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Abstract

Let T =

(
A 0

U B

)
be a formal triangular matrix ring, where A and B are rings and U
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is (B,A)-bimodule. In this paper, we characterize the structure of relative strongly

Gorenstein projective modules over T under some conditions.
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1. Úó

�©¤J���þ�kü ��(Ü�,�þ�j�.^R-Mod ( Mod-R)L«�(m)R−�,�

C ∈ R -Mod§^AddR(C)L« C ����Ú��Ú��¤�a§^ProdR(C) L« C ����

È��Ú��¤�a,n�Ý
�3�ê�L«ØÚ�Ø¥ék^,§Ï~^uMï«~Ú�~,ù

¦���nØC�äNz,éõ�ölØÓ�Ý�ïÄ
 T .1990 c, Enochs�<3©z [1] ¥Ú

\
 GorensteinÝ�(S�,²")�¿ïÄ
Ù5�.Ùâ3©z [2] ¥ïÄ
 Gorenstein�ê T

þ� GorensteinÝ���(�. 2020 c,fá#3©z [3] ¥ïÄ
 T þ�r GorensteinÝ�(S

�,²")�. 2021 c, Driss Bennis �<3©z [4]¥ïÄ
 T þ��é Gorenstein�ê.�©�â

©z [3, 4]�½ÂÚïÄ/ªn�Ý
�þ��ér GorensteinÝ��.

� A, B ´�, U ´ (B,A)-V�.�

T =

(
A 0

U B

)
= {

(
a 0

u b

)
| a ∈ A, b ∈ B, u ∈ U},

Ù¦{½Â�

(
a 0

u b

)(
a′ 0

u′ b′

)
=

(
aa′ 0

ua′ + bu′ bb′

)
,Ù¥

(
a 0

u b

)
,

(
a′ 0

u′ b′

)
∈ T ,K T 'uÝ


�\{Ú¦{�¤���,¿¡��/ªen�Ý
�.

� T-��Æ¥�é��±^n�|M =

(
M1

M2

)
ϕM

5L«,Ù¥M1´� A-�, M2´� B-�,

ϕM : U ⊗A M1 → M2 ´ B-�Ó�.?¿�ü�� T-�M =

(
M1

M2

)
ϕM

Ú N =

(
N1

N2

)
ϕN

�m��
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��

(
f1

f2

)
,Ù¥ f1: M1 → N1´ A-�Ó�, f2: M2 → N2´ B-�Ó�,¿�÷vXe��ã:

U ⊗A M1

ϕM

��

1⊗f1 // U ⊗A N1

ϕN

��
M2

f2 // N2

�½ T -� M =

(
M1

M2

)
ϕM

, k ϕ̃M : M1 → HomB(U,M2), Ù¥ ϕ̃M (x)(u) = ϕM (u ⊗ x), x ∈ M1,

u ∈ U .

� T -�S� 0 //

(
M

′

1

M
′

2

)
ϕM

′

//

(
M1

M2

)
ϕM

//

(
M

′′

1

M
′′

2

)
ϕM

′′

// 0 �Ü��=� 0 → M
′

1 →

M1 →M
′′

1 → 0Ú 0→M
′

2 →M2 →M
′′

2 → 0�Ü.

3�©¥, T =

(
A 0

U B

)
´/ªn�Ý
�,�½� T -� M =

(
M1

M2

)
ϕM

,B-�CokerϕMP

�M̄2,A- � ker ϕ̃M ,P�M1, �â [2], éu��ÆT-Mod ÚÈ�ÆA−Mod × B−Mod, ·�?

�M =
(
M1

M2

)
ϕM
∈ T−Mod,

(
f1
f2

)
´T -Mod ¥���,(M

1
,M

2
) ∈ A−Mod×B −Mod, (f1, f2)´A−

Mod×B −Mod K�3±e¼f:

p : A−Mod×B−Mod→ T−Mod, p(M1,M2) =

(
M1

U ⊗A M1 ⊕M2

)
, p (f1, f2) =

(
f1

1⊗A f1 ⊕ f2

)
.

h : A−Mod×B−Mod→ T−Mod, h(M
1
,M

2
) =

(
M1⊕HomB(U,M2)

M2

)
, h(f

1
, f

2
) =

(
f1⊕HomB(U,f2)

f2

)
.

q : T−Mod→A−Mod×B−Mod, q
(
M1

M2

)
= (M1,M2), q

(
f1
f2

)
= (f1, f2).

5¿�§(p,q)Ú(q,h)´��é§w,q´�Ü�,AO/§p�±Ý�é�§h�±S�é�.

2. ý��£

XJØAO`²,�©¥ T oL«en�Ý
�

(
A 0

BUA B

)
.

