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Abstract

The separable optimization problem refers to optimizing an objective function with

a separable structure. Splitting algorithms address this characteristic by breaking

down the objective function into smaller, more manageable subproblems, such as the

primal-dual hybrid gradient algorithm. We explore the approximate solution strat-

egy of the objective function’s proximal operator and propose an inexact adaptive

stochastic primal-dual algorithm. We analyze the impact of the selection of error se-

quences on the convergence rate of the algorithm and find that different selections of

error sequences can lead to significant differences in convergence speed and stability.

In addition, this algorithm has also demonstrated higher efficiency and flexibility in

practical applications.
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1. Úó

äk�©(��à`z¯K2�A^u)¹)��õ�+�. ~X, 3ã�?n [1, 2]¥, ·�

~~I�ÏL`z�{5)ûã�¡E!ã�©��¯K; 3ÅìÆS [3]¥, Nõ�.�ÔöL§

�±�À�à`z¯K�¦)L§; 3ÚOÆ [4, 5]¥, à`z¯K��2�A^uëê�O, b

�u���¡. Ù��/ªXe:

min
x∈X

{
Φ(x) :=

n∑
i=1

fi(Aix) + g(x)

}
.

Ù¥, fi ´ýà¼ê�e�ëY, g ´à¼ê, Ai ´k.�5�f. Chambolle ÚPock 3©z [1]¥

JÑ
PDHG�{§ù��{|©/$^
©�Eâ§U
ò��E,�`z¯K)��X�

�é{ü�f¯K§¿ÏL�OS�f¯K5%C�©¯K��`)§\��N�ÂñL§"AO
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/§PDHG�{�O�L§Ì��6uCq�f�¦)ÚÝ
�þ¦{�{ü$�"�8I¼ê

��C�fä�wªL�ª�§PDHG��uÙ¦��½���{§3O��{'5ÚS�Ó^

�²L5þÐyÑ
`³"Ïd§3ã�?n!ÅìÆSÚ&Ò?n�õ�'�+�¥§PDHG�

{ÑÐyÑ
R��5UÚ¢^5",§�8I¼ê��C�fvkwª)½ö¦)L§E,

�§PDHG�{�A^�U¬É��½���"

�°(�C�f¦)3`z�{+�¥É�2�'5§cÙ´3?nE,¯K�§°(O�

�C�fÏÉ�O�]Ú�m���C�Ø�¢S"�
²ïO�¤�Ú¦)°Ý§�°(

¦)üÑÏ³Þ�"�þÆö�é¢SA^¥��°(�C�f¯K?1
�\ïÄ§~X©

z [6, 7]JÑ
æ^ýéØ�OK5��f¯KØ���{§Ù¥Ø�N�d���¦Ú�Ø�S

�5N�"d	§©z [8] Ú\
�éØ�OK§?�Ú�°
éØ�S���¦§=ëêI÷v

²��¦Ú�^�"3�{A^�¡§Villa �< [9, 10]ò�°(O��C�füÑA^uc�-�

�©��{§¿�\©Û
�{�Âñ5U"Ó�§Lin�< [11, 12]JÑ
�«\��Cà�IF

Ý�{§T�{·^u�5�`z¯K"

É�kcïÄ�éu, �©3�Å�©éó�{�Ä:þ§?�Ú�Ä
�°(¦)8I¼ê

�C�f��¹"�éù��¸§·�M#5/JÑ
�°(g·A�Å�©éó�{§¿éÙ

Âñ�Ç�Ø�S��m�'X?1
�\©Û"·�uy§�Ø�S�÷v�½�^��§�

{EU�±�k�Âñ�ÇO(1/N). ù��uyØ=4�/ÿÐ
�{�A^��§��?

n¢SO�¥�Ø�¯KJø
j¢�nØ| "

�©Äk0�
8I¯K��'½ÂÚb�¶,��[�ã
�°(g·AÚ�Å�©éó

�{�µeÚÂñ5©Û¶�XÐ«
T�{3�>fu�ä�¤�(PET)¯K¥�¢SA^¶�

�o(
�©SN¿JÑ
�5ïÄ��"

2. �°(¦)�5��©`z¯K��©éó�{

�é�5��©à`z¯K, ·�©ÛïÄ
�°(O�8I¼ê��C�f��¹. ÏLÚ

\�°(O��C�füÑ [8, 13, 14], ·�U
3�y�{Âñ5�Ó�, ü$éO�°Ý��¦,

l?�ÚJp�{3¢SA^¥��ÇÚ½5. d	, ·�é�°(O�e�PDHG�{�Â

ñ5?1
�[�©ÛÚØy. ÏLnØí�Ú¢��y, ·�y²
3�°(O���¹e, �{

�,U
�±ûÐ�Âñ5U, �¢SA^Jø
j¢�nØÄ:.

2.1. �.£ã

�XYii = 1, · · · , n´?¿��¢F�ËA�m, ½ÂÈ�mY =
n∏
i=1

Yi, é?¿�y ∈ Y ,

Py = (y1, y2, · · · , yn), Ù¥yi ∈ Y . 3Y�mþ½ÂSÈ〈y, z〉 =
n∑
i=1

〈yi, zi〉, Ù¥yi, zi ∈ Yi. g,/,

3Y�mþdSÈp���ê�‖y‖2 =
n∑
i=1

‖yi‖2.

