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Abstract

In this paper, we study the following semiclassical Schrödinger-Poisson system−ε2∆v + V (x)v + λψv = f(v), x ∈ R3,

−ε2∆ψ = v2, x ∈ R3; v(x)→ 0, ψ(x)→ 0, as |x| → ∞,

where ε > 0 is a small parameter, λ > 0 is a parameter and V : R3 → R is a bounded
potential function, the nonlinearity f is superlinear at the origin and at infinity, and is
subcritical growth. We proved the existence of infinitely many sign-changing solutions
by the method of invariant sets with descending flow and the truncation technique, and
proved that these solutions are located near the local minimum point of the potential
function V as ε→ 0 by the penalization method.
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1. ý��£

3�©¥, ïÄ�²;g�.O� Schrödinger-Poisson�§|:−ε2∆v + V (x)v + λψv = f(v), x ∈ R3,

−ε2∆ψ = v2, x ∈ R3; v(x)→ 0, ψ(x)→ 0, � |x| → ∞ �,
(1.1)
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�(

Ã¡õCÒ)��35Ú8¥y�, Ù¥ ε > 0´���ëê, λ > 0. b� ³¼ê V ÷veã^

�:

(V1) V ∈ C1(R3,R)��3 c0, c1 > 0¦�

c0 ≤ V (x) ≤ c1, ∀x ∈ R3 .

(V2) �3��k.8M ⊂ R3¦�

〈∇V (x), n(x)〉 > 0, ∀x ∈ ∂M ,

Ù¥ n(x)´ ∂M 3 x?�	{�. Ø���5, ·�b½ 0 ∈ M . � V ÷v^� (V2)�, M SÜ
V ��.:8

A = {x ∈M | ∇V (x) = 0}

´M ���4f8. éu��8Ü B ⊂ R3Ú δ > 0·�½Â

Bδ = {x ∈ R3|dist(x,B) = inf
y∈B
|x− y| < δ}, Bδ = {x ∈ R3| δx ∈ B}.

·�b���5� f ´��ëY¼ê�÷v:

(f1) lim
t→0

f(t)
t

= 0, lim
|t|→+∞

f(t)
t

= +∞.

(f2) �3 q > 4¦�
1

q
tf(t) ≥ F (t), t ∈ R3

Ù¥ F (t) =
∫ t

0
f(τ)dτ .

(f3) �3 c > 0, r < 6¦�

|f(t)| ≤ c(1 + |t|r−1).

�©�Ì�(JXe:
½n1. b� 5 < q < 6Ú (V1)− (V2)¤á. Ké?Û��ê k, �3 εk > 0� 0 < ε < εk �, K¯
K (1.1) ��k k éCÒ) ±vj,ε, j = 1, 2, · · · , k. d	, é?Û δ > 0, �3 α > 0, c = ck > 0 �

εk(δ) > 0 � 0 < ε < εk(δ) �, k

|vj,ε(x)| ≤ c exp
{
−α
ε

dist(x, Aδ)
}
éu x ∈ R3, j = 1, · · · , k.

�CþO� x 7→ εx, U��§| (1.1)Xe:−∆u+ V (εx)u+ λϕu = f(u), x ∈ R3,

−∆ϕ = u2, x ∈ R3; u(x)→ 0, ϕ(x)→ 0 � |x| → ∞ �.
(1.2)

XJ u´�§| (1.2)�), K v(x) := u(x
ε
),ψ(x) := ϕ(x

ε
) ´�§| (1.1)�). ·��I�ïÄ�
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�(

§| (1.2) �). - ϕ = ϕu�\� (1.2)�1���§¥, K����¹�ÛÜ�� Schrödinger�
§

−∆u+ V (εx)u+ ϕuu = f(u), x ∈ R3,

Ù�A�Uþ�¼ Jε�

Jε(u) =
1

2

∫
R3

|∇u|2dx+
1

2

∫
R3

V (εx)u2dx+
1

4

∫
R3

ϕuu
2dx−

∫
R3

F (u)dx, u ∈ H1(R3) .

·�½Â6Ä�¼, Äk½Â�ä¼ê, Ù¥ F (u) =
∫ u

0
f(t)dt. - ξ ∈ C(R, [0, 1]) ´��ó¼ê,

¦� ξ(t) = 1 � |t| ≤ 1�; ξ(t) = 0 � |t| ≥ 2 �; −2 ≤ ξ′(t) ≤ 0 � |t| ≥ 0�. ½Â

bε(x, z) = ξ(εz exp{dist(εx,M)}), mε(x, z) =

∫ z

0

bε(x, τ)dτ ;

bε(z) = bε(0, z) = ξ(εz), mε(z) = mε(0, z) =

∫ z

0

bε(τ)dτ ;

�

kε(x, z) =
( z

mε(x, z)

)γ
z, Kε(x, z) =

∫ z

0

kε(x, τ)dτ .

- ζ ∈ C∞(R), ¦� ζ(t) = 0 � t ≤ 0 �; ζ(t) = 1 � t ≥ 1 �, ¿� 0 ≤ ζ ′(t) ≤ 2. ½Â

χε(x) = ε−6ζ(dist(x,Mε)).

6Ä�¼ Γε½ÂXe

Γε(u) =
1

2

∫
R3

|∇u|2 dx+ σ

∫
R3

Kε(x, u) dx+
1

2

∫
R3

E(εx)u2 dx

+
1

4
λ

∫
R3

ϕuu
2 dx+

1

2β

(∫
R3

χε(x)u2 dx− 1
)β

+
−
∫
R3

F (u) dx,

éu u ∈ Xε = H1(R3) ∩ L2+γ
ε (R3), Ù¥ ε ∈ (0, 1], 2 < 2β < r, 4 < 2 + γ < r, E(x) = V (x)− σ �

σ > 0 é�, Ïd E ÷vb� (V1) Ú (V2)(ØÓ~ê c′0 = c0 − σ > 0). L2+γ
ε (R3)´��\��m½

Â�

L2+γ
ε (R3) =

{
u|
∫
R3

exp{γdist(εx,M)}|u|2+γ dx < +∞
}

D��ê

‖u‖L2+γ
ε (R3) =

(∫
R3

exp{γdist(εx,M)}|u|2+γ dx
) 1

2+γ

.

