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Abstract

The theory of differential equations in Banach spaces is an important branch of nonlinear analy-
sis. The boundary value problem of differential equation is the component of the differential equ-
ation subject, which is in the intersection of differential equation theory and linear and nonlinear
functional analysis. It exists widely in various mathematical models of nature, such as spring vi-
bration, inelastic vibration of beams and population ecosystem. In this paper, by using the fixed
point theory in the cone with a special norm and space, the authors discuss the existence of posi-
tive solutions for a class of boundary value problems of differential equation on the infinite inter-
val and obtain that the equation has at least one positive solution. The results improve many
known results including singular and non-singular cases to a certain extent.
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AL, BATFEETHR T ST X [A] b & 44 18] BU(BVP) IR A7 AE P
(p(t)x'(t)) —k2x(t)+f(t,x(t),(x’(t))) =0,1¢€(0,+%),
alx(O)—,@}irg}p(t)x'(t)zyl, (1.1)
a, [lirrolox(t)—ﬂz lim p(t)x'(t) =%,
Horf ke (—o0,400),  f1(0,+00)x(—00,+00) > [0, 00 ) JEIELE R RIE HACYFAE £ = 0 () 2 FF

p € C[0,400)NC"(0,+00) H p 7E(0,40) E KT 0, Io+w%ds<+oo ; a,.,ﬂi,yi(i=1,2) :
pP\S
1

p=a,f +af, +a,B(0,4+0)>0,B(t,s) = I+w—dv
° p(v)
e KA =, 855 XA _ b RIAE M R 224 5] e AR R 2 i 248817 [2] [3] [4]. Zima [5]
WAL 1A A I R IR 5 2

(0)=0,limx(¢)=0

t—0

[0 )t

Hfk>0, f:[0,40)x[0,+00) > [0,+0) ZIETESHEH [ (¢,5)<a(r)+b(t)x,
(£,x) €[0,490)x[0,40) , a, b:[0,+a0) —> [0, +00) REHELE L. AT SL[5]H ML 4 MF, Hao (6] T
TR TR AR A7 P FE
X' (6)= K x () + mf (£.x ) (1.2)
ot f:[0,400) [0, +00) = [0, +0) JE3% 5k sup{ f (¢ ) €[0,+%0)x[0,+%0)} < +o0 ,
m@ﬁﬁa@ﬁ@ﬁﬁ%ﬂﬁﬁ&h:Mu#oim¢mﬁﬁﬁnmmﬁﬁ
(p(6)x'(£)) +Af (.x(2)) ~ k*x () =0,

7E BVP(1.)H, Xy, =y, = 0 B (1%L, N Krasnosel-skii A5l s B8, SC[813/75 7 & = 0 B 5 FE(1.2)
EfRRIATTENE
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Z UL EXCEME K, AN IRE R BVP(LDIIEfE. S53C[5][6] [7] [8IAHEL, —J7M, ARSCHHIei2
T 55 XA b B — OB A Ry s A, AR, RAUEHIEIR R, i R
BRI 2 () RURR IR R0, R B e B, R R 2T S 1 5 T8 55 DX TR) BTy >R 1 TR o
A B H 355 BVP(L)IEMRIAEAENE . — ORI, BATBEL KRB — MRS ET 1 MAB) S
K, ASCH, BATPAFHR TS X [0,400) E BVP(L)IEMAIAELE:, B ¢ (058 S8 M AT FRIX A HE
PRI ST IX I . FHorh i R MR 7 R AN AL T, T AEL ST IX I [0,490) b, Ascoli-Arzela
KAl KT TGS XA b (51 4 A B o T (5] B 2.2) m] DA BhERAT AR peax A vl
2. MR
i
a(t)= B, +a,B(0,t), b(t)= p, +a,B(t,»)
a(wo)= }irga(t) =B +a,B(0,0) <+, a(0)= }irga(t) =B
b(w)=limb(1)= B,, b(0)=1limb(r)= B, + & B(0,) <-+o
x(t)=p" [1+a(t)b(t)y1 (t)], X(t)=y,(t), f(tuu')=g(tv,n)
52 2.1 [8]: RKKM .[:O%ds <40 AL H p<0, M
pL\s
(p(6)'(¢)) +v(t)=0,(0,+w0),
au(0)-p lirr}p(t)u'(t)=0, 2.1
a, tlirrolou(t) -5, tlil}gop(t)u'(t) =0,
SHER I ve L(0,0) , BVP(2.1)4 Me—fif H M — @ n] LIE RN
u(t) =.[OMG(t,s)v(s)ds.
Hrp
G 1 |(B +B(0,5))(B, +@,B(1,)),0< s <t <+,
t,s)=—
( S) P (ﬁl +alB(O,t))([)’2 +aQB(s,oo)), 0<t<s< 4w,
FE 2.1: H(Q2.2)5E I G(1,8) A R AR :
(1) G(t,5)7£[0,+00)x[0,+00) 3%
Q) AHTEM se[0,40), G(t,5)7E[0,+0) FESAM(r = s LRI

