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Abstract

In this paper, we mainly study the Zhu algebras of one-of-a-kind unitary Virasoro vertex operator
algebras. Zhu proved in his doctoral thesis that there is a one-to-one correspondence between the
irreducible modules of vertex operator algebras and the corresponding Zhu algebras of vertex
operator algebras. Therefore, in this paper, Zhu algebras are determined by their irreducible mod-
ules.

Keywords

Virasoro Vertex Operator Algebra, Extension, Zhu Algebra

XES|H: A —280 Virasoro TS H TAAEY 3Kk H zhu /RS, BRIBEL2%, 2023, 13(9): 2572-2577.
DOI: 10.12677/pm.2023.139262


https://www.hanspub.org/journal/pm
https://doi.org/10.12677/pm.2023.139262
https://doi.org/10.12677/pm.2023.139262
https://www.hanspub.org/

AT

Copyright © 2023 by author(s) and Hans Publishers Inc.
This work is licensed under the Creative Commons Attribution International License (CC BY 4.0).
http://creativecommons.org/licenses/by/4.0/

1. 5|8

Frenkel, Lepowsky, Meurman = ATE#Ji#& moonshine #[1]H1 Borcherd 7T Kac-Moody X% 5 BE#E
AR 2] 70 AR 3 7 T AU AR S TR AR A B2 M 3 B 4R I8 b () 1 AREL
JGtH Frenkel, Lepowsky, Meurman — A% 7AGHIE L [1]. PBE EoAE5Z0 RO AT L8, T4
SRAE EAR 2 J5 B —HER 154, H b RO PR AN AN AT 295 1) ARV E K B DL S 2 R AN T 20 )
BRI, 1% 4852 H IR xS BT T AU AR B 19 fusion rules T0 A ST AR W3RN0 2 R AR A 6 1R 53R
IREFEOE, FEnl R MR B BB IR, PR — X R TR AR S Rt i r o
RUALTE 1R B ZE I FEARXT B, W1 Heisenberg T0 s 5 FARKCH B T4 B b B (01 FPEACEL,  Lattice
T AU BT 20T B B B3t FPEACEL, Virasoro Til i 8RB AR R T 5 /MR AL

Zhu FERF ST S ARBUM AR IERS (3], I T AR T TR SEFARB v I— R EREBA(V),
RN T A A RE A(V) B TR, R 2B R0 TR M —gf, HrhEEMLiem. 0
AT RBOV AT L BERERZE S RBLA(V ) BUERE S, BILIRATAT LIS VOA IIRIRE B 2
BINGE G REUNFR R TT. G55 RECA(V) gL v dpm 2, flin, —x—xtREERy, mR v
RN, Ma AV) 2. EHERE AV ) ERAZRERREY P S ECEEWERB]. BT
AWV FER TR EFREBER T EEZAE R, 2B ERE AV ) BT 73— B e TR [4]
[5] [6]- Virasoro Til s S FAREUE — IS 1) a B 3 B A 05 5 FREL, IR T Virasoro TG IR 4E BRI R R
VI 2 %34T T WF7E. Dong, Mason, Zhu WF5T 7 —3% Virasoro EHUFFI[7], HrAl2it5H T H Virasoro

fos L(%,Oj RTTZ0RE Zhu 14 A[L[%,OB R T AT . Wang 75 5 EH1[8], i T Virasoro
TSR L (c,0) AT EA 2 FLAL2oh 0 A4 ¢ W2
c=c,, :1_—6(p—q) ,
pq

K p,qe{23.4,) Hp Mg %, FHAWT L(c,,.0) BT RTLIL(c,, h,,) > X5

2 2
hmn:(np—mq) —(p—q) , 0<m<q,0<n<p,
’ 4pq

WitHE T Zhu A% A(L(cp_q,O)) - Kitazume, Miyamoto, Yamada 7t & —SZmtd Tl s 51 X%k[9], 153
7 L(%,O)(—DL(%J] BT 5 5 B B RS T 248, iJrﬁTTDiﬁﬁ?ﬁ%zL(%,o)@LGJ] 9 Zhu ¢
o, FHIEM T EZAE TREGEE R . ST HE KA Virasoro AL L(C,O) M9 7, Lam, Yamauchi
22 N FE T 7 Virasoro fAEUE T FHIP5K[10], 4 T 5k TS FAREISE /), FE028 T a 5 74R
BINAT L. BT LR R 5, NitE— BRI Virasoro T AE 7K kMR, A0l E—%
P4 Virasoro T AUH FAEY 7K 1 Zhu 2.