�ÄA : X → Y���k.�5�f, �âÈ�m�½Â,k(Ax)i = Aix, Ù¥Ai : X → Yi´

�5�f; KA����f÷vA∗y =
n∑
i=1

A∗i yi. Pf(y) =
n∑
i=1

fi(yi), ¼êf : Y → R∞´ýà¼ê,
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�e�ëY. g : X → R∞´à¼ê.

�âþ¡�½Â9b�§�Ä±e`z¯K:

min
x∈X

{
Φ(x) :=

n∑
i=1

fi(Aix) + g(x)

}
. (2.1.1)

30�äN�¦)�{�c§�
Jø���¡Ú�ß�n)§·�ÄkI�0��
�'

�½ÂÚ�µ�£"

½Â2.1.1. [15] e¼êf : E → (−∞,∞], Ké?¿�x ∈ E, �CN�prox f (x) ½Â�:

proxf (x) = arg min
u∈E

{
1

2
‖u− x‖2 + f(u)

}
.

AO/, proxτf (x) = arg min
u∈Eo

{
1
2
‖u− x‖2τ−1 + f(u)

}
, Ù¥‖x‖2τ−1 = 〈τ−1x, x〉.

5�2.1.1. [15] e¼êf : E → (−∞,∞]´��4ýà¼ê, Ké?¿�x, u ∈ E, ±e(J

�d:

(1) u = proxf (x);

(2) x− u ∈ ∂f(u);

(3) é?¿�y ∈ E, 〈x− u, y − u〉 ≤ f(y)− f(u).

½Â2.1.2. [15] �¼êf : E → [−∞,+∞]´2Â¢�¼ê, Kf �Fenchel �Ý¼êf∗ :

E∗ → [−∞,+∞]½Â�:

f∗(y) = sup
x∈R∗
{〈x, y〉 − f(x)}, y ∈ E∗,

AO/, �f ´4ýà¼ê�, f∗∗ �´4ýà¼ê, �f(y) = f∗∗(y).

u´Ï¦¯K(2.1.1)�)x�duÏ¦±eQ:¯K��©Cþx:

min sup
x∈Xy∈Y

{
ψ(x, y) := g(x) +

n∑
i=1

〈Aix, yi〉 − f∗i (yi)

}
. (2.1.2)

b�¯K(2.1.2)�Q:w# = (x#, y#) = (x#, y#1 , y
#
2 , · · · , y#n )�3, �âQ:½Â�©mYÚéó

mY:
Px#,y#(x) = g(x)− g(x#) + 〈A∗y#, x− x#〉 ≥ 0∀x ∈ X, (2.1.3)

Dx#,y#(y) = f∗(y)− f∗(y#)− 〈Ax#, y − y#〉 ≥ 0,∀y ∈ Y. (2.1.4)

K�©éómY�±L«�: Gx#,y#(x, y) = Px#,y#(x) + Dx#,y#(y) ≥ 0. 3�©?Ø��5�

¯K¥, ¼êfÐyÑ
�©(�A5, äNLy�f(y) =
n∑
i=1

fi(yi). ¢Sþ, éuùa�©¼ê,

ÙFenchel�Ý÷v±e(Ø:

5�2.1.2. [15] �Y :=
n∏
i=1

Yi, f(y) =
n∑
i=1

fi(yi), Ù¥fi, i = 1, · · · , n´ý¼ê, K

f∗ (y1, y2, . . . , yn) =

n∑
i=1

f∗i (yi)

½Â2.1.3. [16] ¼êg : X → (−∞,+∞]3z ∈ X?�ε - g�©½Â�:

∂εg(z) := {p ∈ X | g(x) ≥ g(z) + 〈p, x− z〉 − ε∀x ∈ X}.
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½Â2.1.4. �Cq°Ýε ≥ 0. z ∈ X ´�C�fproxτg(y) ���2-.�°(), e

z ≈ε2 proxτg(y)
def⇐⇒ y − z

τ
∈ ∂εg(z).

�,kXdõ��C�f��°()�½Â, �´2-.�°()3¢S¯K¥A^��2�.

¯¢þ, ¦)2- .�°()¯K�±=����eüéómY�¯K.

íØ2.1.1. [7] ez ≈ε2 proxλg (y), K�3v ∈ domω∗ ¦�z = y − λB∗v.

íØ2.1.2. [7] �z ∈ Z, K

G (y −B∗z, z) ≤ ε⇒ y −B∗z ≈ε2 proxτg(y).

þãíØéu�°(f¯K�¦)äk��¢�¿Â, 3ê�¢�¥·�æ^FISTA �

{ [17]5¦)f¯K�éó¯K, ¦�ÙéómY÷výk�½�Ø�°Ý, lé�f¯K��

�2-.�°().

2.2. �°(�©éó·ÜFÝ�{

É� [9–11, 13]�ïÄó��éu, �©(Ü±þ�°(�C�f�½Â, 3þ�!��{Ä:

þ, JÑ
�°(g·A�Å�©éó�{, T�{Ø=ïÄ
�°(O�8I¼ê�C�f��

¹, �(Ü
g·AüÑ, Jp
�{��ÇÚ½5. ÏLéØ�S��©Û, ·�µ�
Ø�

é�{Âñ�J�K�, l�¢SA^¥XÛÀJÜ·�Ø�N�Jø
��. d	, ·�òT�

{A^u�>fu�ä�¤�£PET¤¯K, ¤õ/Jp
ïã���þÚO��Ç, �y
�

{3¢SA^¥��15Úk�5.