� 1 ≤ p < 6 �, K�m Xε;i\ Lp(R3). é ∀u, η ∈ Xε, ·�k∫
R3

(∇u∇η + E(εx)uη) dx+ σ

∫
R3

kε(x, u)η dx+ λ

∫
R3

ϕu uη dx

+
(∫

R3

χε(x)u2 dx− 1
)β−1

+

∫
R3

χε(x)uη dx =

∫
R3

f(u)η dx .
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�(

�²; Schrödinger-Poisson�§|3L����c¥��
2��ïÄ,éuù�¯K�êÆ
(J±9Ôn�µ, ·�ë�©z [1]9Ù¤¹©z. AO/, � 4 < p < 6, ε, λ > 0, λ = o(ε), ε→
0 �, ¦�|^é¡ì´½ny²
CÒ)��35±98¥y�.

�©�J:3uÃ.«��§|��;5, �
�Ñ�;ù�(J, ·�|^O\r��5)
û. �©Ì�|^6Ä�{Ú©ÛE|y²Ã¡õCÒ),¿�d©z [1] [2] [3] [4] [5] Ú\¨v�( ∫

R3 χε(x)u2 dx− 1
)β

+
, ��ù
)8¥3 ³¼ê V �ÛÜ4�NC.

2. 9Ï(J

e¡�Ún�Ñ6Ä�¼ Γε ¥9Ï¼ê��
Ð�(J.
Ún1. e�5�¤á

(1) 0 ≤ zbε(x,z)
mε(x,z)

≤ 1.

(2) c1(1 + εγexp{γdist(εx,M)}|z|γ)z ≤ kε(x, z) ≤ c2(1 + εγexp{γdist(εx,M)}|z|γ)z.

(3) 1
2+γ

zkε(x, z) ≤ Kε(x, z) ≤ 1
2
zkε(x, z)éu z ∈ R.

(4) (kε(x, z)−kε(x,w))(z−w) ≥ c(1+εγexp{γdist(εx,M)}|z−w|γ)|z−w|2éuz, w ∈ R, x ∈ R3.

(5) |(kε(x, z)− kε(x,w))| ≤ c(1 + εγexp{γdist(εx,M)}(|z|γ + |w|γ))|z − w|.

(6) 1
6
zfν(z) ≤ Fν(z) ≤ 1

q
zfν(z)éu z ∈ R.

y²: y²'�N´, ùpÒ�Ñ.

Ún2. i\ Xε = H1(R3) ∩ L2+γ
ε (R3) ↪→ Lp(R3)(1 ≤ p < 6)´;�.

y²: � {un}3Xε¥k., b� un ⇀ u 3 Xε ¥, un → u 3 Lploc(R3)(1 ≤ p < 6) ¥. ·�Äk
y² un → u 3 L1(R3) ¥, éu R > 0, ·�k∫

R3\BR
|u| dx ≤

( ∫
R3\BR

exp{γdist(εx,M)}|u|2+γ dx
) 1

2+γ

·
( ∫

R3\BR
exp{− γ

1 + γ
dist(εx,M)}|u|2+γ dx

) 1+γ
2+γ

≤‖u‖L2+γ
ε (R3)

( ∫
R3\BR

exp{− γ

1 + γ
dist(εx,M)}|u|2+γ dx

) 1+γ
2+γ = oR(1) .

Ïd� n→∞�,∫
R3

|un − u| dx =

∫
BR

|un − u| dx+

∫
R3\BR

|un − u| dx = on(1) + oR(1)→ 0.

éu 1 < p < 6, ·�|^S�Ø�ª, u´ un → u 3 Lp(R3)(1 < p < 6) ¥. Ïd un → u 3

Lp(R3)(1 ≤ p < 6) ¥.

�Ä Poisson �§
−∆ϕ = u2, u ∈ H1(R3), ϕ ∈ D1,2(R3), (2.1)
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�(

T�§�)�

ϕu(x) =
1

4π

∫
R3

u2(y)

|x− y|
dy,

¼ê ϕuke�5�, ë�©z [6] [7] .
Ún3. é ∀u ∈ H1(R3), ·�k

(1) ϕu(x) ≥ 0, x ∈ R3;

(2) ‖ϕu‖2D1,2(R3) =
∫
R3 ϕuu

2 dx ≤ c‖u‖4
L

12
5 (R3)

≤ c‖u‖4H1(R3);

(3) ‖ϕu‖L∞(R3) ≤ c(‖u‖2L2(R3) + ‖u‖2L6(R3)) ≤ c‖u‖2H1(R3);

(4) XJ un ⇀ u 3 H1(R3) ¥, K ϕun ⇀ ϕu 3 D1,2(R3) ¥.

y²: (Ø (1), (2)´w,�.

(3)�â HölderØ�ª, ·�k

‖ϕu‖L∞(R3) =
1

4π

∫
R3

u2(y)

|x− y|
dy

=
1

4π

∫
|x−y|≥1

u2(y)

|x− y|
dy +

1

4π

∫
|x−y|≤1

u2(y)

|x− y|
dy

≤ c
(
‖u‖2L2(R3) + ‖u‖2L6(R3)

)
≤ c‖u‖2H1(R3).

(4) b� un ⇀ u 3 H1(R3) ¥, K ϕun 3 D1,2(R3)¥´k.�. b� ϕun ⇀ ϕ 3 D1,2(R3)

¥. ·�k ∫
R3

∇ϕun∇η dx =

∫
R3

u2
nη dx, é ∀ η ∈ C∞0 (R3),

ü>�4�, � n→∞�, ·���∫
R3

∇ϕ∇η dx =

∫
R3

u2η dx, é ∀ η ∈ C∞0 (R3).

Ïd ϕ = ϕu, = ϕun ⇀ ϕu 3 D1,2(R3) ¥.

