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Abstract

In this paper, we study the following fractional Schrödinger-Poisson system:(−∆)su+ λV (x)u+ φu = f(x, u) in R3,

(−∆)tφ = u2 in R3,

where (−∆)α denotes the fractional Laplacian of order α ∈ (0, 1), λ > 0 is a parameter,

2∗s = 6
3−2s

is the fractional critical exponent. Under appropriate assumptions on V

and f , we prove the existence of ground state solutions using variational methods.

Furthermore, we also study the asymptotic behavior of ground state solutions as λ→
+∞.
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1. ÚóÚÌ�(J

�ÙÌ�ïÄXe©ê� Schrödinger-Poisson�§|(−∆)su+ λV (x)u+ φu = f(x, u) x ∈ R3,

(−∆)tφ = u2 x ∈ R3,
(1.1)
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Ä�)��35ÚìC5. Ù¥ λ > 0´��ëê, (−∆)α´�ê� α�©ê� Laplace�f( [1]),

2∗s = 6
3−2s

´©ê��.�ê, f : R3 × R→ R�3Ã¡�?��5�g�.�ëY¼ê.  ³¼ê

V Ú��5� f ÷v:

(V1) V ∈ C(R3,R)� V (x) ≥ 0, ∀x ∈ R3.

(V2) �3 b > 0¦�8Ü Vb := {x ∈ R3| V (x) < b}���ÿÝk�.

(V3) Ω := int(V −1(0))��äk1w>., � Ω̄ = V −1(0).

(f1) f ∈ C(R3 × R,R)��3 c > 0,k |f(x, u)| ≤ c(1 + |u|p−1), 4 < p < 2∗s.

(f2) lim
u→0

f(x,u)
u

= 0'u x ∈ R3þ��¤á.

(f3) lim
|u|→∞

F (x,u)
u4 =∞'u x ∈ R3þ��¤á, Ù¥ F (x, u) :=

∫ u
0
f(x, τ)dτ .

(f4) ¼ê s 7→ f(u)
u3 (u 6= 0)´��, ¿�3 (−∞, 0)þü~, 3 (0,∞)þüO.

þãa.� ³¼êd BartschÚWang [2]3ïÄ��5 Schrödinger�§�ÄgJÑ, �3ØÓ

¯K¥��2�A^. X� [3–8] ±9Ùë�©z. ^� (V1) − (V3)¿�X ³¼ê λV ��Ýd

λ��. � λv
��, λV �±�w�´³ ³, ¿�·�F"é��)8¥3.Ü ΩNC.

·�5¿�:

51.1d (f1)k 4 < 2∗s = 6
3−2s

, Ïd s > 3
4
. d	, XJ s, t ∈ ( 3

4
, 1), ·�¬k 2s+ 2t > 3.

51.2� (f1)− (f4)¤á�, ·�k

0 ≤ 4F (x, u) ≤ f(x, u)u, ∀ u ∈ R.

d	, � u > 0�, 1
4
f(x, u)u− F (x, u)ü~.

�Ù�Ì�(JXe:

½n1. � V, f ©O÷v (V1)− (V3)Ú (f1)− (f4). K�3 Λ > 0,¦�� λ > Λ�, ¯K (1.1)��

�3��Ä�).

'uÄ�)�ìC1�, ·�k±e(Ø.

½n2. � uλ ´d½n 1 �Ñ�Ä�). K3 Hs(R3) ¥, � λ → ∞ �, k uλ → u0, Ù¥

u0 ∈ Hs
0(Ω)´eã¯K�Ä�)(−∆)su+

(
u2 ∗ 1

|x|3−2t

)
u = f(x, u) x ∈ Ω,

u = 0 x ∈ R3\Ω.
(1.2)

51.3I��Ñ, 3 [8]¥�y²
 u0 ´4�¯K�Ä�), 3�©¥, ·�?�Úy²
 u0

´4�¯K (1.2)�Ä�). d	, ·�ïÄ���5� f �´ëY�, ù�±w�´ [8]¥(Ø�

ÿÐ.