) 0G(rs)| _ oG(ts)| 1

at |t:s+ at t=s" B p(S) o

(4) WHERM s €[0,40) , G(t,5) #£[0,+00) LBk ¢ =5 AN 5 R FF U5 FE(BVP(2.1)
v(t)=0)E0 G(1,5) & BVP(2.1){f] Green’s %

(5) G(t,s)SG(s,s)Sl(ﬁl+alB(0,s))(/i’2+azB(s,oo))<+oo;
o
(6) G(s)=lim G(t,s)ziﬁz(ﬁl+alB(o,s))sG(s,s)<+oo;
>+ p

2.2)

(7) AHEER te[a’ b | (0,40), sue[0+0), FECO0<c <), WL
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. |x(t)| G(t,s) a(t)+b(t o a(u)+b(u)
c < <1, >c
p’1[1+a (u)b(u) ] p’1[1+a t b(t)] [1+a(t)b(t)] [l—i-a(u)b(u)]
AR, PAER]) x HHEFE BVP(1.1)
_ 1 : |x(t)|
X—{xeC [0,+w).te?5£o) P [1+a(t)b(t)} <+ te?;lg |x |<+ 2.3)

o x(1) . .
it ()2 B 00, o= b k= s P 1 )

(AL[9D%

[x(1) . [x(u)
= : > ,t, 0,400
" {“X R I Ta(op(0] ™ 5 i aluwpp] 1)
DV K e x AN
FALF3C[9] [10], FHEIAIGIBE 2.2 BT
BlHE 2.2: BXMcX, & MiFLE T &M
(1) M Ex T—BHR,

(2) E% {yl y2|y. ‘[1an |b(tﬂ,yz(t)zx'(t):x,x’eM}E[O,m)LEi{K 5 AL
t
(3) B {y1=y2|y1 p'[lercE ) b(t)],yz(t)=X'(t):x,x'eM}ft oo Kb BUS, WIFK M 1E x

R A
FIE2.3 [11] [12]: B¢ P & Banach 23] £ *PHIIEHE, 2 L P, ={xeP:||x||<7/} , ISM :{xeP:7S||x||<R} ,

0<y<R<+oo/\A P, — P RASEGHT, WM FIEIRAL

(2) ﬁﬁxoeaply 4145 x = Ax + mx,, VxedP,m>0, )H'JA?PF FAAEANT) R
W 2.2: BRKAIF(DTE x e 0B, HIRMQ)TE x € 0P, FAXIMRAL, M5B 2.3 (L5 R8T

3. FEER

(H) f.g:(0,400)x[0,+00)x (—o0,+00) — [0, +00) J& 344k 57 ¥ Hiw /&
Ku< f(tuu')=g(t,v,v,)<o(t)g(t,v,v,) » Ferh ¢:(0 ,+00)—>[0,+00) HEEHAA =0 H AR, ¢(t) 1E
[0,400) EAEA 0, q:[0,400)x[0,+%0)x (=00, +00) [0, +00) LR KL, XMATEMO<t<+00, v,|v,| &
F[0,+0) EHIH R, q(t,v,v,) BT

(Hy) J‘;w¢(s)ds<+oo.