T�{�äNÚ½Xeµ

�{ 1. �°(g·AÚ�Å�©éó�{

Ð©z: x(0) ∈ X, y(1) ∈ Y , τ(0) > 0, µ ∈ (0, 1), δ ∈ (0, 1), β > 0, N ∈ N+, e(k).

ÌÌ�µék = 1, 2, · · ·N�1µ

1.O�x(k) ≈e(k−1)

2 prox
τ(k−1)
g (x(k−1) − τ(k−1)A

∗y(k)).

2.?¿ÀJτ(k) := τ(k−1)9S(k) ⊂ {1, 2, · · · , n} .

(2a)O� θ(k) =
τ(k)

τ(k−1)
.

x̄(k) = x(k) + θ(k)(x
(k) − x(k−1)).

y
(k+1)
i =


prox

βτ(k)

f∗i
(y(k) + βτ(k)Aix̄

(k)), i ∈ S(k),

y
(k)
i , i /∈ S(k).

(2b)�5|¢Ú�ª�^�µ
√
βτ(k)

∥∥∥A∗y(k+1) −A∗y(k)
∥∥∥ ≤ δ ∥∥∥y(k+1) − y(k)

∥∥∥ .
ÄK, -τ(k) := τ(k)µ, ¿�£(2a).
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52.2.1. ÏLíØ2.1.25¢yf¯Kx(k) ≈e(k−1)

2 prox
τ(k−1)
g (x(k−1) − τ(k−1)A∗y(k))��°(¦

), =eüG (y −B∗z, z) ����ýk�½�°Ýe(k−1).
52.2.2. Ø�S�e(k)�ÀJé�{�Âñ5åX'��^. �e(k) = O (N−α) , α > 1 �,

�{�Âñ�Ç�°(¦)��¹��. �é{`, �©éómYUÏ"±O( 1
N

)��ÇÂñ. ½

n2.3.2 �[`²
, ØÓ�¹e�Ø�S�éÂñ�Ç�K�.

2.3. Âñ5©Û

Ún2.3.1. 3�°(g·AÚ�Å�©éó�{¥, k±e(Ø¤á:

£1¤T�{�fÌ�S�k�g�, �½¬÷vª�^�£2b¤;

£2¤é?¿�k ≥ 0, �3τ , ¦�τ(k) ≥ τ .

y²: (1) zgfÌ�S��1τ(k) · µ(µ < 1), K�3k′, ¦�τ(µ′) ≤ δ√
β‖A∗‖ , K:

√
βτ(k′)

∥∥∥A∗y(kk+1) −A∗y(kk)
∥∥∥ ≤√βτ(k′) ‖A∗‖∥∥∥y(k2+1) − y(k′)

∥∥∥ ≤ δ ∥∥∥y(k∗+1) − y(kk)
∥∥∥ .

�5|¢fÌ�ª�.

(2) Ø���5, b�τ(0) >
δµ√
β‖A∗‖ , �τ(k−1) >

δµ√
β‖A∗‖ , e¡y²τ(k) >

δµ√
β‖A∗‖ .

�τ(k) = τ(k−1)µ
j , j ∈ N . �j = 0 �, τ(k) ≥ τ(k−1) >

δµ√
β‖A∗‖ ¤á; �j > 0 �, Kkτ ′(k) =

τ(k−1)µ
j−1 Ø÷v�5|¢ª�^�(2b), =:

√
βτ ′(k) ‖A∗‖

∥∥y(k+1) − y(k)
∥∥ ≥√βτ ′(k) ∥∥A∗y(k+1) −A∗y(k)

∥∥ > δ
∥∥y(k+1) − y(k)

∥∥ .
Ïd

τ ′(k) >
δ√

β ‖A∗‖
, τ(k) >

δµ√
β ‖A∗‖

.

�°(g·AÚ��Å�©éó�{�Âñ5©Û´��l(½��Å�L§.

Ún2.3.2. 3�°(g·AÚ�Å�©éó�{¥, �Äé,��½�k, éóCþ��À�

�#, =:

ŷ
(k+1)
i = proxβτkf∗i

(y(k) + βτ(k)Aix̄
(k)),

Kk

1
2
(
∥∥x(k) − x#∥∥2 − ∥∥x(k+1) − x#

∥∥2) + 1
2β

(
∥∥y(k) − y#∥∥2 − ∥∥ŷ(k+1) − y#

∥∥2)
− 1

2

∥∥x̄(k) − x(k+1)
∥∥2 − 1−δ2

2β

∥∥ŷ(k+1) − y(k)
∥∥2

≥ ε(k) − τ(k)e(k−1) − θ(k)τ(k)e(k−1) − τ(k)e(k),

Ù¥, ε(k) = τ(k)((1 + θ(k))Px#,y#(x(k))− θ(k)Px#,y#(x(k−1)) +Dx#,y#(ŷ(k+1))).

y²: b�
(
x#, y#

)
´¯K(2.1.2)�Q:, eéóCþ�Ü�#, �â5�2.1.1¥(3), é?
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¿ i = 1, 2, · · · , n, k