ùp�Ñ�
PÒ:

• Lp(R3) (1 ≤ p < ∞,) L« Lebesgue �m�D��ê |u|p = (
∫
R3 |u|pdx)

1
p , | · |∞ =
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esssupx∈R3 |u(x)| L«�m L∞(R3) ��ê;

• é?¿ R > 0, x ∈ RN , BR(x) L«�»� R, ¥%�: x �m¥;

• � n→∞ �, un ⇀ u Ú un → u ©OL«fÂñÚrÂñ;

• C,Ci, ci(i = 1, 2, · · · ) L«ØÓ���~ê;

• C∞0 (RN ) L«3 RN ¥äk;|8�Ã¡g��¼ê��N.

2. C©�µÚÐÚ(J

é?¿� α ∈ (0, 1), ½Âàg©ê� Sobolev�m Dα,2(RN ) � C∞0 (RN ) 'u

‖u‖Dα,2 :=
( ∫∫

RN×RN

|u(x)− u(y)|2

|x− y|N+2α
dxdy

) 1
2

���z�m. ÙSÈ�

(u, v)Dα,2(R3) =

∫∫
R3×R3

(u(x)− u(y))(v(x)− v(y))

|x− y|3+2α
dxdy =

∫
R3

(−∆)
α
2 u(−∆)

α
2 vdx.

·�k, é?¿� α ∈ (0, 1), i\ Dα,2(R3) ↪→ L2∗
α(R3)´ëY�, �3�Z~ê Sα > 0�

Sα := inf
u∈Dα,2(R3)

‖u‖2Dα,2(R3)

‖u‖22∗
α(R3)

½Â©ê� Sobolev �m Hα(RN )�

Hα(RN ) := {u ∈ L2(RN ) :
|u(x)− u(y)|
|x− y|N+2α

2

∈ L2(RN × RN )},

D��ê

‖u‖2Hα = [u]2Hα + |u|22,

Ù¥

[u]Hα = (

∫∫
RN×RN

|u(x)− u(y)|2

|x− y|N+2α
dxdy)

1
2

� u� Gagliardo��ê. �m Hα(RN )�±�d/½Â�:

Hα(RN ) = {u ∈ L2(RN ) :

∫
RN

(1 + |ξ|2α)|Fu|2dξ < +∞},

Ù¥ F L«Fp�C�.

1w¼ê u : R3 → R �©ê� Laplace �f (−∆)αu ½Â�:

(−∆)αu(ξ) = F−1(|ξ|2αFu(ξ)), ξ ∈ R3.
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d©z [1] ¥·K 3.4 ±9·K 3.6, ·���

|(−∆)
α
2 u|22 =

∫
RN
|ξ|2α|Fu(ξ)|2dξ =

1

2
CN,α[u]Hα ,

Ù¥ CN,α´���6u�m�ê N Ú�f�ê α�~ê. Ïd, Hα(RN ) þ�Xen��ê

u 7→
(∫

RN
u2dx+

∫∫
RN×RN

|u(x)− u(y)|2

|x− y|N+2α
dxdy

) 1
2

,

u 7→
(∫

RN
u2dx+

∫
RN
|ξ|2α|Fu(ξ)|2dξ

) 1
2

,

u 7→
(∫

RN
u2dx+ |(−∆)

α
2 u|22

) 1
2

,

�d, � C∞0 (RN )3�m Hα(RN )¥È�.

�Ä� ³¼ê V (x)�K�, ·�Ú\��F�ËAf�m

H =

{
u ∈ Hs(R3) :

∫
R3

V (x)u2dx < +∞
}
,

D�SÈ

(u, v) =

∫
R3

(−∆)
s
2u(−∆)

s
2 vdx+

∫
R3

V (x)uvdx,

Ú�ê

‖u‖2 =

∫
R3

|(−∆)
s
2u|2dx+

∫
R3

V (x)u2dx.

