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Abstract

In this article, we study the results that the scalar curvature is constant when the
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scalar curvature of a gradient h-Ricci soliton has an upper bound. It also proved that

under some integral conditions, the scalar curvature of gradient h-Ricci solitons must

be vanished.
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1. Úó9Ì�(J

� (Mn, g)´ n�iù6/,XJ�31w�þ| X,1w¼ê λ, h,÷v�§

Ric +
h

2
LXg = λg, (1)

K¡ (Mn, g)� h-C Ricci�áf(� [1]),P� (Mn, g,X, h, λ),Ù¥ LXg L«Ýþ g ÷�þ| X

��� Lie�ê, RicL« (Mn, g)� RicciÇÜþ.é?¿: x ∈ Mn,� λ > 0 (= 0,½ < 0 )�,

¡ (Mn, g,X, h, λ)�Â  (½,½*Ü) h-C Ricci�áf.AO/,e1w�þ|X �Mnþ,�

1w¼ê f �FÝ, λ�~ê,�÷vXe�áf�§

Ric + h∇2f = λg, (2)

K¡ (Mn, g,∇f, h)�äk³¼ê f �FÝ h-Ricci�áf.

éuiù6/ (Mn, g)(n ≥ 2),e�31w¼ê f , λÚ µ,÷v

Ric +∇2f − µdf ⊗ df = λg, (3)

Ù¥ µ = 1
m
� m ∈ N+,K¡ {Mn, g,∇f, λ,m}�2Â� m-[-Einstein6/(� [2]).AO/,� λ

´~ê�,¡ {Mn, g,∇f, λ,m}�m-[-Einstein6/.

3 (3)ª¥,�Ä�~�¼ê Ψ = e−
f
m ,K

∇Ψ = − 1

m
e−

f
m∇f, (4)
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−m
Ψ
∇2Ψ = ∇2f − 1

m
df ⊗ df. (5)

ò (5)ª�\ (3)ª,�±��Xe/ª�FÝ (−m
Ψ

)-Ricci�áf�§

Ric− m

Ψ
∇2Ψ = λg, (6)

¤±÷v µ = 1
m
�2Â[-Einstein6/´FÝ (−m

Ψ
)-C Ricci�áf,Ïdd (5)ªÚ (6)ª��,

¤k�m-[-Einstein�áfÑ´FÝ (−m
Ψ

)-Ricci�áf.

©z [3]3FÝ (−m
Ψ

)-Yamabe�áf�êþÇke.�^�e,��
êþÇ´~ê�(

J,?�Ú��
äk�KêþÇ�FÝ*Ü½Â  (−m
Ψ

)-Yamabe�áf3�½�È©^�e,

êþÇ´���.Ó�,©z [1]3JÑ
 h-C Ricci�áfVg�Ä:�þ,?�ÚïÄ
äk~

êþÇ� h½Ò�;��²� h-C Ricci�áf�f5¯K,¿��
�åuîª¥¡�(J.Ï

d,ïÄ h-C Ricci�áf3�o�¹eäk~êþÇ´ék7��.

Äuþã(J,·�?Ø (−m
Ψ

)-Ricci�áf33÷v�½^��äk~êþÇ��¹.aq

©z [3]�ïÄ�{,ïÄ3FÝ (−m
Ψ

)-Ricci�áf3êþÇkþ.�^�e,��
êþÇ

´~ê�(J,¿?�ÚïÄ³¼êk�e.�äk�KêþÇ�FÝ (−m
Ψ

)-Ricci�áf,¿�

�
3�½�È©^�eêþÇ���(J.Ì�(JXe.

½n 1 � (Mn, g,∇Ψ,−m
Ψ

)´ n�½�,ëÏ�÷v R ≤ nλ�FÝ (−m
Ψ

)-Ricci�áf,Ù

¥ R´Mn�êþÇ,e÷v±e^���

(1) (Mn, g)´�Ô.�,

(2) |∇Ψ| ∈ L1(M),

(3)�3 p > 1,¦� 1
Ψ
∈ Lp(M),

(4)³¼ê Ψk�e.,� (Mn, g)¥�5NÈO�,

K (Mn, g)äk~êþÇ.

�e5·�3�½�È©^�e,?Ø
³¼êk�e.�äk�KêþÇ�FÝ (−m
Ψ

)-

Ricci�áf�êþÇ���(J,·�k�ÄXe*Ü��/.