τ(k)(f
∗
i (ŷ

(k+1)
i )− f∗i (y#i )) ≤ 〈 1

β
(ŷ

(k+1)
i − y(k)i )− τ(k)Aix̄(k), y#i − ŷ

(k+1)
i 〉. (2.3.1)

duf∗i (y∗i ) = supui∈Yi
{〈y∗i , ui〉 − fi (ui)}(5�2.1.2), K:

n∑
i=1

f∗i (y#i ) =
n∑
i=1

sup
ui∈Yi

{〈
y#i , ui

〉
− fi(ui)

}
= sup

u∈Y

{
n∑
i=1

〈
y#i , ui

〉
− fi(ui)

}

= sup
u∈Y

{〈
y#, u

〉
− f(u)

}
= f∗(y#).

�(2.3.1) ª¥i = 1, 2, · · · , n �\��:

τ(k)(f
∗(ŷ(k+1))− f∗(y#)) ≤ 〈 1

β
(ŷ(k+1) − y(k))− τ(k)Ax̄(k), y# − ŷ(k+1)〉. (2.3.2)

dux(k+1) ≈e(k)

2 prox
τ(k)
g (x(k) − τ(k)A∗y(k+1)), �â½Â2.1.4��:

τ(k)(g(x(k+1))− g(x#)) ≤
〈
x(k+1) − x(k) + τ(k)A

∗ŷ(k+1), x# − x(k+1)
〉

+ τ(k)e(k). (2.3.3)

qÏ�x(k) ≈e(k−1)

2 prox
τ(k−1)
g (x(k−1) − τ(k−1)A∗y(k)), Ón, é∀x ∈ X, k

τ(k−1)(g(x(k))− g(x)) ≤ 〈x(k) − x(k−1) + τ(k−1)A
∗y(k), x− x(k)〉+ τ(k−1)e(k−1). (2.3.4)

©O�x = x(k+1), x = x(k−1) �\(2.3.4) ª, ��:

τ(k−1)
(
g(x(k))− g(x(k+1))

)
≤
〈
x(k) − x(k−1) + τ(k−1)A

∗y(k), x(k+1) − x(k)
〉

+ τ(k−1)e(k−1), (2.3.5)

τ(k−1)
(
g(x(k))− g(x(k+1))

)
≤
〈
x(k) − x(k−1) + τ(k−1)A

∗y(k), x(k−1) − x(k)
〉

+ τ(k−1)e(k−1). (2.3.6)

(2.3.5)ª¦±θ(k) =
τ(k)

τ(k−1)
, £2.3.6¤ª¦±θ(k)

2, 2�\, ��:

〈θ(k)(x(k) − x(k−1)) + τ(k)A
∗y(k), x(k+1) − x(k)〉

+〈θ(k)(x(k) − x(k−1)) + τ(k)A
∗y(k), θ(k)(x

(k−1) − x(k))〉

≥ τ(k)(g(x(k))− g(x(k+1))) + τ(k)θ(k)(g(x(k))− g(x(k−1)))− τ(k)e(k−1) − θ(k)τ(k)e(k−1).

dux̄(k) = x(k) + θ(k)
(
x(k) − x(k−1)

)
, K:

〈x̄(k) − x(k) + τ(k)A
∗y(k), x(k+1) − x̄(k)〉

≥ τ(k)((1 + θ(k))g(x(k))− g(x(k+1))− θ(k)g(x(k−1)))− τ(k)e(k−1) − θ(k)τ(k)e(k−1).
(2.3.7)
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qÏ�

τ(k)
〈
A∗ŷ(k+1) −A∗y#, x̄(k) − x∗

〉
= τ(k)

〈
Ax̄(k) −Ax#, ŷ(k+1) − y∗

〉
. (2.3.8)

ò(2.3.3)ª, (2.3.2)ª, (2.3.7)ª, (2.3.8)ª�\���µ

〈x(k+1) − x(k), x# − x(k+1)〉+ 1
β
〈ŷ(k+1) − y(k), y# − ŷ(k+1)〉+ 〈x̄(k) − x(k), x(k+1) − x̄(k)〉

+τ(k)〈A∗ŷ(k+1) −A∗y(k), x̄(k) − x(k+1)〉 − τ(k)〈A∗y#, x̄(k) − x#〉+ τ(k)〈Ax#, ŷ(k+1) − y#〉

≥ τ(k)(f∗(ŷ(k+1))− f∗(y#) + (1 + θ(k))g(x(k))− θ(k)g(x(k−1))− g(x#))

−τ(k)e(k−1) − θ(k)τ(k)e(k−1) − τ(k)e(k).
(2.3.9)

d(2.1.3)ª��:

(1 + θ(k))g(x(k))− θ(k)g(x(k−1))− g(x#) + 〈A∗y#, x̄(k) − x#〉

= (1 + θ(k))(g(x(k))− g(x#) + 〈A∗y#, x(k) − x#〉)

−θ(k)(g(x(k−1))− g(x#) + 〈A∗y#, x(k−1) − x#〉)

= (1 + θ(k))Px#,y#(x(k))− θ(k)Px#,y#(x(k−1)).