TR SR Zhu AE AV &P 2 TARE AR B B, IR, VA L8 w rE
ZRHNTE[10], HELER W EAKK, 3 H 7 Virasoro B BUFF & B A 11], Bl ph &t

DOI: 10.12677/pm.2023.139262 2573 S H


https://doi.org/10.12677/pm.2023.139262
http://creativecommons.org/licenses/by/4.0/

A

HKOERLERUE BUAE Zh B T, I HHIELR 2D,
ARERIT . BATREE, S TS MR S TR TR AR, g AR E X
MEAREER. FH=TR EELER, Sl LHma .

2. M&EHEIA

X 21 W F RACKAR, W3 F TR R Vir=®,,FL ®FC , THE: L
SE SRR 2 Vir PO M, RS SEL), 7
3
m

%5,,,”,00, [£,.C]=0, m,neZ,

M vir 23 F ER—ANTER4EZEL, FRA Virasoro 104K,

GEEH e M h, FRBVir i) Verma BEM (c,h) &—NH 1 AERKMEBU(L ) B, 45
L1=0, Ll=h-1 M C-1=c-1o M (c,h) fFAE—ANMEHIBRITT RN J (e, h) o I L(c,h) Fom
M(c,h)[J(c,h)e WK L v=0H v RET L FWFHERE, FRveM (c,h)R—MRKmE. fli, L 12
M (c,0) ARG M (c,0)/(L 1)iLA M, K (L 1) A M (c,0) Bt AR R L 1 £ T
1

SEH 2.2 M FIL(c,0) 1 AT ST, 3L Virasoro T6E w=1 ,1. HIN&M Y K
L(c,0), KuRiEI VOA 4iH.

/Q\,\

C,neZ;

n>

[LM’LH:IZ(m_n)Lmﬂz +

pP—q
p,q:l_6( o4 )n Paqe{2,3,4,"‘},
(np—mq) =(p=a)’
4pq

BB L(c,h) REPEHI HACASH (c.h) W/ c2 1R A2 0, 5 (c.h) W2 F A%

h =

‘m,n

6
c=c, —I—W, (m—0,1,2,---)
[(m+3)r—(m+2)s]2 -1
4(m+2)(m+3)
b LIS (c,, A7) 20K L(c,,, A7) » FRA Virasoro FRELH B #AY.
X 2.3 TAHEFAE v 2AHEP, R VARSI TYE I HALE N 3R VR e 4 m )
1
X 24 MTIRETRE V, & XWNEHEHE« T SMEEMNF R GaeV , &
(Ghd) P

z

h=h = (r,seN,lSsSrSm+1),

a*b= reszY(a,z)

FI O(V) 367 F A6 2Lk Sk
(z+1)

2
z

reszY(a,z) b, beV.

W4 O(V) XFBHRAEN V LTI, FA & aREA(V)=V/0(V) -

DOI: 10.12677/pm.2023.139262 2574 S H


https://doi.org/10.12677/pm.2023.139262

AT

3. XELR

AATIGE LG H— 287 Virasoro VY K Zhu B B AR, 158, H512E 3.1, AT LAMSH| P Virasoro
REP 7Kk VOA HIfF{EME.

FIE 311014 U =L(c,,0) MU' = L(c, h'”) X RS B R ERE Y, TRAH

WE m=083mod4 , MAU’@U' EHME—H VOA 4.

WHE m=182mod4, M4 U’ @U"' EHME—FIH SVOA 454,

ATUIEH (UYL o) RIS HETFREERU =0 0U", KRU°ZFEHT L(c,,0) TS HFREOF
HAr A AR Virasoro 76E& @, HH U 1ERH U BRI T L(cm,h'"), X m=083mod4 , AICHU
BRI, 4 m ¥R

(0] P B, FI Zhe REGIEAPER . BISO(U°) M O(U') 52X, HRI0OU)BE =
o Zhu KA A(U) R TR Cx] R RI7]

Clx]
[T(—7)
A(U") R C e,y IR R EL A(U° ) (ZEAE LRI 0 T4ty

Wy > [e]" *[q]**[e] .
BKHL g R U B BUAROL. T A4(U°) 2 A(U") L& 1E FIRVG (R ER 22 O(U) AR, B [o]
Zhu (R A(U) it ge, L
FIE 3.2 A(U) R E A(U) 2
cl] o Cld

E[(x—h) E[(x—h)

