak(�n�)fk
2

n (�n�)
�

b(�n�)

ak(�n�)fk
2

n (�n�)

�

+ (1� k)k�m'k(�n�)
b(�n�)

ak(�n�)fk
2

n (�n�)

P

I1 = (1� k)k�mk'k(�n�)
b(�n�)

ak(�n�)fk
2

n (�n�)

Ù¥

Ik�1 =

�
(1� k)k�mk'k(�n�)

b(�n�)

ak(�n�)fk
2

n (�n�)

�k�1

= ak(�n�)[(1� k)k�mk'k(�n�)b(�n�)]
k�1[�nGn(� �

zn

�n
)]k

2

� 0:

d^�, (f 0(z))k

ak(z)fk2 (z)
� b(z)

ak(z)fk2 (z)
6= 1:KdHurwitz½n�� (�0)k(�) � (1�k)k�mk½ (�0)k(�) 6=

(1� k)k�mk.

e (�0)k(�) � (1 � k)k�mk. -�(�0) = 0, K �0´�(�)��� k � 1":, ��0(�0) = 0 =

(1� k)�m0 , l �0 = 0, ù��(0) 6= 0:gñ.

e (�0)k(�) 6= (1� k)k�mk. dÚn 1:3�, �(�)´��kn¼ê, �ùq�Ún 1:5gñ.

Ïd, F13 0?�5, lF13�S�5.

e¡·�òy²F3 0?�5.

�âF13 0?�5� gn(0) = 1, �3 � > 0¦��� S jgn(z)j � 1; qÏ� fn(0) 6= 1;Ï

d��S fn(z) 6=1, u´ fn3��S�X. À� �v
�, ¦��nv
�� jzj � �S ja(z)j � jzjm

2
.

·�k

jfn(z)j =

���� 1

a(z)gn(z)

����
1

k�1

�

�
2m+1

�m

� 1

k�1

; jzj =
�

2

d����nÚMarty�5½K�, �3F�f�3��S�5, =F30 ?�5.

Ïd·�y²
k � 4ù���AÏ�/,k = 2; 3�¼êx´Ø�5�, �´·�Ã{ÞÑ�~
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`²~	¼ê´�X¼ê�,¼êx´Ø�5�. �e5·�ò�÷Xù�g´5ÞÑ�~½ö$

^#��{5y²`²k = 2; 3�¼êx´Ø�5�.

ë�©z

[1] Yang, J.H., Yang, Q. and Pang, X.C. (2019) Normal Criterion of Meromorphic Functions. Acta

Mathematica Sinica, English Series, 35, 1972-1978.

https://doi.org/10.1007/s10114-019-9058-1

[2] �+R,  . �9Ø�":�æX¼êx��55[J]. 9ñÆ�Æ�, 2023, 41(2): 13-16.

[3] �õ�, é7u, �©d. �9":�õ�ª�Ã":æX¼êx��55[J]. ÜH���ÆÆ

�, 2018, 43(8): 10-17.

[4] Yang, L. (1986) Normality for Families of Meromorphic Functions. Scientia Sinica, 9, 898-908.

[5] Deng, B.M., Fang, M.L. and Liu, D. (2011) Normal Families of Zero-Free Meromorphic Func-

tions. Journal of the Australian Mathematical Society, 91, 313-322.

https://doi.org/10.1017/S1446788711001571

[6] 
Æª. �©õ�ª��5½K[J]. �ÆÏ�, 1988, 33(22): 1690-1693.

[7] Pang, X.C. and Zalcman, L. (2000) Normality Families and Shared Values. Bulletin of the

London Mathematical Society, 32, 325-331. https://doi.org/10.1112/S002460939900644X

[8] Pang, X.C., Nevo, S. and Zalcman, L. (2008) Derivatives of Meromorphic Functions with

Multiple Zeros and Rational Functions. Computational Methods and Function Theory, 8, 483-

491. https://doi.org/10.1007/BF03321700

DOI: 10.12677/pm.2023.136189 1866 nØêÆ

https://doi.org/10.1007/s10114-019-9058-1
https://doi.org/10.1017/S1446788711001571
https://doi.org/10.1112/S002460939900644X
https://doi.org/10.1007/BF03321700
https://doi.org/10.12677/pm.2023.136189

	1 引言
	2 引理
	3 定理的证明