é λ > 0, ·�ke¡�SÈÚ�ê

(u, v)λ =

∫
R3

(−∆)
s
2u(−∆)

s
2 vdx+

∫
R3

λV (x)uvdx, ‖u‖λ = (u, u)
1
2

λ .

w,� λ ≥ 1�k ‖u‖ ≤ ‖u‖λ. � Hλ = (H, ‖ · ‖λ), K·�ke¡�Ún.

e¡, �Ñ©ê� Sobolev�m��
5�.

Ún3. ( [1]) � 0 < s < 1, K�3~ê C = C(s) > 0, ¦�é?¿ u ∈ Hs(R3),k

|u|22∗
s
≤ C[u]2Hs(R3).

d	, é?¿ r ∈ [2, 2∗s],i\ Hs(R3) ↪→ Lr(R3)ëY, �� r ∈ [2, 2∗s)�, þãi\´ÛÜ;�.

Ún4. ( [9]) � {un}3 Hα(RN ) ¥k., ��3 R > 0,¦�

lim
n→∞

sup
y∈RN

∫
BR(y)

|un(x)|2dx = 0,

Ké?¿� q ∈ (2, 2∗α), 3 Lq(RN )¥k un → 0.
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Ún5. ( [10]) � u ∈ Dα,2(RN ), ϕ ∈ C∞0 (RN ), é?¿� r > 0, - ϕr(x) = ϕ(x
r
). K

uϕr → 0u Dα,2(RN ) (r → 0).

d	, XJ3�:���Sk ϕ ≡ 1, Kk

uϕr → uu Dα,2(RN ) (r → 0).

Ún6. � V (x)÷v^� (V1)− (V2). K�3~ê λ∗ > 0, ¦�� λ > λ∗ �, é?¿ r ∈ [2, 2∗s],i

\ Hλ ↪→ Lr(R3)ëY, � r ∈ [2, 2∗s) �cãi\ÛÜ;.

y²: ·�Äky², �3~ê c0, λ
∗ (� λÃ'), ¦�

‖u‖Hs(R3) ≤ c0‖u‖λ, ∀u ∈ Hλ, λ ≥ λ∗.

¯¢þ, |^ (V1), (V2)Ú SobolevØ�ª, ·�k∫
R3

(|(−∆)
s
2u|2 + u2)dx =

∫
R3

|(−∆)
s
2u|2dx+

∫
Vb

u2dx+

∫
R3\Vb

u2dx

≤
∫
R3

|(−∆)
s
2u|2dx+ (meas(Vb))

2s
3 (

∫
R3

u2∗
sdx)

3−2s
3 +

∫
R3\Vb

u2dx

≤
∫
R3

|(−∆)
s
2u|2dx+ (meas(Vb))

2s
3 (

∫
R3

u2∗
sdx)

3−2s
3 +

1

λb

∫
R3\Vb

λV (x)u2dx

≤
∫
R3

|(−∆)
s
2u|2dx+ (meas(Vb))

2s
3 (

∫
R3

u2∗
sdx)

3−2s
3 +

1

λb

∫
R3

λV (x)u2dx

≤
∫
R3

|(−∆)
s
2u|2dx+ (meas(Vb))

2s
3 S−2

s

∫
R3

|(−∆)
s
2u|2dx+

1

λb

∫
R3

λV (x)u2dx

≤[1 + (meas(Vb))
2s
3 S−2

s ]

∫
R3

(|(−∆)
s
2u|2 + λV (x)u2)dx := c0

∫
R3

(|(−∆)
s
2u|2 + λV (x)u2)dx

Ù¥ λ ≥ λ∗ := 1
b
[1 + (meas(Vb))

2s
3 S−2

s ]−1. ùy²
� λ ≥ λ∗ �, ki\ Hλ ↪→ Hs(R3). �âÚ

n 3, é?¿ r ∈ [2, 2∗s]i\ Hs(R3) ↪→ Lr(R3)´ëY�, =�3~ê cr, c0 > 0,¦�

|u|r ≤ cr‖u‖Hs(R3) ≤ c0cr‖u‖λ, ∀ u ∈ Hλ, 2 ≤ r ≤ 2∗s. (2.1)

�� r ∈ [2, 2∗s) �þãi\ÛÜ;, y..

w,�§| (1.1)´�¼ J : Hλ ×Dt,2(R3)→ R

J(u, φ) =
1

2
‖u‖2λ −

1

4

∫
R3

|(−∆)
s
2φ|2dx+

1

2

∫
R3

φu2dx−
∫
R3

F (x, u)dx. (2.2)

� Euler − Lagrange�§, = J ´�§| (1.1)éA�Uþ�¼.