~A(UO); x" —>[a)]n, ﬁihe{hﬁ|l$s£r§m+l},

E5 (U BIRUEL,

MFEARE .
%Tﬁ@?&ﬁ’ ﬁ%éﬁ'ﬂlﬂ#%ia%o &mEOE‘Z?ﬁmOdA"y ;EkmEOmod4, Eljm=4k,k21HTJ" 'La

Alz{ =

(m+2)/2=2k+1, s:l,2,---,2k+1},

= (.

m
{hm r+2,s

r=13,men 2k L1 S5 <2t L2 s URY [r =2k 43,00 4k 41,2k +2 < 5 <4k +1r> 5],

r=1,3,---,2k—1,1$s£2k+1,r2s}U{h

A={m,

FFE m=3mod4, Blm=4k-1,k>1, it

F=2k+3, 4k+1,2k+2£s§4k+l,r2s},

m—r+2,s

ISs<rEmalf=A - A, A,

A= {hr”’é s=

(m+3)/2= 2k +1,7 =2k 41,2k + 2,00+, 4k}

={h;1|1grs2k,s=1,-.-,2k—3,2k—1ﬂrzs}u{h;;

2k+1£rs4k,s=2k+3,~-,4k—1ﬂr2s},

1<r<2k,s =1,000,2k=3, 2k~ 1 Hr > s|U A2

m—r+2,s
_ m
A={m,

DOI: 10.12677/pm.2023.139262 2575 S H

A ={ 2k+1<r<dk,s =2k+3,.. 4k —1Hr>s),

I<s<r<malf= A=A, - A,



https://doi.org/10.12677/pm.2023.139262

FEFE]

G133 F15| 3 3.4 Sk HOCER[10], FRATTR AT 05 BB AUR X 4> 5 3.
513 3.3 (EMAL UKL, fERUHEL, YAl Nl —
w (k)= L(c,.hl), hl € A,
w (1) = L(e, i ) DL(c, ko, ) B €A,
5 # 3.4 $Dﬁﬁﬁ¥ﬁiﬂw;L(cm,o)®L(cm,h"')ﬁuTE’\JKﬂZ’\JﬁE‘JW@%’é, ATLARIR A
W(h;r:s)’hr”,ISEAZ’ W(h:r,ls’—‘r)’W(hr”:s’_)’hr”,,seAl:
WR m=4k-1,k>1, XERAT LB NEON 267 + 4k 5 W m =4k, k > VR LB N 0N 26 + 5k +2 &
KEEATTL) UKL, 1B U BRIER T
W ()= L(c, k)@ L(c,nhit v, ), Bl €A,
w(h+) =W (=)= L e, B0 ), B, €A,

PR IITE TARRI O 5E i, R R I ASCI B 2E B, X HURA T [9]h R U mAsk.
SEFE 3.5 T TRE U M Zhu 1RE 4(U) FIRT

Clx] o Cl1
T I )
Ut A(U) IR U +O(U /0 ) A F C[x] H(x hm)H(x_h;g)%aulﬁA(U)q:aw%

U'+o(U)/o(U) AT C[x]/ T (x-4") -

WER: BN U AT 208 [RS8 Zhe ARE 4(U) AN AT 2R IR R 28 —— e iy a1

R B E A(U). B EIR @: A(U) - End N A REIFRR, BATGE A U 1 M,

B M IFTIRAREUA h 197% IEﬂM 5T N, JFEEAMTAH: o([v])w=o(v)w, T weNFver,

ik B [v] $RH & v 7E A(U)=U/O(U) TR, FH o(v)=v,, 2" EE Y (v.2) THIRHL.

L W RE— AR Uﬁ% 4 WEPEI’JBﬂE%Xh)%ﬂ: A+ Ay IUEE, AT WL U B T4 A(U°)

{6 W, LR (] HfER, EIFELL A, EEUOEA(U)EPEIM%?'EC[x]/H (x=h2) TT (x=2) o
R eAy m

hrw\.E/\z
T U' 8 A(U) d i8R i [q] 1 U +O(U)JO(U) #E2 A ity BT B U' 26 A(U) i 1R 2
U'+oU)fo(U) i AE B . HE R A, w=w (i )= oW, EHW =L(c,.h ), I H
W= (cm i +2) BA DAL AT A Y (v, z)W'cW{[ -1]] MIEAveU' AW FIw?