(2.3.10)

(Ü(2.1.4)ª, (2.3.9)ªÚ(2.3.10) ª, ��:

〈x(k+1) − x(k), x# − x(k+1)〉+ 1
β
〈ŷ(k+1) − y(k), y# − ŷ(k+1)〉

+〈x̄(k) − x(k), x(k+1) − x̄(k)〉+τ(k)〈A∗ŷ(k+1) −A∗y(k), x̄(k) − x(k+1)〉

≥ τ(k)((1 + θ(k))Px#,y#(x(k))− θ(k)Px#,y#(x(k−1)) +Dx#,y#(ŷ(k+1)))

−τ(k)e(k−1) − θ(k)τ(k)e(k−1) − τ(k)e(k).

(2.3.11)

Pε(k) = τ(k)((1 + θ(k))Px#,y#(x(k))− θ(k)Px#,y#(x(k−1)) +Dx#,y#(ŷ(k+1))).

�âcosin rule:

2〈a− b, c− a〉 = ‖b− c‖2 − ‖a− b‖2 − ‖a− c‖2.

��:

1
2
(
∥∥x(k) − x#∥∥2 − ∥∥x(k+1) − x#

∥∥2 − ∥∥x(k+1) − x(k)
∥∥2)

+ 1
2β

(
∥∥y(k) − y#∥∥2 − ∥∥ŷ(k+1) − y#

∥∥2 − ∥∥ŷ(k+1) − y(k)
∥∥2)

+ 1
2
(
∥∥x(k+1) − x(k)

∥∥2 − ∥∥x̄(k) − x(k)∥∥2 − ∥∥x(k+1) − x̄(k)
∥∥2)

+τ(k)〈A∗ŷ(k+1) −A∗y(k), x̄(k) − x(k+1)〉

≥ ε(k) − τ(k)e(k−1) − θ(k)τ(k)e(k−1) − τ(k)e(k).

(2.3.12)
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�âCanchy-SchwarzØ�ªÚ|¢Ú�ª�^�(2b)��:

τ(k)〈A∗ŷ(k+1) −A∗y(k), x̄(k) − x(k+1)〉 ≤ τ(k)
∥∥A∗ŷ(k+1) −A∗y(k)

∥∥∥∥x̄(k) − x(k+1)
∥∥

≤ δ√
β

∥∥ŷ(k+1) − y(k)
∥∥∥∥x̄(k) − x(k+1)

∥∥
≤ 1

2

∥∥x̄(k) − x(k+1)
∥∥2 + δ2

2β

∥∥ŷ(k+1) − y(k)
∥∥2.

òþª�\(2.3.12)ª��:

1
2
(
∥∥x(k) − x#∥∥2 − ∥∥x(k+1) − x#

∥∥2) + 1
2β

(
∥∥y(k) − y#∥∥2 − ∥∥ŷ(k+1) − y#

∥∥2)
− 1

2

∥∥x̄(k) − x(k+1)
∥∥2 − 1−δ2

2β

∥∥ŷ(k+1) − y(k)
∥∥2

≥ ε(k) − τ(k)e(k−1) − θ(k)τ(k)e(k−1) − τ(k)e(k).
(2.3.13)

e¡�Ñ�!���(Ø.

½n2.3.1. �
(
x(k), y(k)

)
´d�°(g·AÚ�Å�©éó�{S��)�S�,

(
x#, y#

)
´

¯K(2.1.2)�Q:, KH{S�
(
X(N), Y(N)

)
��©éómYP

(
X(N)

)
+D

(
Y(N)

)
÷v

E
{
P (X(N)) +D(Y(N))

}
≤ 1

S(N)

(
∆(1) + τ(1)θ(1)P (x(0)) + τ(1)D

p(y(1))
)

+ 3τ(0)
N∑
k=0

e(k)

≤ 1
N
·
(
1
τ
(∆(1) + τ(1)θ(1)P (x(0)) + τ(1)D

p(y(1)))
)

+ 3τ(0)
N∑
k=0

e(k),

Ù¥, X(N) =
τ(N)(1+θ(N))x

(N)+
N−1∑
k=1

(τ(k)(1+θ(k))−τ(k+1)θ(k+1))x
(k)

τ(1)θ(1)+S(N)
, Y(N) =

N∑
k=1

τ(k)y
(k+1)

N∑
k=1

τ(k)

, S(N) =
N∑
k=1

τ(k),

∆(1) = E
{

1
2

∥∥x(1) − x#∥∥2 + 1
2β

∥∥y(1) − y#∥∥2
Q

}
.

y²:�ÄéóCþ±�½�VÇ�Å�#, =:

y
(k+1)
i =

{
prox

βτ(k)

f∗i
(y(k) + βτ(k)Aix̄

(k)) i ∈ S(k),

y
(k)
i , i /∈ S(k).

é?¿N�ϕ, b�y
(k+1)
i ±pi �VÇ�#, K:

E(k+1)ϕ(y
(k+1)
i ) = piϕ(ŷ

(k+1)
i ) + (1− pi)ϕ(y

(k)
i ).

=:

ϕ(ŷ
(k+1)
i ) = 1

pi
E(k+1)ϕ(y

(k+1)
i )− ( 1

pi
− 1)ϕ(y

(k)
i )

= ( 1
pi
− 1)E(k+1)ϕ(y

(k+1)
i )− ( 1

pi
− 1)ϕ(y

(k)
i ) + E(k+1)ϕ(y

(k+1)
i ).