½n 2 � (Mn, g,∇Ψ,−m
Ψ

)´ n�äk�KêþÇ�FÝ*Ü (−m
Ψ

)-Ricci�áf,e³¼

ê Ψk�e.�÷v ∫
M−B(q,r)

Ψ

d(x, q)2
dM <∞,

Ù¥ B(q, r)´± q �¥%, r(r ≥ 0)��»�ÿ/¥, d(x, q)´�½: q(q ∈ M)�ål¼ê,K

R = 0.

éu½��/,3Ó��È©^�e,·���
FÝ½ (−m
Ψ

)-Ricci�áf�³¼ê�½

´NÚ�.

½n 3 � (Mn, g,∇Ψ,−m
Ψ

)´ n�äk�KêþÇ�FÝ½ (−m
Ψ

)-Ricci�áf,e³¼
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ê Ψk�e.�÷v ∫
M−B(q,r)

Ψ

d(x, q)2
dM <∞,

K ∇2Ψ = 0.

éuÂ ��/,·�é λ\±��,�Ä3#�È©^�e,��
XeêþÇ���(J.

½n 4 � (Mn, g,∇Ψ,−m
Ψ

)´ n�äk�KêþÇ�FÝÂ  (−m
Ψ

)-Ricci�áf,e�3

1w¼ê η,¦� 0 < λ ≤ ∆η¤á,³¼ê Ψk�e.�÷v∫
M−B(q,r)

nη + m
K

Ψ

d(x, q)2
dM <∞,

Ù¥K ´���¢ê,÷v Ψ ≥ K > 0,K R = 0.

2. ý��£9Ún

�
�¤½n�y², ·�I�XeÚn.

Ún 5 [4] � (Mn, g)´ n����;�½��iù6/,eéuM þ�?¿1w�þ| X,

divMX ½Ò,� |X| ∈ L1(M),K divMX = 0.

½Â 6 [5] � (Mn, g)´ n���iù6/,eM þ÷v u∗ = supM u < +∞�gNÚ¼ê u

´~¼ê,K¡ (Mn, g)´�Ô.�.

Ún 7 [6] � u´ n���iù6/ (Mn, g)þ��K1wgNÚ¼ê,e�3 p > 1,¦�

u ∈ LP (M),K u´~ê.

Ún 8 [6] � B(q, r)´iù6/ (Mn, g)þ± q�¥%,± r(r > 0)��»�ÿ/¥,XJ u´

B(q, r)þ��KgNÚ¼ê,@o±eÈ©Ø�ª¤á∫
B(q,r)

|∇u|2dM ≤ c

r2

∫
B(q,2r)

u2dM,

Ù¥ c´���¢ê.

3. ½n�y²

½n 1 �y² �: x ∈ Mn ?�ÛÜIO��Ie� e1, e2, · · · , en,�©^ ∇if L«¼ê f

÷ ei����C�©.é (6)ª¦,��

R− m

Ψ
∆Ψ = nλ. (7)

ò R ≤ nλ, Ψ > 0, m > 0�\ (7)ª��

∆Ψ ≤ 0,
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= Ψ´�NÚ¼ê.

(1)e (Mn, g)´�Ô.�,d½Â 6�� Ψ´~ê,�d (7)ª��

R = nλ.

(2)e |∇Ψ| ∈ L1(M),� (Mn, g)´;��iù6/�,é (7)ªü>Ó�È©,dÑÝ½n��∫
M

Ψ

m
(nλ−R)dM = 0.

d R ≤ nλ, Ψ > 0, m > 0�� Ψ
m

(nλ−R) ≥ 0,Ïd

Ψ

m
(nλ−R) = 0,

= R = nλ.

� (Mn, g)´�;�iù6/�, ∆Ψ ≤ 0,= div(∇Ψ) < 0½ div(∇Ψ) = 0. � div(∇Ψ) < 0

�,d |∇Ψ| ∈ L1(M)9Ún 5��

div(∇Ψ) = 0.

¤±4Ψ ≤ 0�, div(∇Ψ) = 0ð¤á,Ïd ∇Ψ´��~ê,�\ (6)ª��

Ric = λg. (8)

é (8)ª¦,�� R = nλ.