Ún4. � {un}´�¼ Γε � (PS)S�, K {un}3 Xε ¥k..

y²: d

〈DΓε(u), η〉

=

∫
R3

∇u∇η dx+ σ

∫
R3

kε(x, u)η dx+

∫
R3

E(εx)uη dx+ λ

∫
R3

ϕuuη dx

+
(∫

R3

χε(x)u2 dx− 1
)β−1

+

∫
R3

χε(x)uη dx−
∫
R3

f(u)η dx, é ∀ η ∈ Xε .
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�(

�âÚn 1ÚÚn 3, ·�k

Γε(u)− 1

q
〈DΓε(u), u〉

=
(1

2
− 1

q

) ∫
R3

(|∇u|2 + E(εx)u2) dx+ σ

∫
R3

Kε(x, u)dx− σ

q

∫
R3

kε(x, u)u dx

+
1

2β

(∫
R3

χε(x)u2 dx− 1
)β

+
− 1

q

(∫
R3

χε(x)u2 dx− 1
)β−1

+

∫
R3

χε(x)u2 dx

+
(1

4
− 1

q

)
λ

∫
R3

ϕuu
2 dx+

∫
R3

(1

q
uf(u)− F (u)

)
dx

≥c
(
‖u‖2H1(R3) + ‖u‖2+γ

L2+γ
ε (R3)

+
(∫

R3

χε(x)u2 dx− 1
)β

+
+

∫
R3

ϕuu
2 dx

)
− c .

Ïd?Û (PS)S� {un} 3 Xε¥k..

Ún5. �¼ Γε 3 Xε ¥÷v (PS)^�.

y²: � {un} ⊂ Xε´�¼ Γε� (PS)S�. �âÚn 4, {un}3 Xε¥k.. �âÚn 2, ·�b
� un → u 3 Lp(R3)(1 ≤ p < 6) ¥. �âÚn 1ÚÚn 4, ·�k

o(1) =〈DΓε(un)−DΓε(um), un − um〉

≥
∫
R3

(
|∇(un − um)|2 + E(εx)(un − um)2

)
dx

+ c

∫
R3

(
1 + εγexp{γdist(εx,M)}|un − um|γ

)
(un − um)2 dx

− c
∫
R3

(|un|+ |um|)|un − um|dx− c
∫
R3

(|un|r−1 + |um|r−1)|un − um| dx

≥c
(
‖un − um‖2H1(R3) + ‖un − um‖2+γ

L2+γ
ε (R3)

)
− c
(
‖un − um‖L2(R3) + ‖un − um‖Lr(R3)

)
=c
(
‖un − um‖2H1(R3) + ‖un − um‖2+γ

L2+γ
ε (R3)

)
+ o(1).

Ïd {un}3 Xε¥´�� Cauchy �.

3. �¼ Γε ��.:

�!, ·�|^eü6ØC8�{ [8] �E�¼ Γε ��.:S�. Äk·�½Â�f
A : Xε → Xε.
½Â1. �½ u ∈ Xε ½Â v = Au÷v�§

〈B(v), η〉 :=

∫
R3

(∇v∇η + E(εx)vη)dx+ σ

∫
R3

kε(x, v)η dx+ λ

∫
R3

ϕuvη dx

+
(∫

R3

χε(x)u2 dx− 1
)β−1

+

∫
R3

χε(x)vη dx

=

∫
R3

f(u)η dx, é ∀ η ∈ Xε .

(3.1)
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�(

Ún6. �f AkÐ½Â�ëY�.

y²: ½Â

〈B(v), η〉 =

∫
R3

(∇v∇η + E(εx)vη) dx+ σ

∫
R3

kε(x, v)η dx

+ λ

∫
R3

ϕuvη dx+
(∫

R3

χε(x)u2 dx− 1
)β−1

+

∫
R3

χε(x)vη dx

éu η ∈ Xε. �f B : v ∈ Xε → B(v) ∈ X∗ε ´rüN�. ¯¢þ,

〈B(v)−B(v), v − v〉

≥c
(
‖v − v‖2H1(R3) + ‖v − v‖2+γ

L2+γ
ε (R3)

)
.

(3.2)

Ïd�§ (3.1) ªk��) v = Au. b� u, u ∈ Xε, v = Au, v = Au. K∫
R3

(
|∇(v − v)|2 + E(εx)(v − v)2

)
dx+ σ

∫
R3

(
kε(x, v)− kε(x, v)

)
(v − v) dx

+ λ

∫
R3

ϕu(v − v)2 dx+
(∫

R3

χε(x)u2 dx− 1
)β−1

+

∫
R3

χε(x)(v − v)2 dx

=λ

∫
R3

(ϕu − ϕu)v(v − v) dx+
((∫

R3

χε(x)u2 dx− 1
)β−1

+
−
(∫

R3

χε(x)u2 dx− 1
)β−1

+

)
·
∫
R3

χε(x)v(v − v) dx+

∫
R3

(f(u)− f(u))(v − v) dx .

(3.3)

�O (3.3)ª�m>, � u→ u 3 Xε ¥, ·�k

RHS = o(1)
(
‖v − v‖

L
12
5 (R3)

+ ‖v − v‖L2(R3) + ‖v − v‖Lr(R3)

)
= o(1)‖v − v‖H1(R3) .

�O (3.3)ª��>

LHS ≥
(
‖v − v‖2H1(R3) + ‖v − v‖2+γ

L2+γ
ε (R3)

)
.

Ïd, � u→ u 3 Xε ¥�, k Au−Au = v − v → 0.

Ún7. �3~ê d, c, α > 0¦�

(1) 〈DΓε(u), u−Au〉 ≥ d
(
‖u−Au‖2H1(R3) + ‖u−Au‖2+γ

L2+γ
ε (R3)

)
.