Ïd ∥∥ŷ(k+1) − y#
∥∥2 = E(k+1)

∥∥y(k+1) − y#
∥∥2
Q
−
∥∥y(k) − y#∥∥2

(Q−I) ,∥∥ŷ(k+1) − y(k)
∥∥2 = E(k+1)

∥∥y(k+1) − y(k)
∥∥2
Q
,

D(ŷ(k+1)) = E(k+1)Dp(y(k+1))−Dp(y(k)) + E(k+1)D(y(k+1)).

. (2.3.14)
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Ù¥, Dp(y(k)) =
n∑
i=1

( 1
pi
− 1)Di(x#,y#)(y

(k)
i ), Q = diag( 1

p1
I, · · · , 1

pn
I), E(k+1) L«éCþy(k+1)¦Ï

".

ò(2.3.14)ª�\�(2.3.13)ª��:

1
2

∥∥x(k) − x#∥∥2 + 1
2β

∥∥y(k) − y#∥∥2
Q
− 1

2

∥∥x̄(k) − x(k)∥∥2
+τ(k)θ(k)P (x(k−1))− τ(k)(1 + θ(k))P (x(k)) + τ(k)D

p(y(k))

≥ 1
2

∥∥x(k+1) − x#
∥∥2 + 1

2β
E(k+1)

∥∥y(k+1) − y#
∥∥2
Q

+ 1−δ2
2β

E(k+1)
∥∥y(k+1) − y(k)

∥∥2
Q

+τ(k)E
(k+1)(Dp(y(k+1)) +D(y(k+1)))− τ(k)e(k−1) − θ(k)τ(k)e(k−1) − τ(k)e(k)

= E(k+1)
{

1
2

∥∥x(k+1) − x#
∥∥2 + 1

2β

∥∥y(k+1) − y#
∥∥2
Q

+ 1−δ2
2β

∥∥y(k+1) − y(k)
∥∥2
Q

+τ(k)(D
p(y(k+1)) +D(y(k+1))− τ(k)e(k−1) − θ(k)τ(k)e(k−1) − τ(k)e(k)

}
.

ü>Ó�éy(k) ¦Ï", ��:

E(k)
{
τ(k)θ(k)P (x(k−1))− τ(k)(1 + θk)P (x(k)) + τ(k)D

p(y(k))

+ 1
2

∥∥x(k) − x#∥∥2 + 1
2β

∥∥y(k) − y#∥∥2
Q
− 1

2

∥∥x̄(k) − x(k)∥∥2}
≥ E(k,k+1)

{
1
2

∥∥x(k+1) − x#
∥∥2 + 1

2β

∥∥y(k+1) − y#
∥∥2
Q

+ 1−δ2
2β

∥∥y(k+1) − y(k)
∥∥2
Q

+τ(k)(D
p(y(k+1)) +D(y(k+1))− τ(k)e(k−1) − θ(k)τ(k)e(k−1) − τ(k)e(k)

}
.

�Bå�, PE �é¤kéóCþy ¦Ï", Ké?¿�k ≥ 0 Ñk:

E
{

1
2

∥∥x(k) − x#∥∥2 + 1
2β

∥∥y(k) − y#∥∥2
Q

+ τ(k)θ(k)P (x(k−1))

−τ(k)(1 + θ(k))P (x(k)) + τ(k)D
p(y(k))

}
≥ E

{
1
2

∥∥x(k+1) − x#
∥∥2 + 1

2β

∥∥y(k+1) − y#
∥∥2
Q

+ τ(k)(D
p(y(k+1)) +D(y(k+1))

−τ(k)e(k−1) − θ(k)τ(k)e(k−1) − τ(k)e(k)
}
.

(2.3.15)

-∆(k) = E
{

1
2

∥∥x(k) − x#∥∥2 + 1
2β

∥∥y(k) − y#∥∥2
Q

}
, K(2.3.15) ª�±L«�:

∆(k) ≥ ∆(k+1) + E
{
τ(k)((1 + θ(k))P (x(k))− θ(k)P (x(k−1))−Dp(y(k)) +Dp(y(k+1))

+D(y(k+1)))− τ(k)e(k−1) − θ(k)τ(k)e(k−1) − τ(k)e(k)
}
.

(2.3.16)

�(2.3.16)ª¥�k = 1, 2, · · · , N , �\��:

∆(1) −∆(N+1) ≥
N∑
k=1

E
{
τ(k)((1 + θ(k))P (x(k))− θkP (x(k−1)) + τ(k)(D

p(y(k+1))

+D(y(k+1))−Dp(y(k)))− τ(k)e(k−1) − θ(k)τ(k)e(k−1) − τ(k)e(k)
}
.