´��¼ J ´rØ½�, =3Ã¡�f�m¥§´þ�Ã.¿�e�Ã.�. ·���Ñù�

(J, ^ [11]¥��zg�5?n. Äk, éu�½� u ∈ Hλ, d Lax-Milgram½n, �3���
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φtu ∈ Dt,2(R3)´

(−∆)tφ = u2, x ∈ R3

�), � φtuäkXeÈ©/ª

φtu(x) = Ct

∫
R3

u2(y)

|x− y|3−2t
dy, ∀x ∈ R3,

§��¡� t-Riesz³(� [12]), Ù¥

Ct =
1

π
3
2

Γ(3− 2t)

22tΓ(s)
.

r©ê� Poisson�§�)\1���§, K�§| (1.1)�±{z�ü��§, ùÒ´�©?n�

§| (1.1)�Ä�g�. �
�Ð/n)©ê� Poisson�§�) φtu, e¡Â8�
k^�(Ø.

Ún7. ( [13]) é?¿ u ∈ Hs(R3), 4s+ 2t ≥ 3, ·�k

(i) φtu ≥ 0;

(ii) φtu : Hs(R3)→ Dt,2(R3)´ëY�, ¿�òk.8N�k.8;

(iii) ‖φtu‖2Dt,2(R3) =
∫
R3 φ

t
uu

2dx ≤ S2
t ‖u‖4 12

3+2t
;

(iv) e3 Hs(R3)¥ un ⇀ u, K3 Dt,2(R3)¥k φtun ⇀ φtu;

(v) e3 Hs(R3) ¥ un → u, K3 Dt,2(R3) ¥k φtun → φtu, �
∫
R3 φ

t
un
u2
ndx→

∫
R3 φ

t
uu

2dx.

�Bu?Ø�¼�AÛ(�, ·�I�ïÄÍÜ� N : Hs(R3)→ R �

N(u) =

∫
R3

φtuu
2dx.

w,, é?¿ y ∈ R3 9 u ∈ Hs(R3), k N(u(· + y)) = N(u), � N fe�ëY. d	, aqu²;

� Brezis-Lieb Ún ( [14]), ·�kXe©l5�.

Ún8. ( [13]) � 2s+ 2t > 3, 3 Hs(R3)¥k un ⇀ u� un → u a.e. x ∈ R3. K

(i) N(un − u) = N(un)−N(u) + o(1);

(ii) N ′(un − u) = N ′(un)−N ′(u) + o(1).

r φ = φtu�\�§| (1.1)�1���§, ��Xe�ÛÜ��5ý��§

(−∆)su+ λV (x)u+ φtuu = f(x, u) x ∈ R3,

�A�Uþ�¼ Iλ : Hλ → R½Â�

Iλ(u) =
1

2

∫
R3

|(−∆)
s
2u|2dx+

1

2

∫
R3

λV (x)u2dx+
1

4

∫
R3

φtuu
2dx−

∫
R3

F (x, u)dx.

5¿�XJ 4s + 2t ≥ 3, Kk 2 ≤ 12
3+2t

≤ 2∗s, Ïd, Hs(R3) ↪→ L
12

3+2t (R3), d Hölder Ø�ªÚ
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SobolevØ�ªk∫
R3

φtuu
2dx ≤

( ∫
R3

|u| 12
3+2t dx

) 3+2t
6
( ∫

R3

|φtu|2
∗
t dx
) 1

2∗t ≤ S−
1
2

t

( ∫
R3

|u| 12
3+2t dx

) 3+2t
6 ‖φtu‖Dt,2

≤ C‖u‖2λ‖φtu‖Dt,2 <∞.

