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Abstract

In this paper, we investigate the stability and Hopf bifurcation of a cooperation

predator-prey model with Holling-III. Using the linearization analysis and bifurca-

tion theory, firstly, the existence of the equilibrium and the local asymptotic stability

of the unique positive equilibrium points are discussed, and then the condition of the

existence of Hopf bifurcation is given by taking the α∗ as the bifurcation parameter.

Finally, using the canonical theory and the central manifold theorem, the direction of

Hopf bifurcation and the stability of periodic solution of bifurcation are analyzed.
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1. 0�

gl1920c Lotka-Volterra�mM5Í�±5, Ó ö� �«+m��p�^´«+ÄåÆ

­��ïÄé��� [1–4],Ü��. [5,6]B´Ù¥��«. 3©z [7], BerecJÑ
�«@Ï�Ü

�ö�êÆ�., T�.|^~�©�§éäk Holling-II.¼ê�A�Ó - ��p�^?1


�.. ��, AlvesÚ Hilkerïá
±eäk Holling-I.õU�A�Ü��.
Ṅ = rN(1− N

K
)− (λ+ αP )NP,

Ṗ = e(λ+ αP )NP −mP,
(1.1)

Ù¥ N Ú P ©OL« �ÚÓ ö«+��Ý. ëê r �LÓ ö�S�O�Ç. K ´�Ó

 ö�«1Uå, e ´=��Ç. m �Ó ö«+�g,k�Ç. λ �Ó öÚ�Ó ö�ôÂ

Ç. α ´Ó öö�Ü��ëê.d�Ó ö - ��p�^�Ü��.Úå
2��'5Ú�\

�ïÄ [8–14]. Ù¥, ©z [8–11] ?Ø
� Allee �A� Holling-I Ó ö - ��.,�Ñ�²ï

:��3^�9ÛÜ­½5, ¿y²
²ï:? Hopf©|��35. ©z [12] ©Û
�k �
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�o«� Rosenzweig-MacArthur �.�­½5Ú Hopf ©|��35. ©z [13, 14] �Ä
�k

Holling-Tanner Ó ö- ��.�ÛÜ­½5. 3ïÄÓ ö- �XÚ�, õU�A´K�XÚ

ÄåÆ1��­�Ï� [15], Ù¥A^�2��´ Holling-II .õU�A [16]. ©z [17] é�k

Holling-II .õU�A� Rosenzweig-MacArthur XÚ?1
ïÄ, ©Û
XÚ¤k²ï:�­½

5¿uy3�²ï:NCk Hopf ©|�). 3© [17] ¥�ö�ò�. (1.1)*Ð� Holling-IIà

Holling-III! Holling-IV .õU�A. AO�,äk-II.õU�AÚÓ�Ü��Ó ö- ��.�

±�¤ 
Ẋ = rX(1− X

K
) − (λ + αY )XY

1+H(λ + αY )X
,

Ẏ = e(λ + αY )XY
1 + H(λ + αY )X

− mY,
(1.2)

T�.aqu²;�Ü�(��., Ù¥ H ´Ó öD4�Ô��m.w,, � α = 0�, �.

(1.2)´²;�-II. Lotka-Volterra�.. ��Bå�, ·�æ^ÃþjCþC�

x =
eλ

m
X, y =

λ

m
Y, τ = mt.

�òXÚ (1.2) �z� 
dx

dt
= x(1− x)− (1+αy)xy

1+h(1+αy)x
,

dy

dt
= (1+αy)xy

1+h(1+αy)x
− y,

(1.3)

©z [18] ´ÏLÚ\�5õU�A5ïÄ �-Ó öm��p�^�, �3)ÔÆ¿Âe, �

5õU�AéÓ þvk��, Ïd, ·�3XÚ (1.3) ¥Ú\ Holling-III .õU�A, ��Xe�

. 
dx

dt
= x(1− x)− (1+αy)x2y

1+h(1+αy)x2 ,

dy

dt
= sy(1− y

x
),

(1.4)

Ù¥ α �Ü�ëê, (1+αy)x2y
1+h(1+αy)x2 � Holling-III .õU�A. XÚ (1.4) ¥¤këêþ��ê. �©

Äk©ÛXÚ (1.4) ²ï:��35Ú­½5; ,�?Ø Hopf ©|��35, ¿ÏL5�.nØÚ

©z [19] ��{©Û Hopf ©|���9©|±Ï)�­½5, ��)º�©�Ì�(Ø.