(2.3.17)
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dP�à5��µ

E

{
N∑
k=1

[
τ(k)(1 + θ(k))P (x(k))− τ(k)θ(k)P (x(k−1))

]}
= E

{
N−1∑
k=1

[
τ(k)(1 + θ(k))− τ(k+1)θ(k+1)

]
P (x(k)) + τ(N)(1 + θ(N))P (x(N))− τ(1)θ(1)P (x(0))

}

≥ E

(τ(1)θ(1) + S(N))P (
τ(N)(1+θ(N))x

(N)+
N−1∑
k=1

(τ(k)(1+θ(k))−τ(k+1)θ(k+1))x
(k)

τ(1)θ(1)+S(N)
)

− τ(1)θ(1)P (x(0))

≥ E {SNP (XN )} − τ1θ1P (x0),

(2.3.18)

Ù¥,
∑N

k=1 τ(k) = S(N), X(N) =
τ(N)(1+θ(M))x(N)+

∑
k=1(τ(k)(1+θ(k))−τ(k+1)θ(k+1))x(k)

τ(1)θ(1)+S(N)
.

Ón, dD �à5���:

E

{
N∑
k=1

τ(k)D(y(k+1))

}
≥ E

(

N∑
k=1

τ(k)) ·D(

N∑
k=1

τ(k)y
(k+1)

N∑
k=1

τ(k)

)

 = E
{
S(N) ·D(Y(N))

}
, (2.3.19)

Ù¥, Y(N) =

N∑
k=1

τ(k)y
(k+1)

N∑
k=1

τ(k)

.

qÏ�τ(k) ≥ τ(k+1), d¼êD
p(·) �à5Ú�K5��:

N∑
k=1

E
{
τk(D

p(y(k+1))−Dp(y(k)))
}

= E

{
τ(N)D

p(y(N+1))− τ(1)Dp(y(1)) +
N−1∑
K=1

(τ(k) − τ(k+1))D
p(y(k+1))

}
≥ E

(τ(1) − τ(N))D
p(

N−1∑
K=1

(τ(k)−τ(k+1))y
(k+1)

(τ(1)−τ(N))
) + τ(N)D

p(y(N+1))− τ(1)Dp(y(1))


≥ E

{
τ(N)D

p(y(N+1))
}
− τ(1)Dp(y(1))

≥ −τ(1)Dp(y(1)).

(2.3.20)

ò(2.3.18)ª, (2.3.19)ª, (2.3.20)ª�\(2.3.17)ª��:

E
{
P (X(N)) +D(Y(N))

}
≤ 1

S(N)

{(
∆(1) −∆(N+1) + τ(1)θ(1)P (x(0)) + τ(1)D

p(y(1))
)

+
N∑
k=1

(τ(k)e(k−1) + θ(k)τ(k)e(k−1) + τ(k)e(k))
}

≤ 1
S(N)

{(
∆(1) + τ(1)θ(1)P (x(0)) + τ(1)D

p(y(1))
)

+
N∑
k=1

(τ(k)e(k−1) + θ(k)τ(k)e(k−1) + τ(k)e(k))
}
.

(2.3.21)
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�âÚn2.3.1¥�(2), é?¿�k ≥ 0, �3τ , ¦�τ(k) ≥ τ , K:

S(N) =
N∑
k=1

τ(k) ≥ N · τ. (2.3.22)

@o, (2.3.21)ª�±?�Ú� �:

E
{
P (X(N)) +D(Y(N))

}
≤ 1

S(N)

{(
∆(1) + τ(1)θ(1)P (x(0)) + τ(1)D

p(y(1))
)

+ 3τ(0)
N∑
k=0

e(k)

}
≤ 1

N

{
1
τ
(∆(1) + τ(1)θ(1)P (x(0)) + τ(1)D

p(y(1)) + 3τ(0)
N∑
k=0

e(k))

}
.

eØ�S�´��k.ÚS�, @oH{S���©éómYUÏ"Âñ.

Ún2.3.3. [7] é?¿α ∈ (0, 1), PsN :=
N∑
k=1

k−α, K

sN = O
(
N1−α) .

�©z [7]¥�íØ1Ú©z [10]¥�½n4aq, ±e½n�²
Ø�S�é�°(�©éó·

ÜFÝ�{�Âñ�Ç�)�K�.

½n2.3.2. b�
(
x#, y#

)
´¯K(2.1.2)�Q:,

(
x(N), y(N)

)
´d�°(g·AÚ�Å�©éó

�{S��)�H{S�, �°(�C�f�Ø�S�÷ve(k) = O (k−α) , k = 1, 2, · · · , K

E
{
P (X(N)) +D(Y(N))

}
=


O (N−1) , α > 1,

O(ln(N)/N), α = 1,

O (N−α) , α ∈ (0, 1).

Ù¥, X(N) =
τ(N)(1+θ(N))x

(N)+
N−1∑
k=1

(τ(k)(1+θ(k))−τ(k+1)θ(k+1))x
(k)

τ(1)θ(1)+S(N)
, Y(N) =

N∑
k=1

τ(k)y
(k+1)

N∑
k=1

τ(k)

.

y²: d½n2.3.1��µ

E
{
P (X(N)) +D(Y(N))

}
≤ 1

S(N)

{(
∆(1) + τ(1)θ(1)P (x(0)) + τ(1)D

p(y(1))
)

+ 3τ(0)
N∑
k=0

e(k)

}
≤ 1

N

{
1
τ
(∆(1) + τ(1)θ(1)P (x(0)) + τ(1)D

p(y(1)) + 3τ(0)
N∑
k=0

e(k))

}
≤ 1

N

{
1
τ
(∆(1) + τ(1)θ(1)P (x(0)) + τ(1)D

p(y(1)) + 3τ(0)e(0) + 3τ(0)
N∑
k=1

e(k))

}
.

