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Abstract

Latin square design is an important method for analysis of variance (ANOVA) in the
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course of experimental design. The previous proof of test statistics for Latin design

is difficult for most students to understand, therefore many textbooks only give some

conclusions about Latin design. In this paper, based on the defined horizontal mean

index matrix and its properties, the proving process about test statistics for Latin

design is easy to understand, and can be easily extended to other models for analysis

of variance.
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1. Úó

3Á��O¥§�Ïf�ê�ÃÏfY²ê�õ�§=¦z�Y²|Ü���gÁ�§oÁ

�gê��Uõ�¢SþJ±«É�/Ú"ùÒJÑ
��¯Kµ�OÁ��XÛU��~�Á

�gê§���ÜY²|Ü¥��Ü©§qU��Á�8�£U'�ÃÏf�­�5§qU'�

ÃY²�ÃY²|Ü�`�¤§ùÒ´�ÏfÁ�£ÛÏÁ�¤�Ü©¢�§���O´Ø�Ä�

p�^��«­��Ü©¢��{§�± 'uÙu�ÚOþ�y²�é�¡ÚJÃ [1]§¤±�

õ'�²;�Á��O�§ [2, 3]��ÑÙ(Ø"�©Äug½Â�Y²þ�¢ÚÝ
9�'5�§

�Ï�´Ã/y².¶��O�u�ÚOþ�©Ù"

��/§3dp�.¶i1£½p�ØÓÎÒ¤ü¤�p1p���
¥§ez1�p���ØÓ§

z��p����ØÓ§=z�i13z1z�Ñy�g§��Ñy�g§K¡ù��
���p�

.¶�"z�p�.¶��±^5SünÏfÁ�Ù¥ü�Ïf©O��1ÏfÚ�Ïf§,��

Ïf��.¶Ïf§ÙY²^.¶i1L«§z�ÏfÑ´p�Y²§o��)p2gÁ�§^.¶

��Ñ�Á��O¡�.¶��O"3Ø�Ä�p�A�§.¶��O�±��n�Ïf��Ï

fÁ��Ü©¢�§l�ÏfÁ�¤I��p3 gÁ�]ÀÙ¥p2 gÁ�§(�
3?�Ïf�?

�Y²e§Ù¦Ïf�z�Y²­E�Ógê§=?¿ü�Ïf´/��0§l
U��Á�8�

£U'�ÃÏfY²�­�5¤§¿~�Á�gê"�Ï�ù
`û5�§.¶��O9§�í2

£F1.¶��OÚ���O¤3¢�¥kX2��A^",
§éuù
�O¥u�ÚOþ©Ù§

�õ�á��ÑÙ(Ø§½�Ñ�y²�,J±n)§�©Äu½Â�Y²þ�¢ÚÝ
9Ù5

�§y²ù
u�ÚOþ�©Ù§{ü�*§¿�N´í2�Ù¦���©Û�."·�±e¡
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�.¶��.�u�ÚOþ©Ù�y²5`²·��{�k�5"

½Â 1.1 [p�.¶��O�ÚO�.]

yijk = µ+ αi + τj + βk + εijk,

i = 1, . . . , p, j = 1, . . . , p, k = 1, . . . , p,

Ãεijk∼N(0, σ2),

�å^�:

p∑
i=1

αi = 0,

p∑
j=1

τj = 0,

p∑
k=1

βk = 0.

Ù¥yijk´1!�Ïf�Y²|Ü�(i, k)!.¶Ïf�1j�Y²ù�Á�^�e�Á�*	�, d

¤k*	��¤�n(n = p2)��þP�y, µ ´��²þ§αi, τj , βk ©O´1Ïf1i�Y²!.¶

Ïf1j�Y²Ú�Ïf1k�Y²��A§εijk ´�ÅØ�§ù´��Ø�Ä�p�A��\�5

ÚO�.. I�`²§i!j�kùn�eIØ´Õá§�½i �k§.¶Ïf�Y²Y²?Òj´��

�(½. ´�µ

y ∼ Nn(µ∗, σ2In),

n�þ��þµ∗´8Ü{µ + αi + τj + βk|i = 1, . . . , p, j = 1, . . . , p, k = 1, . . . , p} �Auy�|Ü�
þ§In´n�ü Ý
"d�.��å^�N´�µ

1T
nµ

∗ = nµ. (1.1)

�
u�ùn�Ïf�ÃY²�mkvkwÍ5�É§éA�´u�eãn�b�µ

H01 : αi = 0,é��i = 1, . . . , p;

H02 : τj = 0,é��j = 1, . . . , p;

H03 : βk = 0,é��k = 1, . . . , p.