2. ²ï:��35Ú­½5

2.1. ²ï:��35

éu�. (1.4) ,

(i)o�3�²�²ï: E1 = (1, 0) ;

(ii)� E = (x, y)´XÚ (1.4)��²ï).,�·�k

y = x
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¿� x÷veª�§����)

ρ0x
4 + ρ1x

3 + ρ2x
2 + x− 1 = 0 (2.1)

Ù¥ ρ0 = αh, ρ1 = α(1− h) + h, ρ2 = 1− h,

Ï� ρ0 > 0,�´ ρ1 Ú ρ2 �U��½�K.Ïd, ·��Ä
±e 3�«�:

Ω1 = {(α, h)|α, h > 0, ρ2 > 0};

Ω2 = {(α, h)|α, h > 0, ρ1 > 0, ρ2 < 0};

Ω3 = {(α, h)|α, h > 0, ρ1 < 0, ρ2 > 0}.

(i) ��.�ëê�ÀJ«� Ω1 , �§ (2.1)==UC�gÎÒ, ÏdÏL DescartesÎÒOK,

�§ (2.2)k����²ï), Ï
XÚ (4)k����²ï:, P

E∗ = (x∗, y∗);

(ii) ��.�ëê�ÀJ«� Ω2 , �§ (2.1)k 3gÎÒ�UC, 2d¦^ DescartesÎÒO

K, �§ (2.2)k 3��²ï), Ï
XÚ (4)k 3��²ï:, P

E∗ = (xj , yj), j = 1, 2, 3;

(iii) ��.�ëê�ÀJ«� Ω3 , �§ (2.1)�k 3gÎÒ�UC, ÏL DescartesÎÒOK

�ä, �§ (2.2)k 3��²ï), Ï
XÚ (4)k 3��²ï:, P

E∗ = (xj , yj), j = 4, 5, 6.

2.2. ²ï:�ÛÜ­½5

XÚ (1.4) 3²ï: E = (x, y)� JacobiÝ
Xe

J =

(
fx fy

gx gy

)
. (2.2)

e¡ÏLO�XÚ (1.4) 3z�²ï:?� Jacobi Ý
�A��, 5(½ù
²ï:�­½5.

½n 1�²�²ï: E0 = (1, 0) ´Q:.

y²XÚ (1.4) 3²ï: E0 ?� Jacobi Ý
�

JE0
=


−1 −1

1+h

0 s

 . (2.3)
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Ý
 (2.3) �A��� λ1 = −1, λ2 = s. Ïd, ²ï: E0 ´Ø­½�.

½n 23«� Ω1 ¥,Ï� −s(s0 + b) > 0 , b� s > s0 ¤á, KXÚ (1.4) ��~ê²ï:

E∗ = (x∗, y∗)´ÛÜìC­½�;e s > s0¤á, K E∗ = (x∗, y∗)´Ø­½�.

y²XÚ (1.4) 3²ï: E∗ ?� Jacobi Ý
�

JE∗ =


s0 b

s −s

 . (2.4)

Ù¥

s0 = −1 +
2(1− x∗)h(1 + αx∗)(x∗)2

1 + h(1 + αx∗)(x∗)2
;

b =
(x∗)2(−αh(x∗)2 + α(h− 2)x∗ − 1)

1 + h(1 + αx∗)(x∗)2

Ý
 (2.4) �A��§�

λ2 − (s0 − s)λ− s(s0 + b) = 0

Ï�

s0 + b =
−3αh(x∗)4 + 2(αh− h− α)(x∗)3 + (h− 1)(x∗)2 − 1

1 + h(1 + αx∗)(x∗)2
,

¤±3«� Ω1¥, −s(s0 + b) > 0 ,½ny²�..