Ïd, é?¿ u ∈ Hλ,�¼ Iλ ´k¿Â�, � Iλ ∈ C1(Hλ,R).�e5·�A^C©�{ïÄ Iλ �

�.:.

3. ½n 1�y²

�!·�I�^ Nehari6/��{Ïé Iλ��.:, ¿��Ñ½n 1�y².

Äk, ·�P� Iλ�A� Nehari 6/�

Nλ = {u ∈ Hλ\{0} : 〈I ′λ(u), u〉 = 0}.

¤±é u ∈ Nλ, ·�k∫
R3

|(−∆)
s
2u|2dx+

∫
R3

λV (xx)u2dx+

∫
R3

φtuu
2dx =

∫
R3

f(x, u)udx.

P

cλ := inf
u∈Nλ

Iλ(u).

�
é� (1.1)�Ä�), ·��±kÏé (1.1)�), 2y²§´ Iλ|Nλ �4��:. XJ Nλ ´1
w�6/, ·�|^ Nλ ��©(�5?n4�z¯K, y² Iλ|Nλ �4��:´ Iλ ��.:. ,

, 3·��b�e, Nλ �71w. Ïd, ·�ØU��3 Nλ þA^4�4�½n. �
�Ñù�

(J, ·�òæ^3 [15, 16] ¥¦^�E|5y² Nλ E,´ÿÀ6/, §E,Ó�u Hλ ¥�ü 

¥¡, ,�·�ïÄ Iλ�A�.��4�4�5�.

Ún9. � ³ V Ú¼ê f ©O÷v (V1)− (V2)Ú (f1)− (f4). Ké λ ≥ λ∗, ke�5�¤á:

(A1) éz� u ∈ Sλ := {u ∈ Hλ : ‖u‖λ = 1}, - hu : R+ → R� hu(τ) = Iλ(τu). K�3���

τu > 0,¦�3 (0, τu)¥ h′u(τ) > 0,�3 (τu,∞) ¥ h′u(τ) < 0. d	, Iλ(τuu) = max
τ≥0

Iλ(τu).

(A2) �3� u Ã'�~ê σ > 0,¦�é¤k u ∈ Sλ,k τu ≥ σ. d	, éz�;8W ⊂ Sλ,�3

CW > 0,¦�é¤k u ∈ W k τu ≤ CW .

(A3) 8Ü Nλ k.�� 0kål. d	, Nλ 3 Hλ ¥´4�.

(A4) cλ ≥ ρ > 0, ùp ρ > 0Ø�6u λ.

(A5) ½ÂN�mλ : Sλ → Nλ �mλ(u) = τuu, KÙ´ SλÚNλm�Ó�. d	, m−1
λ (u) = u

‖u‖λ �

Nλ ´ÿÀ6/.

y²: (A1). ´y hu(0) = 0, � τ > 0v
�� hu(τ) > 0,�� τ > 0 v
�� hu(τ) < 0. ¯¢
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þ, d (f1), (f2)�, é?¿ ε > 0, �3 Cε > 0,¦�

|f(x, u)| ≤ ε|u|+ Cε|u|p−1, ∀x ∈ R3, u ∈ R, (3.1)

Ú

|F (x, u)| ≤ ε

2
|u|2 + Cε|u|p, ∀x ∈ R3, u ∈ R. (3.2)

éz� r ∈ [2, 2∗s], d Sobolev i\Ø�ª,k

Iλ(τu) =
τ2

2

∫
R3

(
|(−∆)

s
2u|2 + λV (x)u2

)
dx+

τ4

4

∫
R3

φtuu
2dx−

∫
R3

F (x, u)dx

≥ τ2

2
‖u‖2λ − Cετ2‖u‖2λ − Cετp‖u‖

p
λ

=
1− Cε

2
τ2‖u‖2λ − Cετp‖u‖

p
λ.

Ï� p > 4, ·�y²
é¿©�� τ > 0, k hu(τ) > 0.