(2.3.23)

w,�3k�êC > 0, ¦�

∆(1) + τ(1)θ(1)P (x(0)) + τ(1)D
p(y(1)) + 3τ(0)e(0) ≤ C.
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�α > 1�,
N∑
k=1

e(k)Âñ, =�3k�êC1 > 0, ¦�

3τ(0)

N∑
k=1

e(k) ≤ C1.

Ïd

E
{
P (X(N)) +D(Y(N))

}
≤ C + C1

N
.

d�, P (X(N)) +D(Y(N))UÏ"±O
(

1
N

)
��ÇÂñ.

�α = 1�, 1
k
3«m[1, N + 1]þüN4~, Ïd:

∫ N+1

1

1

x
dx <

N∑
k=1

1

k
< 1 +

∫ N

1

1

x
dx.

éØ�ªü>¦È©:

0 < ln(N + 1) <
N∑
k=1

1

k
< 1 + ln(N).

�Ä�éu?¿x > 2, lnx > 1¤á, Ïdé?¿N > 2, ·��±��:

0 <
N∑
k=1

1

k
< 2 ln(N).

Ïd,
N∑
k=0

e(k) = O(ln(N)) , u´E
{
P (X(N)) +D(Y(N))

}
= O(ln(N)/N).

�α ∈ (0, 1)�, dÚn2.3.3��µ

N∑
k=0

e(k) ≤ O
(
N1−α) .

�â(2.3.23)��, E
{
P (X(N)) +D(Y(N))

}
= O (N−α) .

2.4. ê�¢�

�>fu�ä�¤�(PET), ´Ø�Æ+�'�k?��Ku�K�Eâ. PET ¤�Ì�Äu

�>fu��n, ¦^��5«lJ3NSuÑ�>f, ��>f�NS�>f���, ¬�«�)

³ç��, ÏLé³ç���&ÿÚP¹, PET XÚïÑ��5«lJ3<N|�¥�©Ù�¹.

�«lJ©Ù£ã�¤�m�X = Rd1×d2 ,Ù¥d1 = d2 = 250,êâ�m�Y =
∏n
i=1 Yi, Yi = R|B||,

Ù¥Bi ⊂ {1, 2, · · · , 200 · 250}, é?¿i 6= j, Bi ∩Bj = ∅, �
⋃n
i=1Bi = {1, 2, · · · , 200 · 250}, K�>

fu�ä�¤�(PET) �Ä��XeIO/ª:

min
x∈X

{
Φ(x) :=

n∑
i=1

fi(Aix) + g(x)

}
.
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Ù¥, k.�5�fA : X → Y ´200 ���þ��È©, �z���d250 ��È©�¤; ¼

êg(x) = α‖∇x‖2,1+ı≥0(x),∇x = (∇1x,∇2x) ∈ Rd1d2×2,�ê½Â�‖∇x‖2,1 =
∑

j

√
(∇1xj)

2
+ (∇2xj)

2
;

¼ê

fi(y) =

{ ∑
j∈Bi

yj + rj − bj + bj log( bj
yj+rj

), yj + rj> 0,

∞, else.

Kfi(y)��Ý�L«�µ

f∗i (z) =
∑

j∈Bi

{
−zjrj − bj log(1− zj), ifzj ≤ 1and(bj = 0orzj < 1),

∞, else.

fi(y)�Cq�f�L«�:

[proxσi

f∗i
(z)]j =

1

2
(zj + 1 + σirj −

√
(zj − 1 + σirj)

2
+ 4σibj).

dug�Cq�fvkwªL�ª, �â�{ 2, ·�I��°(¦)¯K:

uk ≈e(k−1)

2 prox
τ(k−1)
g (u(k−1) − τ(k−1)A∗y(k)).

,��âíØ2.1.2, æ^FISTA�{ [17] Cq¦)T¯K�éó¯K, ¦�éA�éómY3ýk

�½�Ø��e(k) = O (k−α)�S.

�©ê�¢�$1�¸�AMD Ryzen 5 5600U 2.30 GHz?nì, 6.0 GBS�Ú64 Windows

11 ö�XÚ, $^
pycharm 17.0.4 �y
¤J�{��15.

�éþã¯K, b��ÅÄ��ª�Ú�VÇÄ�, ¿���{ëê�: δ = 0.85, µ = 0.95,
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Figure 1. The gap of primal-dual in ergodic sense
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Figure 2. The relative distance between iteration point and the saddle point

ã 2. S�:�Q:�m��éål

ã 2¥¤Ð«�relative objective�½Â�
[
Φ
(
xN
)
− Φ (x∗)

]
/ [Φ (x0)− Φ (x∗)]. ÏLù�ê�

¢�, ·��±�ß/*	�Ø�S��°Ý£L«�α¤é�{Âñ�Ý��K�. äN5`,

Ø���, =α������, �{�Âñ�Ý¬wÍ\¯. d	, 3�±Ð©ëê����¹e, O

\f8�êþ¿�XzgS�¥�#�éóCþêþ~�, ùÓ�¬r¦�{Âñ�Ý�J,.

d	, ©O�α = 1.1, α = 0.7, 3²L40 �ÓgS���, PET ã�ï�(Jl��m�g

�:

Figure 3. PET problem image reconstruction
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