(RS BUR R, I H T35 F o(v) (REBURE, KEKE o(v)w=0, HFAHBA I A, 17
WIEH we ' Hor, BILTE U +0(U)/o(U) i, e RHT Clx] H(x W) BT 2 €A,

BRRTL U B (17, ) RO () 50 U BUR RO, T U BT SR, B T
Clx]/ TT (x-4) HEFBAHHBILE U +0(U)/O(U) 2

hm SEA

HEIC 3.6 EH 3.5 AT EELUR, T 5 AR Zho ACECAS 2 — AR SR ORI, T 2E 3

5 BT R AR U 19 Zhe ARECA IS 2 — A 2 IEURER A B, JF B i B 2 4% Ui 2

DOI: 10.12677/pm.2023.139262 2576 S H


https://doi.org/10.12677/pm.2023.139262

AT

Maffriksg, HUEXS U w L, T LA 1% 2 SR AR B R 7T, S8 84T T k.

B 3.7 Rign b, 24 m=3I, FﬁU‘);LG,OJ, U' ;L(%,S), X1, UO@UIEL(%,OJ@LGJJ .

S k=1, AR B AT A, = {%%} RIA, = {o%} R 3.6

A z[2oleor[23 Cl] ® Clx] ,
) e
X5 SCER[9]H TS R — B
SE3CH

[1] Frenkel, I.B., Lepowsky, J. and Meurman, A. (1989) Vertex Operator Algebras and the Monster. Pure and Applied
Mathematics. Academic Press, New York.

[2] Borcherds, R.E. (1986) Vertex Algebras, Kac-Moody Algebras, and the Monster. Proceedings of the National Acade-
my of Sciences, 83, 3068-3071. https://doi.org/10.1073/pnas.83.10.3068

[3] Zhu, Y.C. (1996) Modular Invariance of Characters of Vertex Operator Algebras. Journal of the American Mathemat-
ical Society, 9, 237-302. https://doi.org/10.1090/S0894-0347-96-00182-8

[4] Dong, C.Y. and Li, H.S. ((1998) Mason, Vertex Operator Algebras and Associative Algebras. Journal of Algebra, 206,
67-96. https://doi.org/10.1006/jabr.1998.7425

[S1 Dong, C.Y. and Li, H.S. (1998) Mason, Twisted Representations of Vertex Operator Algebras. Mathematische Annalen,
310, 571-600. https://doi.org/10.1007/s002080050161

[6] Dong, C.Y. and Yang, C. (2022) G-Twisted Associative Algebras of Vertex Operator Superalgebras. Journal of Alge-
bra, 606, 323-340. https://doi.org/10.1016/j.jalgebra.2022.04.040

[7] Dong, C., Mason, G. and Zhu, Y. (1994) Discrete Series of the Virasoro Algebra and the Moonshine Module. Pro-
ceedings of Symposia in Pure Mathematics, 56,295-316.

[8] Wang, W. (1993) Rational of Virasoro Vertex Operator Algebras. Duke Mathematical Journal, 71, 197-211.

[91 Kitazume, M., Miyamoto, M. and Yamada, H. (2000) Ternary Codes and Vertex Operator Algebras. Journal of Alge-
bra, 223, 379-395. https://doi.org/10.1006/jabr.1999.8058

[10] Lam, H.C., Lam, N. and Yamauchi, H. (2003) Extension of Unitary Virasoro Vertex Operator Algebras by a Simple
Module. International Mathematics Research Notices, 2003, 577-611. https://doi.org/10.1155/S1073792803205092

[11] Hoéhn, G., Lam, C.H. and Yamauchi, H. (2012) McKay’s E; Observation on the Baby Monster. International Mathe-
matics Research Notices, 2012, 166-212. https://doi.org/10.1093/imrn/rnr009

I

DOI: 10.12677/pm.2023.139262 2577 S H


https://doi.org/10.12677/pm.2023.139262
https://doi.org/10.1073/pnas.83.10.3068
https://doi.org/10.1090/S0894-0347-96-00182-8
https://doi.org/10.1006/jabr.1998.7425
https://doi.org/10.1007/s002080050161
https://doi.org/10.1016/j.jalgebra.2022.04.040
https://doi.org/10.1006/jabr.1999.8058
https://doi.org/10.1155/S1073792803205092
https://doi.org/10.1093/imrn/rnr009

	一类酉Virasoro顶点算子代数扩张的Zhu代数
	摘  要
	关键词
	Zhu Algebras of a Class of Unitary Virasoro Vertex Operator Algebras Extension
	Abstract
	Keywords
	1. 引言
	2. 预备知识
	3. 主要结论
	参考文献