½Â 2.1 [5]¡Ý����Ü�P = · · · → P1 → P0 → P 0 → P 1 → · · ·´����Ý�©),X

Jé?¿Ý�R-�Q,kHomR(P , Q)�Ü.

½Â 2.2 [ [6],½Â2.2] �½?¿C ∈ R−Mod,¡R-�M ��éGorenstein Ý�(=:Gc-Ý�

�),XJ�3HomR(−,AddR(C)) �ÜR- ���Ü�µ

X = · · · → P1 → P0 → A0 → A1 → · · · ,
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Ù¥:é?¿i ∈ N,Pi�Ý��,Ai ∈ AddR(C),¦�M ∼= Im
(
P0 → A0

)
½Â 2.3 [7] ¡R-�M�rGorensteinÝ�(=:SG-Ý��),XJ�3����Ý�©)· · · f−→

P
f−→ P

f−→ P
f−→ · · · , ¦�M ∼= ker(f)

½Â 2.4 [5]¡XÝ��)§XJP(R) ⊆ X , é?¿á�Ü�

0 → X ′ → X → X ′′ → 0,

Ù¥X ′′ ∈ X§kX ′ ∈ X ′�X ∈ X �d. ¡XS��)§XJI(R) ⊆ X ,é?¿á�Ü�

0 → X ′ → X → X ′′ → 0,

Ù¥X ′ ∈ X§kX ∈ X ′ �X ′′ ∈ X �d.

½Â 2.5 [5] é?¿R-�aX§½Â���a

⊥X = {M ∈M (R) | ExtiR(M,X) = 0?X ∈X , 9?i > 0},

m��a

X ⊥ = {N ∈M (R) | ExtiR(X,N) = 0?X ∈X , 9?i > 0},

½Â 2.6 [5] ¡�Ü�X = 0 → M → X0 → X1 → · · ·´?¿�M�mX©),Ù¥é?

¿n > 0, Xn ∈ X . XJS�÷vé?¿Y ∈ X ,kHomR(X, Y )�Ü§K¡X ´M �{ýmX©).

½Â 2.7 [ [8],½Â3.2]�(C1, C2) ∈ A-Mod × B-Mod,C = p (C1, C2),¡V�BUA�C-�N�§

XJ±eü�^�¤á:

(a)é?¿A-Mod¥��Ü�X1 : · · · → P 1
1 → P 0

1 → C0
1 → C1

1 → · · · ,Ù¥é?¿i ∈ N,P i
1 ∈

P(A),Ci
1 ∈ AddA(C1), E/U ⊗A X1 ´�Ü�.

(b)é?¿B-Mod¥HomB(−,AddB(C2))�Ü��Ü�X2 : · · · → P 1
2 → P 0

2 → C0
2 → C1

2 →
· · · , Ù¥é?¿i ∈ N,P i

2 ∈ P(B),Ci
2 ∈ AddB(C2), E/HomB (X2, U ⊗A AddA (C1)) ´�Ü�.

?�Ú,XJ÷v(b),(c),¡V�BUA�fC-�N�.

(c)é?¿A-Mod¥HomA(−,AddA(C1))��Ü�X1 : · · · → P 1
1 → P 0

1 → C0
1 → C1

1 → · · · ,Ù
¥é?¿i ∈ N,P i

1 ∈ P(A),Ci
1 ∈ AddA(C1), E/U ⊗A X1 ´�Ü�.

Ún 2.8 [ [4],Ún2.6]�M =

(
M1

M2

)
ϕM

,N =

(
N1

N2

)
ϕN

´ü�T-�,n ≥ 1´�ê,Kk±

eg,Ó�:

1) XJTorA1≤i≤n(U,M1) = 0,@o:ExtnT (

(
M1

U ⊗A M1

)
, N) ∼= ExtnA(M1, N1);
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2) ExtnT (

(
0

M2

)
, N) ∼= ExtnB(M2, N2);

3) ExtnT (M,

(
N1

0

)
) ∼= ExtnA(M1, N1);

4) XJExt1≤i≤nB (U,N2) = 0,@o:ExtnT (M,

(
HomB(U,N2)

N2

)
) ∼= ExtnB(M2, N2).

Ún 2.9 [ [4],Ún4]�X =

(
X1

X2

)
ϕX

∈ T -Mod ,(C1, C2) ∈ A-Mod × B-Mod, K

X ∈ AddT (p(C1, C2))��=�1) X ∼= p
(
X1, X2

)
; 2) X1 ∈ AddA (C1) , X2 ∈ AddB (C2). d

�kϕX´ü�.

½n 2.10 [ [9],½n3.1]�M =

(
M1

M2

)
ϕM

∈ T -Mod ,M ∈ P(T ) ��=�M1 ∈ P(A),M2 ∈

P (B),±9ϕM ´ü�.