,��¡,

hu(τ) =
τ2

2

∫
R3

(
|(−∆)

s
2u|2 + λV (x)u2

)
dx+

τ4

4

∫
R3

φtuu
2dx−

∫
R3

F (x, τu)dx

=
τ2

2

∫
R3

(
|(−∆)

s
2u|2 + λV (x)u2

)
dx+

τ4

4

∫
R3

φtuu
2dx− τ4

∫
u6=0

F (x, τu)

(τu)4
u4dx,

d (f4) Ú Fatou Ún, þªm>�����È©� τ → ∞ �ª�uÃ¡. Ïd, � τ → ∞ �
hu(τ)→ −∞.

Ï� hu ∈ C1(R+,R), ¤±�3 hu ��Û4��: τu > 0 ¦� h′u(τu) = 0. Ïd,

I ′λ(τuu)(τuu) = 0 � τuu ∈ Nλ. � τu > 0 ´��¦� h′u(τu) = 0 ��ê. eØ,, b�(Ø

Ø¤á, K�3 τ1 > τ2 > 0 ÷v h′u(τ1) = h′u(τ2) = 0. éu i = 1, 2,k

τ2
i ‖u‖2λ + τ4

i

∫
R3

φtuu
2dx =

∫
R3

f(x, τiu)τiudx.

Ïd,
‖u‖2λ
τ2
i

+

∫
R3

φtuu
2dx =

∫
R3

f(x, τiu)

(τiu)3
u4dx,

ù`² ( 1

τ2
1

− 1

τ2
2

)
‖u‖2λ =

∫
R3

(f(x, τ1u)

(τ1u)3
− f(x, τ2u)

(τ2u)3

)
u4dx,

� (f4)gñ. ¤± (A1)¤á.

(A2). � u ∈ Sλ, d (f1), (f2)Ú SobolevØ�ªk

τu ≤
∫
R3

f(x, τuu)udx ≤ εCτ2
u + Cετ

p
u .
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dþãØ�ª��, �3� uÃ'�~ê σ > 0, ¦� τu ≥ σ.

�W ⊂ Sλ �;8. 1e(ØØ¤á, K�3 {un} ⊂ W, ¦� τn := τun → ∞. Ï�W ;, �

�3 u ∈ W, ¦� un → uu Hε. dcy²��

Iλ(τnun)→ −∞.

,��¡, d vn := τnun ∈ Nλ Ú5 1.1, �±��

Iλ(vn) = Iλ(vn)− 1

4
I ′λ(vn)vn =

1

4
‖vn‖2λ +

∫
R3

(
1

4
f(x, vn)vn − F (x, vn)

)
dx

≥ 1

4
‖vn‖2λ,

gñ. Ïd (A2)¤á.

(A3). éu u ∈ Nλ, d (3.1)Ú (3.2) k

‖u‖2λ ≤ Cε‖u‖2λ + Cε‖u‖pλ.

��3 κ > 0,¦�

‖u‖λ ≥ κ, ∀u ∈ Nλ. (3.3)

Ïd, Nλ� 0kål, � Nλ 3 Hλ¥4.

(A4). éu u ∈ Nλ, k

Iλ(u) = Iλ(u)− 1

4
I ′λ(u)u

=
1

4
‖u‖2λ +

∫
R3

(
1

4
f(x, u)u− F (x, u)

)
dx

≥ 1

4
‖u‖2λ.

2(Ü (3.3)Òy²
(Ø.

(A5).Äky²mλÚm−1
λ ´k¿Â�. ¯¢þ,d (A1)�,éz� u ∈ Sλ,�3��� τu > 0,

¦� τuu ∈ Nλ, ¤±�3��� mλ(u) = τuu ∈ Nλ. Ïd, m−1
λ (u) = u

‖u‖λ ∈ Sλ k¿Â�ëY. Ï

�

m−1
λ (mλ(u)) = m−1

λ (τuu) =
τuu

τu‖u‖λ
= u, ∀ u ∈ Sλ,

��mλ´��V�.