(1.2)

u�(1.2)ª¥n�b�Ï~�E±en�u�ÚOþ§¿^�§��©ÙXeµ

F1 =
SS1/(p− 1)

SSe/((p− 1)(p− 2))

H01∼ F (p− 1, (p− 1)(p− 2)),

F.¶ =
SS.¶/(p− 1)

SSe/((p− 1)(p− 2))

H02∼ F (p− 1, (p− 1)(p− 2)),

F� =
SS�/(p− 1)

SSe/((p− 1)(p− 2))

H03∼ F (p− 1, (p− 1)(p− 2)),

(1.3)

ùp�1Ïf²�ÚSS1 =
∑p

i=1 p(yi.. − y...)2, .¶Ïf²�ÚSS.¶ =
∑p

j=1 p(y.j. − y...)2, �Ï
f²�ÚSS� =

∑p
k=1 p(y..k − y...)2, Ø�²�ÚSSe = SST − SS1 − SS� − SS.¶, Ù¥o²�

ÚSST =
∑

i

∑
j

∑
k(yijk − y...)2. �y²ªf(1.3)��ÚOþ�©Ù§�^�õ�ÚO¥~^�ü

�½n§ùpØ\y²/�ÑXeµ

½n 1.1 (��Cþ��g.©Ù) �n��Å�þX = (x1, . . . , xn)T ∼ Nn(ν, In), ùpν´n�þ
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��þ, XJA�n�é¡�
,@o�g.

XTAX ∼ χ2(r, λ)

�¿©7�^�´

A2 = A, ¿�r´Ý
A��, �¥%ëêλ = νTAν.

?�Ú/, XJkλ = 0, @oÒ`XTAXÑl¥%zχ2©Ùχ2(r).

½n 1.2 (��Cþ�g.�Õá5) �n��Å�þX = (x1, . . . , xn)T ∼ Nn(ν, In), ùpν´n�

þ��þ, XJA1ÚA2 þ�n �é¡�
,¿��g.XTA1XÚX
TA2XÑÑlχ2©Ù, K

XTA1XÚX
TA2X�pÕá�¿©7�^�´A1A2 = 0.

2. Y²¢Ú�þÚ¢ÚÝ


�Ù�EY²¢Ú�þÚY²þ�¢ÚÝ
§¿�Ñ§��5�Ú�¹uªf(1.3)p�²�

Ú��g.L�ª"1Ïf1i(i = 1, . . . , p) �Y²¢Ú�þri��EXeµ

ri = (0, . . . , 0︸ ︷︷ ︸
p�0

, . . . , 0, . . . , 0︸ ︷︷ ︸
p�0

, 1, . . . , 1︸ ︷︷ ︸
1i�©¬p�1

, 0, . . . , 0︸ ︷︷ ︸
p�0

, . . . , 0, . . . , 0︸ ︷︷ ︸
p�0

)T = ei ⊗ 1p,

w,n��þri�±©¤p�©¬, 1i�©¬´����1�p��þ1p, Ù{�©¬��p�0�þ§

�k1Ïf1i �Y²*	��Úyi.. = 1
p
rTi y, ���E�Ïf1k(k = 1, . . . , p) �Y²¢Ú�

þcjXeµ

ck = (0, . . . , 0, 1, 0, . . . , 0︸ ︷︷ ︸
1k���1

, . . . , 0, . . . , 0, 1, 0, . . . , 0︸ ︷︷ ︸
1k���1

)T = 1p ⊗ ek,

w,n��þck�±©¤p�©¬, z�©¬Ñ´1k����1Ù{��þ�0�p��þ, �k�Ï

f1k�Y²*	��Úy..k = cTk y. du.¶��O�Ø��5§.¶ÏfY²¢Ú�þ�´Ø�

��, �d.¶��O���5�±�.¶ÏfY²¢Ú�þ���±�EXeµ

½Â 2.1 [Y²¢Ú�þÚÝ
] éu.¶Ïf, �E1j(j = 1, . . . , p)�Y²þ��¢Ú�

þlj = (lj1, . . . , ljn)
T
, Ù¥ljm = 1, �*ÿ��þy �1m�*	�´.¶Ïf1j�Y²�*ÿ

�§ÄKÒ´0. ?
.¶Ïf�Y²þ�¢ÚÝ
½ÂXeµL = [l1, . . . , lp]T, aq/��½Â

1ÏfY²þ�¢ÚÝ
R = [r1, . . . , rp]T Ú�Ïf�Y²þ�¢ÚÝ
C = [c1, . . . , cp]T.