(2) ‖DΓε(u)‖ ≤ c(1 + |Γε(u)|+ ‖u−Au‖α)‖u−Au‖ .

y²: (1) �â�f A�½Â, ·�k
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�(

〈DΓε(u), η〉 =

∫
R3

(∇u∇η + E(εx)uη)dx+ σ

∫
R3

kε(x, u)η dx+ λ

∫
R3

ϕuuη dx

+
(∫

R3

χε(x)u2 dx− 1
)β−1

+

∫
R3

χε(x)uη dx−
∫
R3

f(u)η dx

=

∫
R3

(
∇(u− v)∇η + E(εx)(u− v)η

)
dx+

∫
R3

(
kε(x, u)− kε(x, v)

)
η dx

+ λ

∫
R3

ϕu(u− v)η dx+
(∫

R3

χε(x)u2 dx− 1
)β−1

+

∫
R3

χε(x)(u− v)η dx

(3.4)

é ∀ η ∈ Xε. Ïd

〈DΓε(u), u− v〉 ≥d
(
‖u− v‖2H1(R3) + ‖u− v‖2+γ

L2+γ
ε (R3)

)
.

(2) d (3.4)ª·�k

∣∣〈DΓε(u), η〉
∣∣ ≤c‖u− v‖H1(R3)‖η‖H1(R3) + c

∫
R3

εγexp{γdist(εx,M)}(|u|γ + |v|γ)|u− v| |η| dx

+ c

∫
R3

ϕu(u− v) |η| dx+
(∫

R3

χε(x)u2 dx− 1
)β−1

+
‖u− v‖L2(R3)‖η‖L2(R3)

≤c‖u− v‖H1(R3)‖η‖H1(R3) + c
(
‖u‖γ

L2+γ
ε (R3)

+ ‖u− v‖γ
L2+γ
ε (R3)

)
‖u− v‖L2+γ

ε (R3)

· ‖η‖L2+γ
ε (R3) + c‖u‖2

L
12
5 (R3)

‖u− v‖
L

12
5 (R3)

‖η‖
L

12
5 (R3)

+
(∫

R3

χε(x)u2 dx− 1
)β−1

+
‖u− v‖L2(R3)‖η‖L2(R3) .

3þª·�^
e��Oª,∣∣∣ ∫
R3

ϕu(u− v)η dx
∣∣∣ =

∣∣∣ ∫
R3

∫
R3

u2(y)(u(x)− v(x))η(x)
dxdy

|x− y|

∣∣∣
≤ c‖u2‖

L
6
5 (R3)
‖(u− v)η‖

L
6
5 (R3)

≤ c‖u‖2
L

12
5 (R3)

‖u− v‖
L

12
5 (R3)

‖η‖
L

12
5 (R3)

.

�âÚn 4, ·�k

Γε(u)− 1

q
〈DΓε(u), u〉

≥c
(
‖u‖2H1(R3) + ‖u‖2+γ

L2+γ
ε (R3)

+

∫
R3

ϕuu
2 dx+

(∫
R3

χε(x)u2 dx− 1
)β

+

)
− c .

(3.5)

DOI: 10.12677/aam.2021.104146 1367 A^êÆ?Ð

https://doi.org/10.12677/aam.2021.104146


�(

�O (3.5)ª��>

Γε(u)− 1

q
〈DΓε(u), u〉

≤|Γε(u)|+ c
(
‖u− v‖2+γ

L2+γ
ε (R3)

+ ‖u− v‖2H1(R3) + ‖u− v‖4
L

12
5 (R3)

+ ‖u− v‖2βL2(R3)

)
+ µ

(
‖u‖2+γ

L2+γ
ε (R3)

+ ‖u‖2H1(R3) + ‖u‖4
L

12
5 (R3)

+
( ∫

R3

χε(x)u2 dx− 1
)β

+

)
.

(3.6)

5¿� 2 + γ > 4, L2+γ
ε (R3) ↪→ L

12
5 (R3)¿�À� µ > 0 é�, k

‖u‖2H1(R3) + ‖u‖2+γ

L2+γ
ε (R3)

+
(∫

R3

χε(x)u2 dx− 1
)β

+

≤c
(
1 + |Γε(u)|+ ‖u− v‖2+γ

L2+γ
ε (R3)

+ ‖u− v‖2H1(R3) + ‖u− v‖4
L

12
5 (R3)

+ ‖u− v‖2βL2(R3)

)
.

(3.7)

�â (3.6)ªÚ (3.7) ª, ·���

‖DΓε(u)‖ ≤ c
(
1 + |Γε(u)|+ ‖u− v‖αXε

)
‖u− v‖Xε ,

Ù¥ α = max{2 + γ, 2, 2β} .

íØ1. �½ b0, c0 > 0, �3 b = b(b0, c0), e |Γε(u)| ≤ c0, ‖DΓε(u)‖ ≥ b0, K u−Au 6= 0 �

〈DΓε(u), u−Au〉 ≥ b‖u−Au‖ .

y3½Âü�àI P Ú Q�

Q = {u|u ∈ Xε, ‖u+‖H1(R3) < a} ,

P = {u|u ∈ Xε, ‖u−‖H1(R3) < a} ,

Ù¥ a´���~ê.
Ún8. �3 a0 > 0, � 0 < a < a0 �, k

A(∂Q) ⊂ Q, A(∂P ) ⊂ P .

y²: �½ u ∈ Xε, ½Â v = Au ÷v�§ (3.1) ª, �Ò´∫
R3

(∇v∇η + E(εx)vη)dx+ σ

∫
R3

kε(x, v)η dx+ λ

∫
R3

ϕuvη dx

+
(∫

R3

χε(x)u2 dx− 1
)β−1

+

∫
R3

χε(x)vη dx =

∫
R3

f(u)η dx, é ∀ η ∈ Xε .

À� η = v+ �Á&¼ê, ·�k
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�(

∫
R3

(|∇v+|2 + E(εx)v2
+)dx+ σ

∫
R3

kε(x, v+)v+ dx+ λ

∫
R3

ϕuv
2
+ dx

+
(∫

R3

χε(x)u2 dx− 1
)β−1

+

∫
R3

χε(x)v2
+ dx =

∫
R3

f(u)v+ dx.

