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Abstract

For a complete self-shrinker M in the Eulidean space Rn+p, we prove that if the

©ÙÚ^: ù^ï. î¼�m¥��gÂ f�f5½n[J]. A^êÆ?Ð, 2020, 9(12): 2123-2128.
DOI: 10.12677/aam.2020.912246

http://www.hanspub.org/journal/aam
https://doi.org/10.12677/aam.2020.912246
http://www.hanspub.org
https://doi.org/10.12677/aam.2020.912246


ù^ï

second fundamental form A satisfies |A|2 6 1
2

and the mean curvature H satifies

lim
r→∞

1
r2

∫
B(r)
|H|2e−

|X|2
4 dµ = 0, then M is one of the generalized cylinders Sk

(√
2k
)
×Rk,

k = 0, 1, 2, · · · , n.

Keywords

Complete Self-Shrinker, Rigidity Theorem, Second Fundamental Form

Copyright c© 2020 by author(s) and Hans Publishers Inc.

This work is licensed under the Creative Commons Attribution International License (CC BY 4.0).

http://creativecommons.org/licenses/by/4.0/

1. Úó

�M´(n + p)-�î¼�mRn+p¥�E\f6/, ¿�E\N��X0 : M → Rn+p. ±F0�Ð

��²þ­Ç6´��üëêx�E\N�X : M × [0, T )→ Rn+p, ÷v

∂

∂t
X(x, t) = H(x, t), (x, t) ∈M × [0, T ),

X(x, 0) = X0(x), x ∈M,

ùpHL«M�²þ­Ç�þ.

'u²þ­Ç6���­�¯K´ïÄÙA). gÂ )´²þ­Ç6��aA), §��m

¡´gÂ f. ��E\X : Mn → Rn+p¡�gÂ f, XJ§÷v

H = −1

2
X⊥,

ùp( )
⊥
L«Rn+pþ��þ|�{�©þ. gÂ f�©aé²þ­Ç6�Û:©Û�©­�,

§´�a�~­��Û:�..

é²¡R2¥­�6, Abresch-Langer�Ñ
¤kgÂ f�©a [1]. duRN¥�gÂ ­�

�¹3��2��5f�m¥, RN¥�gÂ ­��kéÐ��x. Huisken [2]y²
Rn+1¥²þ

­Ç���4gÂ f´Sn
(√

2n
)
. �5Huisken [3]qò(Jí2�Rn+1¥�a��gÂ f�

�/. �C, Colding-Minicozzi [4]y²
Rn+1¥äkõ�ªNÈO���­½i\gÂ f�U

´²¡, ¥¡½Î¡. Le-Sesum [5]y²
Rn+1¥äkõ�ªNÈO��÷v|A|2 < 1
2
�n-���

gÂ f7�åuî¼�m. Cao-Li [6]òLe-Sesum�(Jí2�p{��/, y²
e¡�mY½

n.
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½n 1 ( [6])�Mn´î¼�mRn+p¥äkõ�ªNÈO��n-���gÂ f. XJM÷

v|A|2 6 1
2
, @oM�åue���: Sk

(√
2k
)
×Rk, k = 0, 1, 2, · · · , n.

XJØb�gÂ fäkõ�ªNÈO�, Cheng-Peng [7]3�r�^�ey²
gÂ f�

mY½n.

½n 2 ( [7])�Mn´î¼�mRn+p¥�n-���gÂ f. XJM÷vsupM |A|2 < 1
2
, @oM�

åuî¼�m.

'ugÂ f��õ(Jëw [8] [9] [10]�.

�©Ì�ïÄî¼�m¥���gÂ f3Øb�äkõ�ªNÈO���f5½n§y²


eã(Ø.

½n 3 �Mn´î¼�mRn+p¥�n-���gÂ f. XJM÷v

|A|2 6 1

2
, lim

r→∞

1

r2

∫
B(r)

|H|2e−
|X|2

4 dµ = 0,

@oM�åue���: Sk
(√

2k
)
×Rk, k = 0, 1, 2, · · · , n.

3½n3¥, B(r)L«M¥±,:�¥%, ±r��»�ÿ/¥, dµL«Mþ�NÈ/ª. w,,

eMäkõ�ªNÈO�, Kk
∫
M
|H|2e−

|X|2
4 dµ <∞, Ïd½n3¥�12�^�g,÷v, l
í

2
½n1.

2. O�ó�

�Mn´(n+ p)-�î¼�mRn+p¥�n-���E\f6/. ·��½�I��Xe:

1 6 A,B,C, · · · 6 n+ p, 1 6 i, j, k, · · · 6 n, n+ 1 6 α, β, γ, · · ·n+ p.

-gL«Mþ�p�Ýþ. 3Rn+pþÀ�ÛÜü ��Ie|{eA}, ¦���3Mþ�, {ei}�M�
�. -{ωA}L«{eA}�éóÄ, {ωAB}L«Rn+pþ�éä1-/ª. ��3Mþ�, k

ωαi =
∑
j

hαijωj , hαij = hαji,

A =
∑
α,i,j

hαijωi ⊗ ωj ⊗ eα,

H =
∑
α,i

hαiieα =
∑
α

Hαeα,

Ù¥A,H©OL«M�1�Ä�/ªÚ²þ­Ç�þ. 3Mþ½Âý��fL�

L = ∆− 1

2
〈X,∇(·)〉 = e

|X|2
4 div

(
e−

|X|2
4 ∇(·)

)
,
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Ù¥XL«M3Rn+p¥� ��þ, ∆L«Mþ�Laplace�f. L'uMþ�ÿÝe−
|X|2

4 dµ´g�

��, ùpdµL«Mþ�NÈ/ª. ��O���|H|2 ÷v( [8] [10])

L|H|2 = 2|∇H|2 + |H|2 − 2
∑
i,j

(∑
α

Hαhαij

)2

. (1)

3. ½n�y²

3�!¥·��Ñ½n3�y².

y². d�ª(1), k

L|H|2 > 2|∇H|2 + |H|2(1− 2|A|2).