´�.¶Ïf�1j�Y²*	��Úy.j. = lTj y, ØJ�y§þã½Â1ÏfY²¢Ú�þri

Ú�Ïf�Y²¢Ú�þck¦+käN�L�ª, �§�Ó�÷vþ��þ���½Â(2.1). d�

��O�½Â, Y²þ��¢Ú�þA÷v±e�½nµ

½n 2.1 (Y²¢Ú�þ5�) (1).lTj 1n = p�lTj lj = p; (2).lTj1lj2 = 0, �j1 6= j2; (3).lTj µ
∗ =
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pµ+ pτj; (4).riÚck�kaq�(Ø,¿�rTi lj = 1, rTi ck = 1ÚlTj ck = 1.

.¶Ïf1j�Y²kp�*	�,¤±ljkp����1§Ù{���0§l
�(Ø(1)¶?�*

	��áu.¶Ïf���Y², .¶Ïf�ü�ØÓ�Y²¢Ú�þÓ� ����Ø�UÓ�

�0, Ï
.¶ÏfØÓ�ü�Y²þ�¢Ú�þ�SÈ�0§=(Ø(2)¶d.¶��O���5§

5gu.¶Ïf1j �Y²�p �*	��½´5gu1Ïfp �ØÓY²§�5gu�Ïfp �

ØÓY²§¤±lTj µ
∗ = pµ+ pτj +

∑p
i=1 αi +

∑p
k=1 βk = µ+ τj , l
y²(Ø(3); 1ÏfY²¢Ú

�þri Ú�Ïf�Y²¢Ú�þck��aqd(2.1)½Â, ¤±�A÷v(Ø(1)-(4), d��5��

ùnaþ�¢Ú�þ�?¿üa�þ�SÈ� 1
n

. d½n(2.1), ²{üí���Y²þ�¢ÚÝ


�5�Xeµ

½n 2.2 (Y²þ�¢ÚÝ
5�) (1). RRT = LLT = CCT = pIp;

(2). R1n = L1n = C1n = p1p, R
T1p = LT1p = CT1p = 1n;

(3).Lµ∗ = pµ1p + p(τ1, . . . , τp)T; Ý
RÚC �kaq�(Ø;

(4).RLT = RCT = CLT = CRT = LRT = LCT = 1p1
T
p .

y d½n(2.1), AAT = [l1, · · · , lp]
T

[l1, · · · , lp]�1(j1, j2)©¬l
T
j1
lj2 = p�j1 = j2,ÄK�",

¤±k[l1, · · · , lp]
T

[l1, · · · , lp] = pIp,l
LL
T = pIp, (1)¥Ù§(Ø�aqy²;�½j = 1, . . . , p,

lTj 1n = p, ¤±kL1n = [l1, · · · , lp]
T

1n = p1p, ?Û��*	���U´.¶Ïf��Y²þ�§

.¶Ïf¤kY²þ��þÓ� �þ����k���1§¤±kLT1p =
∑p

j=1 lj = 1n, (2)¥

Ù§(Ø�aqy²; d½n(2.1)´�(3), ¿krTi lj = 1ùTÐ´RLT�1(i, j) ���§¤±k(

Ø(4).

3. u�ÚOþ©Ù�y²

Äuþ!Ú\�Y²¢Ú�þÚ¢ÚÝ
9Ù§�5�§�±^±e��g.L«ÃÏf²

�Ú"

½n 3.1 ªf(1.3)¥�Ã²�Ú�±^y��g.L«Xeµ

SST = yTPy, SS1 = yTP1y, SS.¶ = yTP2y, SS� = yTP3y, SSe = yTPey,

Ù¥P = In − 1
n
1n1T

n , P1 = 1
p
RTR − 1

n
1n1T

n , P2 = 1
p
LTL − 1

n
1n1T

n , P3 = 1
p
CTC − 1

n
1n1T

n ,

Pe = P− P1 − P2 − P3.

y ^Ý
L«oÚy... = 1T
ny, @oo²�Ú

SST =
∑
i

∑
j

∑
k

(yijk − y...)2 =
∑
i

∑
j

∑
k

y2ijk −
y2...
n

= yTy − 1

n
(1T

ny)T1T
ny = yTPy,

ùp�P = In − 1
n
1n1T

n .