(3.8)

·��O (3.8)ª��>

LHS ≥
∫
R3

(|∇v+|2 + E(εx)v2
+) dx ≥ d0‖v+‖2H1(R3) , (3.9)

Ù¥ d0´��~ê. �O (3.8)ª�m>

RHS ≤
∫
R3

f(u+)v+ dx ≤ c
∫
R3

(u+v+ + µur−1
+ v+) dx

≤ d1

(
‖u+‖H1(R3)‖v+‖H1(R3) + ‖u+‖r−1

H1(R3)‖v+‖H1(R3)

)
= d1

(
1 + ‖u+‖r−2

H1(R3)

)
‖u+‖H1(R3)‖v+‖H1(R3) ,

(3.10)

Ù¥ d1´��~ê. À� a0 > 0¦�

d1(1 + ar−2
0 ) ≤ 1

2
d0 .

� 0 < a < a0, u ∈ ∂Q, ‖u+‖H1(R3) = a �, ·�k

‖v+‖H1(R3) ≤
1

2
‖u+‖H1(R3) =

1

2
a .

Ïd v ∈ Q, = A(∂Q) ⊂ Q. aq/ A(∂P ) ⊂ P .

Ún9. �3 a0 > 0� 0 < a < a0 �, k

c∗ = inf
u∈∂P∩∂Q

Γε(u) > 0 .

y²: éu u ∈ ∂P ∩ ∂Q, ·�k

Γε(u) =
1

2

∫
R3

(|∇u|2 + E(εx)u2) dx+ σ

∫
R3

Kε(x, u) dx+
1

4
λ

∫
R3

ϕuu
2 dx

+
1

2β

(∫
R3

χε(x)u2 dx− 1
)β

+
−
∫
R3

F (u) dx

≥1

2

∫
R3

(|∇u|2 + E(εx)u2) dx− 1

2
d1

∫
R3

(|u|2 + |u|r) dx

=a2
(
d0 − d1(1 + ar−2)

)
≥ 1

2
a2d0 := c∗ > 0 .
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�(

y3·�½Â Γε��.�

cj = cj(ε) = inf
E∈Γj

sup
u∈E\(P∪Q)

Γε(u), j = 1, 2, · · ·

Ù¥

Γj = {E|E ⊂ Xε, E´;�, −E = E, éu η ∈ Λ, γ(E ∩ η−1(∂P ∩ ∂Q)) ≥ j},

Λ = {η| η ∈ C(Xε, Xε), η ´Û�, η(P ) ⊂ P, η(Q) ⊂ Q, η(u) = u � Γε(u) ≤ 0 �} .

Ún10. Γj ´���, j = 1, 2, · · · .

y²: b� B = {x ∈ R3||x| ≤ r} ⊂ M . � {en}∞n=1 � C∞0 (B)¥�5Ã'�¼êx, �3��4
OS� {Rn}÷v

J0(u) < 0, é ∀u ∈ Hn, ‖u‖Xε ≥ Rn

Ù¥

J0(u) =
1

2

∫
R3

(|∇u|2 + V∞u
2) dx+

1

2
σ

∫
R3

eγ|x||u|2+γ dx+
1

4
λ

∫
R3

ϕuu
2 dx−

∫
R3

F (u) dx

Hn = span{e1, e2, · · · , en}, V∞ = sup
x∈R3

V (x). ½Â ϕn ∈ C(Bn, C
∞
0 (B))�

ϕn(t) = Rn

n∑
i=1

tiei, t = (t1, t2, · · · , tn) ∈ Bn = {t| t ∈ Rn, |t| = 1} ,

À�Rn÷v ‖ϕn(t)‖Xε ≥ Rn, é t ∈ ∂Bn. �â [9]�Ún 5.6, é ∀ η ∈ Λ, ·�k γ(E ∩η−1(∂P ∩
∂Q))) ≥ j, Ïd Ej = ϕj+1(Bj+1) ∈ Γj , j = 1, 2, · · · .

·K1. �¼ Γε k��CÒ�.: ±uj(ε), j = 1, 2, · · · ÷v

Γε(uj(ε)) = cj(ε) ≤ mj , j = 1, 2, · · ·

Ù¥mj � εÃ', j = 1, 2, · · · .

b� (I1), (I2), (A1), (A2)Ú (Γ)¤á. �â [9] �½n 4.1, ·�ke�(Ø

(1) cj(ε) ≥ c∗, K∗cj(ε) 6= ∅, Ù¥

K∗c = {u|u ∈ Xε \ (P ∪Q), Γε(u) = c, DΓε(u) = 0} .

(2) XJ cj(ε) = cj+1(ε) = · · · = cj+k−1(ε) = c, K γ(K∗c ) ≥ k . d	Ï� Ej ∈ Γj Ú Γε ≤ J0,
·�k

cj(ε) ≤ sup
u∈Ej

J0(u) := mj , j = 1, 2, · · · .
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�(

4. ��k.

3ù!·�y²�¼ Γε �.:���k.5, �©Ì�|^ Hilbert�mk.S��¿¡©)
ÚÛÜ Pohožaev ð�ª. ·�ke��.: u ���k.5.
·K2. �½ L > 0. b� u ∈ Xε, DΓε(u) = 0, Γε(u) ≤ L. K�3� ε Ã'��~ê α, c, ¦�é
∀ δ > 0, �3 ε(δ) > 0, � 0 < ε < ε(δ) �, k

|u(x)| ≤ cexp{−αdist(x, (Aδ)ε)} éu x ∈ R3 .

Ún11. b� u ∈ Xε, L > 0, DΓε(u) = 0, Γε(u) ≤ L. K u3 Xε ¥k. .

y²: ë�Ún 4.