3. /ªn�Ý
�þ��ér Gorenstein Ý��

Äk�Ñ�érGorensteinÝ���½Â,2�Ñ�'�A�½n.

½Â 3.1 �C��R-�§¡�R-�M�SGc-Ý��§XJ�3HomR(−,AddR(C)) �ÜR-�

��Ü�µX = · · · → P → P → Q→ Q→ · · · Ù¥:P�Ý��§Q ∈ AddR(C)§¦�M ∼=
Im(P → Q).

·�^SGCP (R)L«¤kSGc-Ý��R-��a.

AO/§�C=R�§SGCP (R)=SGP (R).

Ún 3.21 z�Ý��´SGc-Ý��,¤k�érGorensteinÝ�R- ��aSGCP (R)´Ý��

)�..

Ún 3.3 R-�M´SGc-Ý��§KMk��{ýmAddR(C)- ©).

Ún 3.4 eM ∈⊥ AddR (C), ¿�Mk��{ýmAddR(C)- ©),KM ∈ SGCP (R).

Ún 3.5 b�AC1 , BC2´�éó�,C = p (C1, C2) ´�T-�,BUA ´fC- �N�,Kk:

1.XJM1 ∈ SGC1
P (A)§@o

(
M1

U ⊗A M1

)
∈ SGCP (T ).

2.XJM2 ∈ SGC2
P (B)§@o

(
0

M2

)
∈ SGCP (T ).
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y² 1.b�M1 ∈ SGC1
P (A),K�3HomA (−,AddA(C1)) �Ü��Ü�

X1 : · · · → P1 → P1 → Q1 → Q1 → · · · ,

¦�M1
∼= Im

(
P1 → Q1

)
§Ù¥:P1 ∈ P(A)§Q1 ∈ AddA(C1). duU´fC-�N�§KkE

/U ⊗A X13B-Mod¥�Ü§¤±kXeE/�Ü�

p(X1, 0): · · · →

(
P1

U ⊗A P1

)
→

(
P1

U ⊗A P1

)
→

(
Q1

U ⊗A Q1

)
→

(
Q1

U ⊗A Q1

)
→· · ·

Ù¥ (
M1

U ⊗A M1

)
∼= Im

((
P1

U ⊗A P1

)
→

(
Q1

U ⊗A Q1

))

w,§dÚn2.9§2.10 p
(
P1, 0

)
=

(
P1

U ⊗A P1

)
∈ P

(
T
)
§

p (Q1, 0) =

(
Q1

U ⊗A Q1

)
∈ AddT (C)

�X =

(
X1

X2

)
ϕX

∈ AddT (C), dÚn2.9, kX1 ∈ AddA(C1).

^��5,��HomT (p(X1, 0), X) ∼= HomA (X1, X1) ´�Ü�.

Ïd

(
M1

U ⊗A M1

)
∈ SGCP (T ).

2.b�M2 ∈ SGC2
P (B),K�3HomB (−,AddB(C2)) �Ü��Ü�

X2 : · · · → P2 → P2 → Q2 → Q2 → · · · ,

¦�M2
∼= Im

(
P2 → Q2

)
§Ù¥:P2 ∈ P(B)§Q2 ∈ AddB(C2). w,,kE/�Ü�

p(0,X2) : · · · →

(
0

P2

)
→

(
0

P2

)
→

(
0

Q2

)
→

(
0

Q2

)
→ · · ·

Ù¥

(
0

M2

)
∼= Im

((
0

P2

)
→

(
0

Q2

))

w,§dÚn2.9§2.10 p
(

0, P2

)
=

(
0

P2

)
∈ P(T )§p (0, Q2) =

(
0

Q2

)
∈ AddT (C)
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�Y =

(
Y1

Y2

)
ϕX

∈ AddT (C), dÚn2.9, k Y ∼= P
(
Y1, Y 2

)
§Y1 ∈ AddA(C1)§Y 2 ∈

AddB(C2) .

^��5,k

HomT (p(0, X2), Y ) = HomT

((
0

X2

)
,

(
Y1

(U ⊗A Y1)⊕ Y 2

))

=HomT

((
0

X2

)
,

(
Y1

(U ⊗A Y1)

))
⊕ HomT

((
0

X2

)
,

(
0

Y 2

))

∼= HomB (X2, U ⊗A Y1) ⊕ HomB

(
X2, Y 2

)
´�Ü�. lHomT (p(0, X2), Y )´�Ü�§Ï

d

(
0

M2

)
∈ SGCP (T ).

Ún 3.6b�AC1 , BC2´�éó�, M =

(
M1

M2

)
ϕM

,C = p (C1, C2)´�T-�,XJBUA ´C-

�N�§K±eü^�d:

1) M´�érGorensteinÝ��.