Ï�ÃÏf²�Ú�g.L�ªy²aq§�
!��Ì, ��ÑSS.¶��g.L�ª�y
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²Xeµ

SS.¶ =p

p∑
j=1

(y.j. − y...)2 =

p∑
j=1

y2.j.
p
− y2...

n

=
1

p
(y.1., . . . , y.p.)(y.1., . . . , y.p.)

T − 1

n
yT...y...,

^Ý
L«(y.1., . . . , y.p.)
T = Ly, @o

SS.¶ = yT(
1

p
LTL− 1

n
1n1T

n )y = yTP2y,

ùpP2 = 1
p
LTL − 1

n
1n1T

n . dSSe = SST − SS1 − SS� − SS.¶, ´�SSe = yTPey, ùpPe =

P− P1 − P2 − P3.

½n 3.2 ½n(3.1)¥�Ý
P, P1, P2, P3 ÚPeÑ´é¡Ý
§¿÷v±e5�µ

(1).PP1 = P1P = P1, PP2 = P2P = P2, PP3 = P3P = P3, PPe = Pe;

(2). P, P1, P2, P3ÚPeÑ´��Ý
;

(3).P1P2 = P1P3 = P2P3 = 0, P1Pe = P2Pe = P3Pe = 0, ¿÷v��Æ;

(4). tr(P) = p2 − 1, tr(P1) = p− 1, tr(P2) = p− 1, tr(P3) = p− 1Útr(Pe) = (p− 1)(p− 2).

y d½n(3.1)´�Ý
P, P1, P2, P3ÚPe Ñ´é¡Ý
"

PP2 = P2 −
1

n
1n1T

n (
1

p
LTL− 1

n
1n1T

n ) = P2 −
1

pn
1n(L1n)TL+

1

n
1n1T

n ,

d½n(2.2)��L1n = p1pÚ1T
pL = 1T

n , l
PP2 = P2, Ón�yPP1 = P1ÚPP3 = P3, dP, P1,

P2 ÚP3´é¡Ý
§��P1P = P1, P2P = P2, P3P = P3; �e5§y²P2´��Ý
§�Iy

²P2 = PÚP2
2 = P2Xeµ

P2 = (In −
1

n
1n1T

n )2 = In −
2

n
1n1T

n +
1

n2
1n(1T

n1n)1T
n = In −

1

n
1n1T

n = P,

P2
2 =(

1

p
LTL− 1

n
1n1T

n )(
1

p
LTL− 1

n
1n1T

n )

=
1

p2
LT(LLT)L− 1

pn
1n(L1n)TL− 1

pn
LT(L1n)1T

n +
1

n2
1n(1T

n1n)1T
n ,

d½n(2.2)´�µ

P2
2 =

1

p2
LTpIpL−

1

pn
1np1

T
pL−

1

pn
LTp1p1

T
n +

1

n
1n1T

n

=
1

p
LTL− 1

n
1n1T

n = P2,

aq/§�yP1ÚP3�´��Ý
. l
, PPe = P(P− P1 − P2 − P3) = P− P1 − P2 − P3 = Pe.
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d½n(2.2)�N´��:

P1P2 =(
1

p
RTR− 1

n
1n1T

n )(
1

p
LTL− 1

n
1n1T

n )T

=
1

p2
RT(RLT)L− 1

pn
1n(L1n)TL− 1

pn
RT(R1n)1T

n +
1

n2
1n(1T

n1n)1T
n

=
1

p2
RT1p1

T
pL−

1

pn
1np1

T
pL−

1

pn
RTp1p1

T
n +

1

n
1n1T

n

=
1

n
1n1T

n −
1

n
1n1T

n −
1

n
1n1T

n +
1

n
1n1T

n = 0,

��aqy²P1P3 = 0ÚP2P3 = 0, d(Ø(i)Ú(ii)��µ

P1Pe = P1(P− P1 − P2 − P3) = P1 − P1 = 0,

Ón�y²P2Pe = 0ÚP3Pe = 0§dP, P1, P2 ÚP3´é¡Ý
§N´y²(ii)¥ù
ªf÷v��

Æ"

P2
e = (P− P1 − P2 − P3)