Ún12. b� u ∈ Xε, L > 0, DΓε(u) = 0, Γε(u) ≤ L. K�3� εÃ'�~ê K, éu ∀x ∈ R3 ,
k |u(x)| ≤ K. d	, éu ∀ δ > 0, �3� εÃ'�~ê c = c(δ), ¦�éu ∀x ∈ R3 \ (Mε)

δ, k
|u(x)| ≤ cε3.

y²: �[y²ë�©z [4] .

y3·�b� εn → 0, un ∈ Xεn , L > 0, DΓεn(un) = 0, Γεn(un) ≤ L. �âÚn 11, un 3
H1(R3)¥k.. |^¿¡©)½n [10] , ·�k

un =
∑
k∈Λ

Uk(· − yn,k) + rn (4.1)

Ù¥ Λ´�I8, yn,k ∈ R3, Uk, rn ∈ H1(R3), ÷v

(1) 3 H1(R3) ¥ un(·+ yn,k) ⇀ Uk, � n→∞�.

(2) |yn,k − yn,l| → ∞, k, l ∈ Λ, k 6= l, � n→∞�.

(3) ‖un‖2H1(R3) =
∑
k∈Λ

‖Uk‖2H1(R3) + ‖rn‖2H1(R3) + o(1), � n→∞�.

(4) ‖rn‖Lp(R3) → 0(2 ≤ p < 6), � n→∞�.
‖un‖pLp(R3) =

∑
k∈Λ

‖Uk‖pLp(R3) + o(1), � n→∞�.

�âÚn 12(2), lim
n→∞

dist(yn,k,Mεn) < +∞. Ø���5·�b�

lim
n→∞

dist(yn,k, Mεn) = 0 .

½Â y∗k = lim
n→∞

εnyn,k. Ï� dist(yn,k, Mεn) = ε−1
n dist(εnyn,k, M), ·�k

dist(y∗k, M) = 0, i.e. y∗k ∈M .
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�(

Ún13. b� yn ∈ R3, wn = un(·+ yn) ⇀ U 3H1(R3) ¥, K Z = |U |÷v∫
R3

∇Z∇η dx+ c1

∫
R3

Zη dx ≤ c2

∫
R3

Zr−1η dx é ∀ η ∈ H1(R3), η ≥ 0 . (4.2)

y²: �â KatoÚn, zn = |un(·+ yn)|÷v∫
R3

∇zn∇ηdx+

∫
R3

E(εnx)znη dx+ σ

∫
R3

kε(x, zn)η dx+ λ

∫
R3

ϕunznη dx

+
( ∫

R3

χεn(x)u2
n dx− 1

)β−1

+

∫
R3

χεn(x)znη dx ≤
∫
R3

(εzn + czr−1
n )η dx,

é ∀ η ∈ H1(R3), η ≥ 0 . 5¿� kε(x, zn) ≥ zn, ϕun ≥ 0, ·�k∫
R3

∇zn∇η dx+ c1

∫
R3

znη dx ≤ c2

∫
R3

zr−1
n η dx,

¿� ∫
R3

∇zn(·+ yn)∇η dx+ c1

∫
R3

zn(·+ yn)η dx ≤ c2

∫
R3

(zn(·+ yn))r−1η dx (4.3)

é ∀ η ∈ H1(R3), η ≥ 0. Ï�� n→∞�, zn(·+ yn) = |un(·+ yn)| = |wn|⇀ |U | = Z 3 H1(R3)

¥, 3 (4.3)ü>�4�, � n→∞ �, ·���∫
R3

∇Z∇η dx+ c1

∫
R3

Zη dx ≤ c2

∫
R3

Zr−1η dx é ∀ η ∈ H1(R3), η ≥ 0 .

51. b�¿¡©) (4.1) ª¤á. �âÚn 13, Zk = |Uk|÷vØ�ª (4.2) ª, Ïd�3 c, α > 0

¦�

|Uk(x)| = Zk(x) ≤ ce−α|x|, x ∈ R3.

d	, À� η = Zk � (4.2)ª�Á&¼ê, ·�k

‖Zk‖2H1(R3) ≤ c‖Zk‖6L6(R3) ≤ c‖Zk‖6H1(R3).

Ïd�3� k ∈ ΛÃ'�~êm > 0, ¦�

‖Uk‖2H1(R3) = ‖Zk‖2H1(R3) ≥ m.

Ún14. 3¿¡©) (4.1)ª¥�I8 Λ´k��.

y²: �â5 1Ú¿¡©) (4.1)ª�5� (3), Λ ´k�8.

½Â

Ω
(n)
R = R3 \

⋃
k∈Λ

BR(yn,k).
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�(

Ún15. �3� nÃ'�~ê c, α, ¦�∫
Ω

(n)
R

Gεn(x, un,∇un) dx ≤ ce−αR,
∫

Ω
(n)
R

F (un) dx ≤ ce−αR

Ù¥

Gεn(x, un,∇un) =|∇un|2 + u2
n +

( un
mεn(x, un)

)γ
u2
n + ϕunu

2
n

+
( ∫

R3

χεn(x)u2
n dx− 1

)β−1

+
χεn(x)u2

n .

y²: �â5 1, Uk �êP~. �â¿¡©) (4.1)ª�5� (4), ‖rn‖Lp(R3) = o(1), 2 ≤ p < 6. Ï
d

‖un‖Lp(Ω
(n)
R )

= oR(1), 2 ≤ p ≤ 6 ,

Ù¥ oR(1)→ 0 � R→ +∞�, |^MoserS�

‖un‖L∞(Ω
(n)
R )

= oR(1) . (4.4)

½Â C∞ ��ä¼ê φ, φ(x) = 0 � x 6∈ Ω
(n)
R �; φ(x) = 1 � x ∈ Ω

(n)
R+1 �, ¿� |∇φ| ≤ 2. À�

η = unφ
2 � 〈DΓεn(un), η〉 = 0�Á&¼ê, ·�k∫

R3

(|∇un|2 + E(εnx)u2
n + σkεn(x, un)un + λϕunu

2
n)φ2 dx

+
( ∫

R3

χεn(x)u2
n dx− 1

)β−1

+

∫
R3

χεn(x)u2
nφ

2 dx

=−
∫
R3

∇unun2φ∇φdx+

∫
R3

f(un)unφ
2 dx .