2) ϕM´ü�,M1 ∈ SGC1
P (A),M̄2 := CokerϕM ∈ SGC2

P (B).

y² (2) ⇒ 1):Ï�ϕM´ü�,¤±k�Ü�:0 → U ⊗A M1
ϕM

−−→ M2 → M̄2 → 0. l

kT−Mod¥��Ü�:0→

(
M1

U ⊗A M1

)
→M →

(
0

M2

)
→ 0.

qM1 ∈ SGC1
P (A)§dÚn3.5�,

(
M1

U ⊗A M1

)
∈ SGCP (T ).

M̄2 ∈ SGC2
P (B)§dÚn3.5�,@o

(
0

M̄2

)
∈ SGCP (T ).

Ï�SGCP (T )Ý��)§¤±M ∈ SGCP (T ).

(1)⇒ (2):M ∈ SGCP (T ),d½Â,�3HomT (−,AddT (C))�ÜT-���Ü�:

X = · · · →

(
P1

P2

)
φP

→

(
P1

P2

)
φP

→

(
C1

C2

)
φC′

→

(
C1

C2

)
φC′

→ · · · ,

Ù¥C ′ =

(
C1

C2

)
ϕC′

∈ AddT (C),P =

(
P1

P2

)
ϕp

∈ P(T ), ¦�M ∼= Im (P → C ′)
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d2.9,2.10,@ok�Ü�:

X1 : · · · → P1 → P1 → C1 → C1 → · · · ,

Ù¥P1 ∈ P(A),C1 ∈ AddA(C1),¦�M1
∼= Im

(
P1 → C1

)
.

Ï�BUA ´C-�N�§E/U ⊗A X1´�Ü�§�kU ⊗A M1
∼= Im

(
U ⊗A P1 → U ⊗A C1

)
.

XJl1 : M1 → C1§l2 : M2 → C2´�¹N�§@o1U ⊗ l1 ´ü�§�k±e��ã

U ⊗A M1

ϕM

��

1U⊗l1 // U ⊗A C1

ϕC′

��
M2

l2 // C2

d2.9,2.10ϕC
′
,ϕP´ü�,lϕM´ü�,Kk±e��Ü���ã:

0

��

0

��

0

��

0

��
· · · // U ⊗ P1

��

// U ⊗ P1

��

// U ⊗ C1

��

// U ⊗ C1

��

// · · ·

· · · // P2

��

// P2

��

// C2

��

// C2

��

// · · ·

· · · // P2

��

// P2

��

// C2

��

// C2

��

// · · ·

0 0 0 0

Ï�1�1,1�1�Ü,¤±kB−Mod¥��Ü�:

X̄2 :· · ·→ P2 → P2 → C2 → C2 →· · ,

Ù¥P2 ∈ P(B),C2 ∈ AddB(C2), ¦�X̄2
∼= Im

(
P2 → C2

)
.

X1´HomA(−,AddA(C1))-�Ü,X̄2 ´HomB(−,AddB(C2))-�Ü.

�X1 ∈ AddA (C1),X2 ∈ AddB (C2), @op (X1, 0) =

(
X1

U ⊗A X1

)
∈ AddT (C),p (0, X2) =(

0

X2

)
∈ AddT (C).

¤±d��Ó�:HomB

(
X̄2, X2

) ∼= HomT (X,p(0, X2)) ´�Ü,¤±M̄2 ∈ SGC2
P (B).
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d2.9,5¿�C
′ ∼= p

(
C1, C2

)
.

d2.109BUA ´C-�N,KExt1T

(
C ′,

(
0

U ⊗A X1

))
∼= Ext1B

(
C2, U ⊗A X1

)
= 0

^HomT (X,−)�^���Ü�:0→

(
0

U ⊗A X1

)
→

(
X1

U ⊗A X1

)
→

(
X1

0

)
→ 0, ��E/�

Ü�:

0→ HomT

(
X,

(
0

U ⊗A X1

))
→ HomT

(
X,

(
X1

U ⊗A X1

))
→ HomT

(
X,

(
X1

0

))
→ 0.

d��Ó�:HomT

(
X,

(
0

U ⊗A X1

))
∼= HomB

(
X̄2, U ⊗A X1

)
,HomT

(
X,
(
X1

0

)) ∼= HomA (X1, X1).

5¿�HomT

(
X,

(
X1

U ⊗A X1

))
´�Ü�§

qÏ�BUA ´C-�N�§¤±HomB

(
X̄2, U ⊗A X1

)
´�Ü�, lHomA (X1, X1)´�Ü

�.ÏdM1 ∈ SGC1
P (A).
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