é?¿ε > 0, ½Âfε =
√
|H|2 + ε. éx ∈M , eH(x) 6= 0, Kk|∇H|2(x) > |∇|H||2. Ïd3x:,

|∇fε|2 =
|H|2|∇|H||2

|H|2 + ε
6 |∇|H||2 6 |∇H|2.

XJH(x) = 0, Kk|∇fε|2(x) = 0, Ïd3T:Ek|∇H|2 > |∇fε|2. dd·���

Lf2
ε > 2δ|∇H|2 + 2(1− δ)|∇fε|2 + |H|2(1− 2|A|2),

Ù¥δ ∈ (0, 1).

�φ´Mþäk;�| 8�C1¼ê. 3þªü>Ó�¦±φ2ρ, ùpρ = e−
|X|2

4 , Ó�3Mþ

È©, ¿|^©ÜÈ©, ���

0 > −
∫
M

(Lf2
ε )φ2ρdµ+ 2δ

∫
M

|∇H|2φ2ρdµ

+2(1− δ)
∫
M

|∇fε|2φ2ρdµ+

∫
M

|H|2(1− 2|A|2)φ2ρdµ

=

∫
M

〈∇f2
ε ,∇φ2〉ρdµ+ 2δ

∫
M

|∇H|2φ2ρdµ

+2(1− δ)
∫
M

|∇fε|2φ2ρdµ+

∫
M

|H|2(1− 2|A|2)φ2ρdµ

= 4

∫
M

fεφ〈∇fε,∇φ〉ρdµ+ 2δ

∫
M

|∇H|2φ2ρdµ

+2(1− δ)
∫
M

|∇fε|2φ2ρdµ+

∫
M

|H|2(1− 2|A|2)φ2ρdµ.

du

|∇(fεφ)|2 = φ2|∇fε|2 + 2φfε〈∇fε,∇φ〉+ f2
ε |∇φ|2,
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·�k

0 > (4− γ)

∫
M

fεφ〈∇fε,∇φ〉ρdµ+ γ

∫
M

fεφ〈∇fε,∇φ〉ρdµ+ 2δ

∫
M

|∇H|2φ2ρdµ

+2(1− δ)
∫
M

|∇fε|2φ2ρdµ+

∫
M

|H|2(1− 2|A|2)φ2ρdµ

= (4− γ)

∫
M

fεφ〈∇fε,∇φ〉ρdµ+
γ

2

∫
M

|∇(fεφ)|2ρdµ− γ

2

∫
M

φ2|∇fε|2ρdµ

−γ
2

∫
M

f2
ε |∇φ|2ρdµ+ 2δ

∫
M

|∇H|2φ2ρdµ+ 2(1− δ)
∫
M

|∇fε|2φ2ρdµ

+

∫
M

|H|2(1− 2|A|2)φ2ρdµ

> −4− γ
2

(
τ

∫
M

φ2|∇fε|2ρdµ+
1

τ

∫
M

f2
ε |∇φ|2ρdµ

)
+
γ

2

∫
M

|∇(fεφ)|2ρdµ− γ

2

∫
M

φ2|∇fε|2ρdµ−
γ

2

∫
M

f2
ε |∇φ|2ρdµ

+2δ

∫
M

|∇H|2φ2ρdµ+ 2(1− δ)
∫
M

|∇fε|2φ2ρdµ+

∫
M

|H|2(1− 2|A|2)φ2ρdµ

=

(
2(1− δ)− (4− γ)τ

2
− γ

2

)∫
M

φ2|∇fε|2ρdµ−
(

4− γ
2τ

+
γ

2

)∫
M

f2
ε |∇φ|2ρdµ

+
γ

2

∫
M

|∇(fεφ)|2ρdµ+ 2δ

∫
M

|∇H|2φ2ρdµ+

∫
M

|H|2(1− 2|A|2)φ2ρdµ,

Ù¥γ ∈ (0, 4), τ ∈ (0,∞). y3�δ = 1
2
, γ = 1, τ = 1

3
, þª�z�

0 > −7

2

∫
M

f2
ε |∇φ|2ρdµ+

∫
M

|∇H|2φ2ρdµ+

∫
M

|H|2(1− 2|A|2)φ2ρdµ.

À�φ ∈ C∞0 (M)¦�0 6 φ 6 1, éx ∈ B(r)kφ(x) = 1, éx ∈ M\B(2r)kφ(x) = 0, �|∇φ| 6 2
r
.

þª¥-ε→ 0, r →∞ ��

0 > − lim
r→∞

14

r2

∫
B(2r)

|H|2ρdµ+

∫
M

|∇H|2ρdµ+

∫
M

|H|2(1− 2|A|2)ρdµ.

�âb�^�|A|2 6 1
2
, lim

r→∞
1
r2

∫
B(r)
|H|2ρdµ = 0, k

0 >
∫
M

|∇H|2ρdµ+

∫
M

|H|2(1− 2|A|2)ρdµ > 0.

Ïd∇H = 0, =Mäk²1²þ­Ç�þ. Ïd½öH ≡ 0, ½öH 6= 0�|A|2 = 1
2
. �

âCao-Li [6]¥�?Ø��M�åue���: Sk
(√

2k
)
×Rk, k = 0, 1, 2, · · · , n.
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