3. Hopf ©|��35

�!À�ëê α5ïÄXÚ (1.4) 3�~ê²ï: E∗ ?� Hopf ©|��35.

e α = α∗ = 2h(1−x∗)(x∗)2−(s+1)h(x∗)2−s−1
(s+1)h(x∗)3−2h(1−x∗)(x∗)3

,4 tr[J(E)] = 0, det[J(E)] > 0 . Ïd J(E)

k�éXJ� λ1,2 = ±ı(det[J(E)])
1
2 . - λ1,2 = β(α) ± ıω(α), Ù¥ β(α) = 1

2
tr[J(E)],

ω(α) = 1
2
(4det[J(E)]− tr[J(E)]2)

1
2 .Ïd,

β(α∗) = 0, β′(α∗) < 0.

½n 3du β(α∗) = 0, β′(α∗) < 0 . Kî�5^�¤á. Ïd, �âPoincare-Andronov-Hopf

©|½n�, � αBL α∗�, XÚ (1.4) 3�²ï: E ?�) Hopf ©|.
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4. Hopf ©|���Ú­½5

�!|^5�.nØ5?ØXÚ (1.4) 3�~ê²ï: E NC�)� Hopf ©|���Ú­½

5.éXÚ (1.4) �Cþ��,·�ò²ï: E = (x, y) ÏLC� x∗ = x− xÚ y∗ = y − yC���
:. �
�Bå�, ·�E,^ xÚ y©OL« x∗Ú y∗. Ïd, ÛÜXÚC¤�


dx

dt
= (x+ x)− (x− x)2 − (1+α(y+y))(x+x)2(y+y)

1+h((1+α(y+y))(x+x)2
,

dy

dt
= s(y + y)(1− y+y

x+x
).

(4.1)

òXÚ(4.1)­��


dx

dt

dy

dt

 = J(E)


x

y

 +


f(x, y, α)

g(x, y, α)

 . (4.2)

Ù¥

f(x, y, α) = a1x
2 + a2xy + a3y

2 + a4x
3 + a5x

2y + a6xy
2 + a7y

3 + · · · ,

g(x, y, α) = b1x
2 + b2xy + b3y

2 + b4x
3 + b5x

2y + b6xy
2 + b7y

3 + · · · .

¿�

a1 = 1− 2x∗ − 2(1+αx∗)x∗

(1+h(1+αx∗)(x∗)2)2
, a2 = − 2(1+αx∗)(x∗)2

(1+h(1+αx∗)(x∗)2)2
, a3 = − 2(1+αx∗)

(1+h(1+αx∗)(x∗)2)3
,

a4 = − 2(1+αx∗)x∗

(1+h(1+αx∗)(x∗)2)3
, a5 = − αx∗

(1+h(1+αx∗)(x∗)2)4
, a6 = − α(x∗)2

(1+h(1+αx∗)(x∗)2)4
.

b1 = −s
x∗ , b2 = 2s

x∗ , b3 = −s
x∗ , b4 = s

(x∗)2
, b5 = −2s

(x∗)2
, b6 = s

(x∗)2
.

�Ý


P =

(
N 1

M 0

)
.

Ù¥, M = −s
ω(α)

, N = − s0+s
2ω(α)

. Kk

P−1 J P = Λ(α) :=

(
β(α) −ω(α)

ω(α) β(α)

)
.

