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Abstract

Latin square design is an important method for analysis of variance (ANOVA) in the
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course of experimental design. The previous proof of test statistics for Latin design
is difficult for most students to understand, therefore many textbooks only give some
conclusions about Latin design. In this paper, based on the defined horizontal mean
index matrix and its properties, the proving process about test statistics for Latin
design is easy to understand, and can be easily extended to other models for analysis

of variance.
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Rl 56 5 AN KRB R 7 SR AN K RABE, 450 A BENLIRZE, X2 — AN B AE B AN I AT N4k 4
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nfEBEMEL RES{p o+ +B8li=1,...,pi=1,...,p,k =1,...,p} HNTFyHE M
&, I, nBhaiife. HaR L R4S 515

10 p* = np. (1.1)
N TARIX =AM TR KT Z AT S g 2207, XN SG N IR = AMB s

Hop oy =0, 0% —Wli=1,...,p;
H02 LTy = O, Xﬂ-#t}]j = ].,,p7 (12)
H03 N ﬁk = O,Xﬂ-—“t)]k’ = 1,...7p.

o (1.2) b /MBSO E A IE LN =AM gt &, JFHBIEN I T

O SSu =) men o
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F?ﬁT - SSe/((pJ_ 1)(p_2)) NF(p_17(p_1)(p_2))7 (13)

__ SSi/p—=1) n
5Se/((p—1)(p—2))

ERMATHE T PSS =30 p@ — 7)) AL TR PSSy =0 p(m,; —3.)% 51K
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MSSe =37, 30, >k (Wigr — 7.7 FAEWIT (L3) AN R 04, 2 B2 n it b A w

ASER, X BAIHE S A
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piN0 ] FEiatp it p 0 p N0

AR B 7T LLAR Bip A 40, S0 AU TE 3R A R LHIpHE L, SEA 5 B JptliOr
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%Cj Wy

¢, =(0,...,0,1,0,...,0,...,0,...,0,1,0,...,0)T =1, ® ey,
FEMIEL HEATTHRL
B ARNYE ] Brey 1] PAAT Bip AN 3 B, AN SR 2 BB kAN ST R NI R TR N0 p4E I &, H A5
THENAKPREERI Y, = cly. HTR TR RAME—ME, 5T HEF KPR s A
— 1, A T 7 B A IEAS YR T DGR T PR K2 ] R ] DA I T

EX 21 KERiaS i $FRTHF, HEHi( = 1,... ) KFHEG %3 &
Bl o= (L, )", Bl = 1, SRR E Sy 8 HmAILEALR 5T B F 54 K 4
fh, FUHA) AR TEFHREREEINEEL LT L= [l,...,1,]T, £MALTE L
FRFRFHAEIEER = [ry,... r,)|T AP BT AKFHMEEEEC = [c1,...,c,)T.

SRR T F M8 AP MBI Ay, = Ty, AAEIAE, i AT TR %3] )
RO T 19 K P2 31 1 e SO B AR 30 2K, (ELE AT R 396 2 AL 1 J P — R SL(2.1). BT IE
RSV E S, KTHS 1 2% 31 1 B S A2 A T 6 5 22

T 2.1 KPRSIEMEMER) (1).071, = pRIjL = p; (2)1 1, =0, % # jo; (3)p" =
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pu+ p1j; (4).riFec, Ll EMEG ik St ArIl =1, rle, = 1%ﬂl;rck =1.

P T T 5 KA p M EAE, T AL A p o N1, HRITE N0, MfRasie(1): £—0
SERETH T HEFH—AKE, S T BB E B KR 5 A & R — A 8 8 76 3= A AT e [F
k0, B+ T FAFE KRR EMER T M E P A0, BIZ5R(2); Bd T i iIER
KB TH THETFE] MK MEE—E KA TATHEFp MFEIKT, HkE THHEFp 4
AFEKF, Fﬁul?u* =pu+pri+ >0 i+ >0 B = p+ 1y, WNIMIEE R (3); 17HEF KPR
o] &y FBIEFHIKFER G| ) Ee, AT A (2.1) 8 X, B AR R 2 4518 (1)-(4), HIERR 18
R RE RS M ERE P ERABONE. HERL(2.1), 200 5T A5 R 51 HE R
I

EIE 2.2 OKFHERSIEMRMR) (1). RR" = LL" = CC" = pI,;
(2). R1,=L1,=C1,=pl,, R"1,=L"1,=C"1,=1,;
(8).Lp* =pul, +p(r1,...,7,)7; 4EE RA=C A KAty 2548,
(4).RL" = RC" =CL"=CR'=LR"=LC" =1,1].