R AR, EXRDHTT: K> X -

(Tx)(t):“”; )4 “p 7 6(15)(f (5.x(5) ' (5)) ~ K2 (s)) ds. £ € [0, +90), (3.1)

TR BVP(L)A A x 24 HALY x e K £ HG.1)5E X T 7 FIAS) A,
BB 3.1: MM, H)lor. W T:K — K R4eESHET.
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UEB: B2, BATEM T K > X REEXWAT(K)c K SHEEEEM xeK  FEy >06 x| <y,
ar (o x(0)

() p ' [1+a(t)b
S, ::sup{q(t,vl,vz):OSts+oo,0£vl,|v2|gy*}<+ooo R, H2H,) (Hy), Xﬂ{i%ﬂ@te[0,+w), H

(Tx)(f) o) = [1+alt b(t)][m+na_(0J

0] <y (t)=x'(t)<y .te[0,+0) o MMM HRT, 20,

p[1+a(t) - 5
#p [1+a(0b(0][]G0s)(f (5:5(5) () =K x(s)ds

[1+(a)+y2(t(]) [ [ﬁg S)b(t)](f (5x(5),2'(s)) = x(s) ) ds (32)
—% [ #(s)a (5.3 (5).7: (s))ds

S% S . f, #(s)ds < +o0,

(%b() 7alt) f G ts)(f(s,x(s),x'(s))—k2x(S))dSJ

P P

() 0]

—| arn _ Gh % jta(s)(f<s,x(s),x’(s))—kzx(s))ds+ % J’*”b(s)(f(s’x(s),x’(s))—kzx(s))ds‘

“op(0) op() pp() pp()?
@ s A O o)) -l [ (). (0) - s |
< s s ST (). ()
< s o S g0 0 )|
S,E?;f!;p | s, [ 0(s)es e
MG 2)ME)ART (x) (1) e X o #G(r,s) BTN e[a’b’ ], A .
R0
e T o T U G (a0 (0) )
2. pnb[(lzzn (())} - Dfi?:))b(u)]( £ (sx(5),2' ()~ Kx(s)) ds (3.4)

B A0 Ry S CC MR )
= (TX)( ) ue|l,4+0).
_p71[1+a(u)b(u)]’v [0,42)
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(7x)(¢) o (B)(w) o). EE. T(K)c K
HH(3.4) ] 1, r[nm G [1+a b(t)]ZC s [1+a u)b(u)],Vue[0,+ ). B, T(K)cK.
HR, MMEEMBERE M, EXHETT,:K>K:
(7,2)(1) =720 72a) [7G(1.5)(f (s.x(s).x'(5)) = Kx(s)) ds € [0, 400). (3.5)
p P
NHE, Mm=1, BAVEIENT, K > K REESEN). HRIEWT, K > K 2IESH. Bk x,xek
A x, = x| >0 H1(3.5) % EH,) T 41

(5 ) - @ | 6

(/ (.3, (5),1 ()= K, (s) ) s

o Lra0p(0] Lo [ alo)o(0)]
i) ()#)
[l (o () () (o) )

[ el () ()l ()

e 0 () g 5. )

SENS)(CI(SJM(S)J ())+ (5.1 (5), 5 (5)))ds <28 . [ p(s)ds < 40,

Hrp S. = sup{q(t,vl,vz):ost§+oo,0§v1,|v2| Sy*} < +oo (HEZMH)TTE), v R—Aesot A
v ZIEIE%VX{"X",”)C”"} » N RIRERELE.

(1) ()1, (1)
s (o) (550 0) K ()4 () (15, (5.0 0) £, ()

pp(1)" pp(t

~ sup — [ftlazi)(s)lg(wm(s)ayzn(s))+g(sayl(S)’yz(s))|ds

te[0,+oo) p(t) m
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N alb(s)|g(s, 31, ()27 () + £ (524 (5): yz(s))|dsj
Lﬁz(g(s’ym (5), 22, (5))+ g (521 (), 35 (5)) ) ds

B 1€[0,+20) p(l) "

<45 sup j¢ )ds < +oo.

tE[O+oo
LR >0, HKMHMHY), FIERSKH AO,AO’(AO,A(; >%)ﬁﬁ&
228 [ ¢(s)ds <§, (3.6)