� α = α∗, ·�k

M∗ := M |α=α(∗), N∗ := N |α=α(∗).
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ÏLC� (x, y)> = P (µ, ν)>, XÚ (4.2) C�


dµ

dt

dν

dt

 = Λ(E)


µ

ν

 + P−1


fP (µ, ν, α)

gP (µ, ν, α)



=


β(α) − ω(α)

ω(α) β(α)



µ

ν

 +


f ′(µ, ν, α)

g′(µ, ν, α)

 . (4.3)

Ù¥ 
f ′

g′

 = P−1


f(Nµ+ ν,Mµ, α)

g(Nµ+ ν,Mµ, α)

 =


1
M
g(Nµ+ ν,Mµ, α)

f − N
M
g(µ, ν, α)


ò (4.3) =z¤4�I�/ªXe:

ṙ = β(α) r + a(α) r3 + · · · ,

θ̇ = ω(α) + c(α) r2 + · · · ,

é (3.3)3 α = α∗??1 TaylorÐm�

ṙ = β(α(∗))′(α− α(∗))r + a(α(∗))r3 + o((α− α∗)2r, (α− α∗)r3, r5),

θ̇ = ω(α∗) + ω(α∗)′(α− α∗) + c(α∗)r2 + o((α− α∗)2, (α− α∗)r2, r4).

�
(½ Hopf ©|±Ï)�­½5§·�I�O�Xê a(α∗)�ÎÒ, K

a(α∗) :=
1

16
[f1
µµµ+f1

µνν+g1µµν+g1ννν ]+
1

16ω(α(∗))
[f1
µν(f

1
µµ+f1

νν)−g1µν(g1µµ+g1νν)−f1
µµg

1
µµ+f1

ννg
1
νν ].

Ù¥¤k �ê3©|: (x, y, α) = (0, 0, α(∗))?O��

f1
µµµ(0, 0, α(∗)) = 6(a4 + a5M

∗ + a6M
∗
2 + a7M

∗
3 ), f1

µνν(0, 0, α(∗)) = 2(a6 + 3a7M
∗)N∗2 ,

g1µµν(0, 0, α(∗)) = −2(a5 + 2a6M
∗ + 3a7M

∗
2 )(1 +M∗), g1ννν(0, 0, α(∗)) = −6a7(1 +M∗)N∗2 ,
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f1
µµ(0, 0, α(∗)) = 2(a1 + a2M

∗ + a3M
∗
2 ), f1

µν(0, 0, α(∗)) = (a2 + 2a3M
∗)N∗,

f1
νν(0, 0, α(∗)) = 2a3N

∗
2 , g

1
µµ(0, 0, α(∗)) = −2(−b1 + (a1 + a2)M

∗ + (a2 + a3)M
∗
2 + a3M

∗
3 )

1

N∗
,

g1µν(0, 0, α(∗)) = −(a2 + 2a3M
∗)(1 +M∗), g1νν(0, 0, α(∗)) = −2a3(1 +M∗)N∗.

Ïd, ·���O� a(α(∗)) = 1
8
[3a4 − a5 + 2(a5 − a6)M∗ + (a6 − 3a7)(M

∗
2 +N∗2 )]

+ 1
8ω0

[(2a1 + a2)(a1 + a2)N
∗
2 + (2a1 + a2)(a1 − b1)N∗ + 2b1(a1 − b1) 1

N

∗
].

L«�� LiapunovXê

µ2 = − a(α∗)

β′(α(∗))
.

£��e, β′(α(∗)) < 0, ¤±·�k±e½n.

½n 4b�^� h < 1 ¤á, K�3 α∗ > 0, � α = α∗ �, XÚ (4) 3��²ï: E∗ ?�)

Hopf ©|.

(i) XJ a(α∗) < 0, @o Hopf ©|�©|±Ï)´;�ìC­½��©|��´æ�.�.

(ii) XJ a(α∗) > 0, @o Hopf ©|�©|±Ï)´Ø­½��©|��´��.�.

5. (Ø

�©ïÄ
�a�k Holling-III .õU�A�Ü�Ó ö- ��.. XÚ (4) ok�²�²

ï: E0 (1, 0), �Ø­½�. � h < 1� s > s0 �, 3 Ω1 «�¥k����²ï: E∗ �ÛÜ­

½. 3Ω2,Ω3 «�¥, �²ï)o¬�3, �­½5��ä'�E,, Ù�Ñ. �±uy, Ó�Ü�k

|uÓ öÚ�Ó ö��, �r��ö�Ü��U¬�)Ø­½�K�.
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