EHERL(2.1), AAT = [y, L] [l 1] IS (1, gz) YU L, = p2jy = ja, BUAE,
B &Ly, - 0] (L, 1) = pI,, AITTLL™ = pI,, (1) SR RMIEY; 458 = 1,...,p,
111, = p, FILVELL, = L, L)' 1, = p1,, AEAT— AWM R4 T W7 —NAKF L,
B T RFATA AT E AR R — A B LReR A~ BIBELTL, =37 1 =1, (2)F

Jj=1

e R BAEN; BEE(2.1) 553), HAarTl = X R RLT (i, §) Nk, FiblE 4
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3. WGt E S HAYIERA

BT BTSN RS AR AR S M A LA, AT BT ) Ik B3R R & 71
Ji Fllo

EI 3.1 KXF(1.9)F89i%-FF AT ARyt R AR T4 TF:
SSr =y "Py,SSs =y 'P1y, SSut =y Poy, 5SSy =y ' Psy, SS. = y' Py,

P =1I,-11,1", P, = \R"R - 11,17, P, = 1L7L — 11,17, P, = 1C"C - 11,17,
n n P n n P n n P n n
P.=P—P, —P;—Ps.

2
T Y. 1
SS = 3N Wik =0 =D_ DD Ui — S =yly - —(1L,y) Ly =y Py,
i J k i J &
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P_]P)l —PQ —P3. I
EEEE 3'2 iiﬂ(‘?l)cP%%EF$P7 IP17 PQ; ]P)3 %“Peﬁlg;’iﬁ'ﬁifﬁfi, ﬂ,—_ﬂ%/& VX—F’]'i}ﬁ:
(Z)]P]Pl = Pl]p = ]p17 P]PQ = ]P)2]P = IPQ, PP3 = ]PgP = P3} ]P’]P)e = Pe;
(2). P, Py, Py, PyFoP AR A F 55 F2 15
(B)Plpz = P1P3 = PQPg =0, PP, = PyP, = PSPC =0, ﬁ_/%/&i:}%fi,
(4). tr(P) = p? — 1, tr(P) = p— 1, tr(Py) = p — 1, tr(P3) = p — 1detr(P) = (p— 1)(p — 2).
i AEEL3.) SAHEREP, Py, Py, Po AP, #ERATFRHRE.

1 1 1 1 1
PPy =Py, — —1,15(-L"'L - —1,1") =P, — —1,(L1,)"L 4+ —1,17,
n p n pn n

HiE#H (2.2) AT 3 L1, = pL, AL L = 17, \TiiPP; = Py, FIFWIEPP, = P, MIPP; = P3, HIP, Py,
P, FIP X FRIERE, TTHPP = Py, PP = Py, P3P = Py; 8 T ok, EWIP R RSN, HFIE
BiP2 = PAIPZ = P2 R :

1 2 1 1
P? = (I, —-1,1,)* = I, — 1,1, + —1,(1;1,)1} = I, — =1,1} =P,
n n n n

n

1 1 1 1
Pg :(7LTL - *17113)(7LTL - *1n12)
p n P n

1 1 1 1
—— ("L — —1,(L1,)"L - —L"(L1,)1" + —1,(1 1,17,
p? pn pn n?

HH e #E(2.2) 5 15

1 1 1 1
Py =—=L'pI,L - —1,p1 L — —L"p1,17 + —1,17
p pn pn n

1 1
=—L'L--1,1" =P,
p n

Fpith, AHEP APt R RS E. N, PP =P(P—P, —Py, —P3) =P - P, — Py, — Py = P..
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1 1 1 1
PP, =(-R"R--1,1})(-L"L — —1,1})"
p n P n

1 1 1 1
-—R"(RL")L - —1,(L1,)"L — —R"(R1,)1} + —1,(171,)17
p pn pn n

2 n
1 T T 1 T 1 T T 1 T

1 1 1. ¢ 1. &
:ﬁlnlz - ;1n1§ — 11, +—1,1, =0,

AT RAE P Py = ORIPP, = 0, 1451 (1) A (i) 7T 45
PP, =P, (PP, —P, —Py) =P, — P, =0,

R B AEYIP,P, = OFIP3P, = 0, P, Py, Py APy X FRALLE, 75 5y Uk W (if) AP aX 28 5807 2 A2 e
.