(3)e�3 p > 1,¦� 1
Ψ
∈ Lp(M),5¿�

∇i(
1

Ψ
) = − 1

Ψ2
∇iΨ,

∇i∇i(
1

Ψ
) =

2

Ψ3
(∇iΨ)2 − 1

Ψ2
∇i∇iΨ,

Ïd

∆(
1

Ψ
) =

2

Ψ3
|∇Ψ|2 − 1

Ψ2
∆Ψ.

d ∆Ψ ≤ 0 , Ψ > 0��

∆(
1

Ψ
) ≥ 0, (9)

= 1
Ψ
´gNÚ¼ê.@od 1

Ψ
∈ Lp(M)9Ún 7��,3 (Mn, g)þ 1

Ψ
´~ê,= Ψ´~ê,Ïd

4Ψ = 0,

= R = nλ.
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(4)e³¼ê Ψk�e.,� (Mn, g)¥�5NÈO�,=�3���¢êK,¦� Ψ ≥ K > 0,

��3 c̃ ∈ R, c̃ > 0,¦� V (B(q, r)) ≤ c̃r.dÚn 8��

0 ≤
∫
B(q,r)

|∇ 1

Ψ
|2dM ≤ c

r2

∫
B(q,2r)

1

Ψ2
dM

≤ c

r2K2
V (q, 2r)

≤ 2cc̃

rK2
,

þãÈ©Ø�ªüàÓ�� r →∞�,du 2cc̃
rK2 → 0,¤±

|∇ 1

Ψ
|2 = 0,

= 1
Ψ
´~ê,�d (7)ª�� R = nλ.

nþ,½n 1�y.

e¡,·��Ñ³¼êk�e.�äk�KêþÇ�FÝ (−m
Ψ

)-Ricci�áfêþÇ��

�y².

½n 2�y² ��ä¼ê ξr ∈ C∞0 (M),÷v

ξr = 1, ξr ∈ B(q, r),

0 ≤ ξr ≤ 1, ξr ∈ B(q, 2r),

|∇ξr|2 ≤ c̄
r2
, ξr ∈ B(q, 2r),

∆ξr ≤ c̄
r2
, ξr ∈ B(q, 2r).

(10)

Ù¥ r > 0, c̄ ∈ R� c̄ > 0.d (7)ª��

R = nλ+m
∆Ψ

Ψ
.

¤±

0 ≤
∫
B(q,2r)

ξrRdM =

∫
B(q,2r)

ξr(nλ+m
∆Ψ

Ψ
)dM

≤ m

K

∫
B(q,2r)−B(q,r)

Ψ∆ξrdM

≤ m

K

∫
B(q,2r)−B(q,r)

c̄Ψ

r2
dM,

þãÈ©Ø�ªüàÓ�� r →∞�,du c̄
r2
→ 0,¤±

∫
B(q,2r)

ξrRdM = 0.5¿�3 B(q, r)S,

ξr = 1,¤±� r →∞�,dêþÇ��K5�� R = 0.
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½n 3�y² d�ä¼ê (10)��

0 ≤
∫
B(q,2r)

ξrRdM = m

∫
B(q,2r)

ξr
∆Ψ

Ψ
dM

≤ m

K

∫
B(q,2r)−B(q,r)

Ψ∆ξrdM

≤ m

K

∫
B(q,2r)−B(q,r)

c̄Ψ

r2
dM,

aq½n 2�y²,þãÈ©Ø�ªüàÓ�� r →∞�,�� R = 0.

½n 4�y² d�ä¼ê (10)��

0 ≤
∫
B(q,2r)

ξrRdM =

∫
B(q,2r)

ξr(nλ+m
∆Ψ

Ψ
)dM

= n

∫
B(q,2r)

ξrλdM +m

∫
B(q,2r)

ξr
∆Ψ

Ψ
dM

≤ n
∫
B(q,2r)

ξr∆ηdM +
m

K

∫
B(q,2r)

ξr∆ΨdM

≤
∫
B(q,2r)−B(q,r)

(nη +
m

K
Ψ)∆ξrdM

≤
∫
B(q,2r)−B(q,r)

c̄(nη + m
K

Ψ)

r2
dM,

aq�,þãÈ©Ø�ªüàÓ�� r →∞�,�� R = 0.
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