(4.5)

·��O (4.5) ª, ∣∣∣∣∫
R3

∇unun2φ∇φdx
∣∣∣∣

≤1

2

∫
R3

|∇un|2φ2 dx+ c

∫
R3

|un|2|∇φ|2 dx .

éu Rv
�, �â (4.4)ªk

∫
R3

f(un)unφ
2 dx ≤ 1

2

∫
R3

E(εnx)u2
nφ

2 dx . (4.6)

Ú ∣∣∣∣∫
R3

∇unun2φ∇φdx
∣∣∣∣ ≤ α ∫

R3

|∇un|2φ2 dx+ cα

∫
R3

|un|2|∇φ|2 dx .
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�(

Ïd�â (4.5) ª, ·�k∫
Ω

(n)
R+1

(
|∇un|2 + u2

n +
( un
mεn(x, un)

)γ
u2
n + ϕunu

2
n

)
dx

+
( ∫

R3

χεn(x)u2
n dx− 1

)β−1

+

∫
Ω

(n)
R+1

χεn(x)u2
ndx

≤c0

∫
R3

|un|2|∇φ|2 dx ≤ c0

(∫
Ω

(n)
R

u2
ndx−

∫
Ω

(n)
R+1

u2
n dx

)
.

u´·��� ∫
Ω

(n)
R+1

Gεn(x, un,∇un)dx ≤ θ
∫

Ω
(n)
R

Gεn(x, un,∇un)dx

Ù¥ θ = c0
c0+1

< 1. l ∫
Ω

(n)
R

Gεn(x, un,∇un)dx ≤ ce−αR

Ù¥ α = − ln θ > 0. 2�â (4.6)ªk

∫
Ω

(n)
R

F (un) dx ≤ ce−αR.

Ún16. b�¿¡©) (4.1)ª¤á. ½Â y∗k = lim
n→∞

εnyn,k. K y∗k ∈ A, = y∗k ´ V 3M ¥��.

:.

y²: e¡|^ÛÜ Pohožaevð�ª [11] [12] y²Xe½n.
Ï� dist(yk,n,Mεn) ≤ c < +∞, ·�k y∗k = lim

n→∞
εnyk,n ∈ M . XJ y∗k 6∈ A, K tk = ∇V (y∗k) 6= 0 .

|^b� (V2)���3 δ1 > 0¦�

(tk, ∇V (x)) ≥ 1

2
|tk|2 > 0, (tk, ∇dist(x,M)) ≥ 0 éu x ∈ Bδ1(y∗k) . (4.7)

-

δ2 = min{|y∗k − y∗l |
∣∣ k, l ∈ Λ, y∗k 6= y∗l } . (4.8)

Ø���5, ·�b� δ1 < δ2¿�À� δ0 = 1
100
δ1. ½Â

Bn = {x| |x− yk,n| ≤ 2δε−1
n },

Tn = {x| δε−1
n ≤ |x− yn,k| ≤ 2δε−1

n }.

- φ ∈ C∞0 (R3), φ(x) = 1 � |x − yn,k| ≤ δε−1
n �; φ(x) = 0 � |x − yn,k| ≥ 2δε−1

n �, ¿�
|∇φ| ≤ 2

δ
εn(≤ 1). é ∀ η ∈ Xε, un ´�§ 〈DΓεn(un), η〉 = 0�). � η = (tk,∇un)φ, ·���
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�(

Pohožaevð�ª

1

2
εn

∫
R3

(tk,∇V (εnx))u2
nφdx+

1

2

( ∫
R3

χεn(x)u2
n dx− 1

)β−1

+

∫
R3

(tk,∇χεn(x))u2
nφdx

+ σ

∫
R3

(tk,∇xkεn(x, un))φdx

=

∫
R3

(tk,∇un)(∇un,∇φ) dx−
∫
R3

{1

2
|∇un|2 + σKεn(x, un) +

1

2
E(εnx)u2

n +
λ

2
ϕunu

2
n

+
1

2

( ∫
R3

χεn(x)u2
n dx− 1

)β−1

+
χεn(x)u2

n

}
(tk,∇φ) dx− λ

2

∫
R3

u2
n(tk,∇ϕun)φdx

+

∫
R3

F (un)(tk,∇φ) dx .

(4.9)

Ï� Tn ⊂ Ω
(n)

δ0ε
−1
n
Ú supp∇φ ⊆ Tn, �â (4.7) ª, ·�k

εn

∫
R3

(tk, ∇V (εnx))u2
nφdx ≥ cεn

∫
B(yn,k,δε

−1
n )

u2
n dx ≥ cεn,

(tk, ∇χεn(x))φ ≥ 0 ,

�

(tk, ∇xkεn(x, un)) = c (tk, ∇dist(εnx,M)) ≥ 0 .

Ïd (4.9)ª��>,

LHS ≥ cεn +
1

2
λ

∫
R3

(tk,∇ϕun)u2
nφdx . (4.10)

·��O (4.9)ªm>,

∫
R3

(tk,∇un)(∇un,∇φ) dx−
∫
R3

{1

2
|∇un|2 + σKεn(x, un) +

1

2
E(εnx)u2

n +
λ

2
ϕunu

2
n

+
1

2

( ∫
R3

χεn(x)u2
n dx− 1

)β−1

+
χεn(x)u2

n

}
(tk,∇φ) dx+

∫
R3

F (un)(tk,∇φ) dx

≤c
∫
Tn

(Gεn(x, un,∇un) dx+ F (un)) dx

≤ce−αδε
−1
n .

��·��O
∫
R3(tk,∇ϕun)u2

nφdxù��. Ï�

ϕun(x) =
1

4π

∫
R3

u2
n(y)

|x− y|
dy, ∇ϕun(x) = − 1

4π

∫
R3

u2
n(y)

|x− y|3
(x− y)dy,
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�(

Ú ∫
R3

(tk,∇ϕun)u2
nφ(x) dx

=− 1

4π

∫
R3

∫
R3

u2
n(y)u2

n(x)

|x− y|3
(tk, x− y)φ(x) dxdy .