45, sup t)jz¢(s)ds<§. (3.7)

t[0+oo
EB"X,,—X"—>0,”—>+00, FEAE—NFEA K ESREL N, 145 n > N B, SHERE M) s €[0,40),
|x | "x x||< ( J’fOG(S’S)(l_‘—a(S)b(S))dS} . (38)
P [1+a(s s)] m 1+ 5./,
H g (t,v,v,) 78 [1/m, 4,]* [y] [,y]iﬁ‘]kéﬁsﬁ, St Bk e>0, FFHES>0, WALEM
sell/m,4,], vl,v2,v1',v;e[(),y*]*[o,y*}, ‘é’||vl—v{|<5,|v2—v2|<5HﬂL, H

|g(s,v1,v2)—g(s,vl’,v;)|<§(A0—l/m)fl. (3.9)

thx, = x| = 0,n = +o0 , FELE—AFSSKIIERBN, > N,y » 855 0> N, I, SHEER s €[l/m, 4],
H
[, () = x(s))

p ' [1+a(s)b(s)] ™
Frel, H(3.9), Hn>N B, SHEEK se[l/m, 4], 75
[ (55, ()26, ()= (s () ()] =i (5310 ()32 () =2 (591 ()05 () < S (A =1/m) " 3.10)
KRk, $H(3.6), (3.8)~(3.10), Mn> N i, XMTEMI1e[0,+0), £
|7,

x (s)—x'(s)| < "xn —x" <0.

O |f-__6(s)
P [1+a b(z)] o [1+a(0)b(t)

G(t,s)

L rap] B )R ()

(7l 15 0) 5. s

< f; pe [li(at’s))b (|f(s,xn (s),x,'l (s))—f(s,x(s),x'(s))|+k2 |xn (s)—x(s)|)ds

e s () ) o)

p ' [1+a(r)b(1)
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< J;O |f(s,xn (S),x; (s))—f(s,x(s),x'(s))|

AOkZG(S,s)(1+a(s)b(s)) ( ) (s)|
g [1+,31ﬂ2] [1+a ©)5(s)]"
+J ( ))+f s, x s) )ds
£—+I #(s ( TESHORME ))+Q(S ¥ (s),72 (s)))ds

<2—€+25 j #(s)ds<e.

3.11)
<go. BIXEE—DEREm,

B—JiH, EMTFGINMIER, %5&G.7), T8 |(T,x,) (6)-(T,x) (1)

T, :K — K /&iELLM
THAEW, o NEREm, T,: K-> KRR Bi%m Kk TRERERTE, WEEFRR
r'>0, B x| <0 xeM . H3.5), FKEH)RIH), WHEEMxeM , A

(7,x)(1) 3 _ [Ha(t)b(tﬂ(er%a_(t)j

p ' [1+a(t)b(t 0 P
+p [1+a t)b( ]j G ts)( ( )’xr:(S))_kzxn(S))dS
_% J.; ()q(s,y](s),yz(s))dss% S I¢ )ds <+,

(M+M+ITG(t,s)(f(s,x(s),x'(s))—kzx(S))dsj

P P

(1. (1) -

©

_| ar _ %h % )J-ia(s)(f(s,x(s),x’(s))—kzx(s))ds+ 4 L b(s)(f(s,x(s),x'(s))—kzx(s))ds

lep()) pp(0) pp(1)s pp(1)

S,joL,lEo)pzt)Kalyz ;%71 *[19()a(son (). (S))dsj

< sup ! (a];f2+a2;/l +S7*'f:¢(s)dsj<+oo,

re0.0) p(1) el
ﬁQEF'SO :zsup{q(t,vl,vz):OStS+oo,0Svl,|v2|S;/O} o Bk, T M —EH . Xﬂ‘{f%‘jﬁ‘]t,t'e[o,-koo) , AP
(7,5)() (1)) |
b(1)]

|p [1+a (1) b(t] s [1+a 1)
b))+ raat) _nb(e)+ra(r) w[ G(ts) __ G(t) N (e
) G Tt+a(p(e)] p ' [1+a()b(r)] (o)) =)
7 |b(t)=b(¢")+ 7, |a(t)-a(t) (t.5)-G(t,s)|
- 1+ 4,3, © P (1+85)