P2 = (P — Py — Py — P3)2 = P2 + P2 + P2 + P2 — PP, — PP, — PP5 — P,P — P,P — P3P + P, P, +
P Ps + PyP; + PoPs + P3Py + P3Py, HHES R (1) FI(i1) Z 15P2 = P.. HHIZE pREUH 1457 T 15 :

1 1
tr(P) = tr(I,, — —lnlg) =tr(I,) — ﬁtr(lzln) =n—1=p*>—-1,
n

WaiGER(2.2) 80

1 ¢ 1 T 1 T 1
tr(Py) =tr(-L"L—--1,1,,)=—-tr(LL" ) —1=—tr(pl,) —1=p—1,
(P) = r(LL = 11,10) = St(LL") ~ 1 = ~u(pl,)

Iﬁ‘lfitl‘(]?l) =p— 1*[%1‘([?3) =p—- 17
tr(Pe) = tr(Pe =Py =Py —P3) =p° —1-3(p—1) = (p— 1)(p — 2),
EAERWULE, ZHg b T T 208, Kz 23, |

T 3.3 U AsEED, Py, Py, PyfeP, M9 = R A # R AT M -
(i). p Pt =37 0f + 3577 + S B

(it). p Pt =S 07, pt Popt = X577, p Pyt = X B
(ii). T Pep* = 0.

E o HAT(L), #Pu = (I, — 21,100 = p* — pd,,, P AR R, Milip " Pus =
(Pp*)TPp* = (p* — pln) (0 — pln) = B0_0f + X777 + 37, 87

PR EE (2. 1) AE B (1.3) AT Pop” = (ALTL— 21,10 )p" = pL"1,+ L (1, ..., 7)) — 1, =
((7_17 e 7Tp)L)T7 EE]PQ%X#BL(%%B$7 }J\ﬁﬁ

TPyt = (Pop*) T Pop* = (14, ... o) (LLY) (7, .. 1) = pEf-:lTjQ;
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1S58 (1) A (i) 5 1345 1 (). |

HEHE(3.3), 7SR B Hor, Hoo MHoz 73 Al OZHT ,  FI 45

« Ho1 « Hoz x Hos (3'1)

Pt 20, Py 20, TPyt 20,

EEEE(3.1)-(3.2) AT (3.1), HIEE(L1)AI13:

S5 Hor o
—_— ~

0_2 X (p_l)a

St Ho,
22BN 2 (p - 1),

2

S; (3.2)
| Hos

),

SSe

e (p = (o —2))

Gt (3.2) RIS (1.2), TS, Sy, RISSy ¥I5SS, Mor. BRI L4, HIEFs i
2N, THEBIT(1.3).

PRk, BT AR EE A AT LIE B
E(SSt) =(p* — 1)o® + pXi_, 77,
E(SSi) =(p — 1)o? + pXi_ 0,
BE(SSpy) =(p — 1)o® + pZi_, 77, (33)
BE(SSy) =(p — 1)o* +pE}_, B,
E(SS.) =(p - 1)(p — 2)0”.

W HEREEVE R AR E(SSLa) = E(y"Pry) = E(tr(y"Pay)) = tr(PoE(yy™)), Hi
HiCov(y) = E(yy") — E(y)E(y)", WA E(yy") = 020, + p*p*", AT H1E L (3.2)~(3.3) 1

E(SSLat) = 0%tr(Py) + tr(Pop* pu* ™) = o%tr(Py) + p* " Pop* = (p — 1)0? —|—p2§-’:17'jz,

A 2 RTIE B H e 2 1 |

4. &5

PR BRI 38 43 S, e T 5 verH IR g vt b R HE A E, AT HMME R T
RV R ST r R R gt B, WS, AT E T O sk iR B, 9 R S
B AT Z o R AR ST R A, A2 T 07 2 o A e AR A 2 DT 2 A
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