5¿�|^CþO� (x, y) 7→ (y, x), ·�k∫
R3

∫
R3

u2
n(y)u2

n(x)

|x− y|3
(tk, x− y)φ(x)φ(y) dxdy = 0 ,

K ∫
R3

(tk,∇ϕun)u2
nφ(x) dx = − 1

4π

∫
R3

∫
R3

u2
n(y)u2

n(x)

|x− y|3
(tk, x− y)φ(x)(1− φ(y)) dxdy .

u´

∣∣∣∣∫
R3

(tk,∇ϕun)u2
nφ(x) dx

∣∣∣∣
≤c

∫∫
{|y−yn,k|≥δ0ε

−1
n }

{|x−yn,k|≤2δ0ε
−1
n }

u2
n(y)u2

n(x)

|x− y|2
dxdy

≤c
∫∫

{δ0ε
−1
n ≤|y−yn,k|≤3δ0ε

−1
n }

{|x−yn,k|≤2δ0ε
−1
n }

u2
n(y)u2

n(x)

|x− y|2
dxdy + c

∫∫
{|y−yn,k|≥3δ0ε

−1
n }

{|x−yn,k|≤2δ0ε
−1
n }

u2
n(y)u2

n(x)

|x− y|2
dxdy

=I + II .

(4.11)

du T̃n = {y| δ0ε
−1
n ≤ |y − yn,k| ≤ 3δ0ε

−1
n } ⊂ Ω

(n)

δ0ε
−1
n

, ·�k

|un(y)| ≤ ce−αδ0ε
−1
n , y ∈ T̃n,

Ïd

I ≤ce−2αδ0ε
−1
n

∫
|x−yn,k|≤2δ0ε

−1
n

(∫
|y−yn,k|≤3δ0ε

−1
n

dy

|x− y|2
)
u2
n(x) dx

≤cε−1
n e−2αδ0ε

−1
n

∫
R3

u2
n(x) dx ≤ cε2

n .

3«�

{(x, y)| |x− yn,k| ≤ 2δ0ε
−1
n , |y − yn,k| ≥ 3δ0ε

−1
n },

·�k |x− y| ≥ δ0ε
−1
n , Ïd

II ≤ c(δ0ε
−1
n )2

∫
R3

∫
R3

u2
n(x)u2

n(y)dxdy ≤ cε2
n .
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�(

(Ü (4.9)ª��>,
LHS ≥ cεn − cε2

n ≥ cεn

¿� εnv
�,
cεn ≤ ce−αδ0ε

−1
n ,

gñ. �b�Ø¤á, Ún�y.

·K 2 �y²: �âÚn 15ÚMoser S�, k
∫

Ω
(n)
R
F (un) dx ≤ ce−αR Ú |un(x)| ≤ ce−αR é

u x ∈ Ω
(n)
R . - Rn(x) = min{|x− yn,k| | k ∈ Λ}, K |un(x)| ≤ ce−αRn(x). Ï� εnyn,k → y∗k ∈ A, u

´�3 ε(δ)� εn ≤ ε(δ) �, k εnyn,k ∈ Aδ, Ïd

|un(x)| ≤ c e−αRn(x) ≤ c e−αdist(x,(Aδ)εn ), x ∈ R3 .

5. CÒ)�8¥y�

�e5òy²�©�Ì�(Ø, �¼ Γε��.:�´�¼ Jε��.:, �Ò´�¯K�).

½n 1 �y²: �½��ê k, �â·K 2, �¼ Γε, ε ∈ (0, 1] k k éCÒ�.: ±uj , j =

1, · · · , k, éA��.�÷v

Γε(uj) ≤ L, j = 1, · · · , k,

Ù¥ L� εÃ'.

�Ä�¼ Γε. b� u ∈ Xε, DΓε(u) = 0, Γε(u) ≤ L. K�â·K 2, �½ δ > 0�3 ε(δ) > 0

� 0 < ε < ε(δ) �, k

|u(x)| ≤ c exp{−α dist(x, (Aδ)ε)} éu x ∈ R3 ,

Ù¥ c, α� εÃ'. b� ε(δ) ≤ min{α, 1
2c
}, K� 0 < ε < ε(δ) �, k

|u(x)| ≤ c exp{−α dist(x, (Aδ)ε)}

≤ 1

2ε
exp{−εdist(x, (Aδ)ε)}

=
1

2ε
exp{−dist(εx, M}.

Ïd

ε|u(x)|exp{dist(x, M)} ≤ 1

2
Ú mε(x, u) = u, éu x ∈ R3. (5.1)

d	½Â D = max{|y|
∣∣y ∈ M}, d = dist(Aδ, ∂M). À��ê l¦� ld ≥ D. Kéu x 6∈ M ε ·�
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�(

k

ldist(x, (Aδ)ε) ≥l dist((Aδ)ε, ∂Mε) + dist(x, ∂Mε)

≥ l
ε
d+ |x| − D

ε
≥ |x| .

u´

|u(x)| ≤c exp{−α dist(x, (Aδ)ε)}

≤c exp{−α
l
|x|} éu x 6∈Mε.

·�k ∫
R3

χε(x)u2 dx ≤ cε−6

∫
|x|≥cε−1

exp{−2α

l
|x|}dx

≤ cε−8e−
2α
l ε
−1

< 1

� (∫
R3

χε(x)u2 dx− 1
)

+
= 0 (5.2)

éu ε < ε(δ)¿©�. �â (5.1)ªÚ (5.2)ªíÑ Jε(u) = Γε(u) ≤ L, DJε(u) = 0.

Ïd, �½��ê k, ·����¼ Γεk kéCÒ�.: ±u1, · · · ,±uk ÷v

Γε(uj) ≤ L, j = 1, · · · , k.

�½ δ > 0�3 ε(δ), � ε ≤ ε(δ)�, uj , j = 1, · · · , k÷v

|uj(x)| ≤ c exp{−α dist(x, (Aδ)ε)}, j = 1, · · · , k, x ∈ R3

¿� Jε(uj) ≤ L, DJε(uj) = 0. ½n�y.
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