0 |b()=b(t) +7,|a(t)—a(t)| N 28, o(hs
- 1+ 4,4, p’1(1+ﬂ1ﬂz)f° [6(23)

| L+a(0)p(e)  1+a(r)b

+

#(5)(a (5310 (), 220 () + (5,31 (), (5))) ds

~G(t.s5)|#(s)ds >0, t 1,
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(1,3)(0)~(1,) (1)

ay, —ay, |p(l)—P(f')| { 1 1 }( rayb(s)+aya(s) . E dsj
T p(t)p(t) ¥ o) p(t) p(t) J p (/523 (5).3 () =#5,(5))
<[4V %) ||p(t)—p(l')||+ sup {L’%}{Sor alb( )+a2 ( )¢(s)dsJ—)0 t—>t
el p()p(t')  weosn) | p(¢) p(t 7 P
BY 7, M 1E[0,400) FA5EESE. T
(@, X)() (7, X)(°°) |
|p’ [1+a ] P [1+ () ]|
7 |b(t)— 0 |+;/2|a (oo | |G |
< T a1 ) s ) s
b () =b(0)|+7, |a(t)—a() 28, - e .
< vy +p‘1(1+ﬁ1ﬁ2)jo |G (t,5)-G(s)|¢(s)ds >0, t > o0,
I HLaT LEBA (me)'(t)—(me)’(oo)‘—>0,t—>oo, FROL T, M —Bi s, W5l 22, XA HR%

m, T,:K—KREELHT.
BRI, T:K > K RAESHE F. WIEM 1€[0,40),xe K |x] <1, &

x(1) < =x"(¢) <X (¢)| < e[0,40
yl(t):p'l[ﬂa t b(t)]_l’ v (0)=x () <[ (0] <1, te[0+0).
|(Tx)( ) | - s,%(s x’ s B 2x s

p ' [1+a(t

; G(t,s
<I ’l[1+a

)
()b (s

<Ii ) (o ()ra(s))es
Jo()] €1
; s alsn () )

< SIJ.O;¢(s)ds —0, m—>+o.

Hrps, = sup{q(t,vl,vz):03v1,|v2| S1}<+oo.

(1) (1)1, (1) -

pp(1)
1
< m , ds
te?éfi)p(;)]o g(5:31(5).2(5))
sy s))ds
t[0+oo p(t) ()0 (5))
<, sup j #(s)ds = 0,m — +o0,
teO+oo

FH e R] 0 ||Tx
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EH 3.1 RREMMH) Hy) AL, FEH. q, g 2 %A

(H;) 0< lim min M<L kK*<l< lim min ( %) < +o0,
vy, vy 0" 1€[0,40) max{vl |v2|} vy 2“’**&[(1 b] \2 +|v2|
7’1b +7/2 ( ) 1 ay, +ay, ( o )’1
L=max{|1-"—~~L 2~ é(s - @(s)ds
[ i (1+5,.) j Iy o | 80)

1
supte[0,+oo) W

I= max{k2 +1, [U::G(t,s)dsjl +k2]_1 M}, 5> 0.

P

M BVP(1.)EDH — M
EM: AL —ANARER, FE e > 0,7 > 072

q(t,vl,vz)s(L—so)max{vl,|v2|},OSr,t6[0,+oo). (3.12)

P> B AR 0< v, lv|<n,1e[0,40) . GADFEPERIL. EK, ={xeK:|x|<nr}, HIEEM

- x(t) b
xedk,, H yl(t)—p71[1+a(t)b(t)]§’”1’ » () =|x(0) <r . FiLh

a6 (0202 (0) = (L) (1) (0]}
KT £ €[0,+0),
| )(1) | 7 (1) + 7,a(t)
P [1+a () b(t)} PP [1+a b(t)] pp ' [1+a(1)b(1)]
+G(1s)(f (s x(s ~kx(s))ds
()+72 (1), f G(f s)

<[1+a b(1)] p[1+a
a()

7,b(0)+ 7,a(
1+ B8 I s S (s (S))ds
b0+ rale) |
1+ 85,

(t)] g(s.3,(s)., (s))ds

+(L— go)max{yl |J’z |}J.:¢(s)dsﬁ||x"=rl,

v B4 I W s,x(s),x"(s))=k>x(s =4 [Tp(s s,x(s),x"(s))=k*x(s
pp(t) pp(1) pp(t)-[o ()(f(’ (s),x'(s))~k ())ds pp(t)-[f b( )(f(’ (s),x'(s))~k ())ds‘

IA

1 a172+a271+ ’aza(s) gxls).x (s)) = kx(s n ‘”M
te?ggo)p(t)[ P J P [/ (sox(s)- () =Rx(s) s+ [ p

(f(s,x(s),x'(s))—kzx(s))dsj
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