2 = P2 + P2
1 + P2

2 + P2
3 − PP1 − PP2 − PP3 − P1P− P2P− P3P + P1P2 +

P1P3 + P2P1 + P2P3 + P3P1 + P3P2, d(Ø(i)Ú(ii)´�P2
e = Pe. d,¼ê�5���µ

tr(P) = tr(In −
1

n
1n1T

n ) = tr(In)− 1

n
tr(1T

n1n) = n− 1 = p2 − 1,

2(Ü½n(2.2)�(Økµ

tr(P2) = tr(
1

p
LTL− 1

n
1n1T

n ) =
1

p
tr(LLT)− 1 =

1

p
tr(pIp)− 1 = p− 1,

Óntr(P1) = p− 1Útr(P3) = p− 1,

tr(Pe) = tr(Pe − P1 − P2 − P3) = p2 − 1− 3(p− 1) = (p− 1)(p− 2),

ù�(Ø�`²§�$^.¶��O���©Û§Ù�êp��´3.

½n 3.3 ±µ∗ÚÝ
P, P1, P2, P3ÚPe �¤��g.÷v±e5�µ

(i). µ∗TPµ∗ = Σp
i=1α

2
i + Σp

j=1τ
2
j + Σp

k=1β
2
k;

(ii). µ∗TP1µ
∗ = Σp

i=1α
2
i , µ

∗TP2µ
∗ = Σp

j=1τ
2
j , µ

∗TP3µ
∗ = Σp

j=1β
2
k;

(iii). µ∗TPeµ
∗ = 0.

y dªf(1.1), �Pµ∗ = (In − 1
n
1n1T

n )µ∗ = µ∗ − µ1n, dP ´é¡��
§l
µ∗TPµ∗ =

(Pµ∗)TPµ∗ = (µ∗ − µ1n)T(µ∗ − µ1n) = Σp
i=1α

2
i + Σp

j=1τ
2
j + Σp

k=1β
2
k;

d½n(2.1)Ú½n(1.3)��µP2µ
∗ = ( 1

p
LTL− 1

n
1n1T

n )µ∗ = µLT1p +LT(τ1, . . . , τp)T−µ1n =

((τ1, . . . , τp)L)T, dP2´é¡��
§l


µ∗TP2µ
∗ = (P2µ

∗)TP2µ
∗ = (τ1, . . . , τp)(LLT)(τ1, . . . , τp) = pΣp

j=1τ
2
j ;
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d(Ø(i)Ú(ii)´�(Ø(iii).

d½n(3.3), 3�b�H01, H02ÚH03©O¤á�§��µ

µ∗TP1µ
∗ H01= 0,µ∗TP2µ

∗ H02= 0,µ∗TP3µ
∗ H03= 0, (3.1)

(Ü½n(3.1)-(3.2)Úªf(3.1)§d½n(1.1)��µ

SS1
σ2

H01∼ χ2(p− 1),

SS.¶
σ2

H02∼ χ2(p− 1),

SS�
σ2

H03∼ χ2(p− 1),

SSe

σ2
∼χ2((p− 1)(p− 2)),

(3.2)

(Ü½n(3.2)Ú½n(1.2)§��SS1!SS.¶ ÚSS� þ�SSe Õá"$^±þ(Ø§�âF©Ù�

½Â§�y²ªf(1.3).

�e5§Äu�g.�Ï"úª�±y²:

E(SST) =(p2 − 1)σ2 + pΣp
j=1τ

2
j ,

E(SS1) =(p− 1)σ2 + pΣp
i=1α

2
i ,

E(SS.¶) =(p− 1)σ2 + pΣp
j=1τ

2
j ,

E(SS�) =(p− 1)σ2 + pΣp
k=1β

2
k,

E(SSe) =(p− 1)(p− 2)σ2.

(3.3)

y d,¼ê�5���µE(SSLat) = E(yTP2y) = E(tr(yTP2y)) = tr(P2E(yyT)), Ù¥

dCov(y) = E(yyT)− E(y)E(y)T, ��E(yyT) = σ2In + µ∗µ∗T, l
d½n(3.2)∼(3.3)�µ

E(SSLat) = σ2tr(P2) + tr(P2µ
∗µ∗T) = σ2tr(P2) + µ∗TP2µ

∗ = (p− 1)σ2 + pΣp
j=1τ

2
j ,

Ón�y²Ù§(Ø"

4. (Ø

��ÛÏÁ��Ü©¢�§.¶��O3Á��O¥ÓâX­�� �§�©Äuþ�¢Ú

Ý
5�y².¶��Ou�ÚOþ§{ü´Ã§kÏun).¶��O��n§¿�N´í2

�Ù¦��©Û�.¥�'ÚOþ�y²§�)õÏf��©Û�½�A�.!õÏf��©Û
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