�y² mλ : Sλ → Nλ ëY, � {un} ⊂ Sλ Ú u ∈ Sλ,¦� un → uu Hλ. d (A2)�, 3f�

¿Âe, �3 τ0 > 0,¦� τn := τun → τ0. Ï� τnun ∈ Nλ, ��

τ2
n‖un‖2λ + τ4

n

∫
R3

φtunu
2
ndx =

∫
R3

f(x, τnun)τnundx, ∀ n ∈ N.
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�âÚn 5,éþª�4���

τ2
0 ‖u‖2λ + τ4

0

∫
R3

φtuu
2dx =

∫
R3

f(x, τ0u)τ0udx,

ù�Ñ τ0u ∈ Nλ Ú τu = τ0. �3 Sλ þk mλ(un) → mλ(u). Ïd, m−1
λ Ú mλ ÑëY, ¤± (A5)

¤á.

½Â�¼ Ψλ : Sλ → R�
Ψλ(u) = Iλ(mλ(u)).

¦+·�vy² Nλ ´ C1 �6/, �·�E�±y² Ψλ ´ C1 �, � Ψλ ��.:� Iλ ��²�

�.:�m�3��éA'X.

e¡�(J´Ún 9���íØ. ���� [16]. ��BÖö, 3déy²���{á£�.

Ún10. � (V1)− (V2)Ú (f1)− (f4)¤á, λ ≥ λ∗,K

(B1) Ψλ ∈ C1(Sλ,R)�

〈Ψ′λ(u), v〉 = ‖mλ(u)‖λ〈I ′λ(mλ(u)), v〉, ∀ v ∈ TuSλ = {v ∈ Hλ : (u, v)λ = 0, ∀u ∈ Sλ}.

(B2) e {un}´ Ψλ � (PS)c S�, K {mλ(un)}´ Iλ � (PS)c S�. e {un} ⊂ Nλ ´ Iλ � (PS)c

S�, K {m−1
λ (un)}´ Ψλ � (PS)c S�.

(B3) u´ Ψλ ��.:��=�mλ(u)´ Iλ ��.:. d	, �A��.����

inf
Sλ

Ψλ = inf
Nλ

Iλ.

y²: (B1). � u ∈ Sλ, v ∈ Hλ. d ΨλÚ tu�½Â9¥�½n��

Ψλ(u+ hv)−Ψλ(u) = Iλ
(
τu+hv(u+ hv)

)
− Iλ(τuu)

≤ Iλ
(
τu+hv(u+ hv)

)
− Iλ(τu+hvu)

= I ′λ
(
τu+hv(u+ θhv)

)
τu+hvhv,

Ù¥ |h|¿©�� θ ∈ (0, 1). aq/,

Ψλ(u+ hv)−Ψλ(u) ≥ Iλ(τu(u+ hv))− Iλ(τuu) = I ′λ(τu(u+ ςhv))τuhv,

ùp ς ∈ (0, 1). dÚn 9��, N� u 7→ τuu´ëY�, (Üùü�Ø�ªk

lim
h→0

Ψλ(u+ hv)−Ψλ(u)

h
= 〈τuI ′λ(τuu), v〉 = ‖mλ(u)‖λ〈I ′λ(mλ(u)), v〉.

Ï� Iλ ∈ C1, ¤± Ψλ � Gâteaux��f'u v ´�5k.�, 'u u´ëY�. d [17]��,

DOI: 10.12677/aam.2021.105191 1814 A^êÆ?Ð

https://doi.org/10.12677/aam.2021.105191


�æ�

Ψλ ∈ C1(Sλ,R)�

〈Ψ′λ(u), v〉 = ‖mλ(u)‖λ〈I ′λ(mλ(u)), v〉, ∀ v ∈ TuSλ = {v ∈ Hλ : (u, v)λ = 0, ∀u ∈ Sλ}.

(B1)�y.

(B2). Äk, ·�5¿�éuz� u ∈ Sλ,k Hλ = TuSλ ⊕ Ru, ��5N� P : Hλ → TuSλ,

P (v + τu) = vëY, =�3 C > 0,¦�

‖v‖λ ≤ C‖v + τu‖λ, ∀ u ∈ Sλ, v ∈ TuSλ, τ ∈ R. (3.4)

d	, d (B1)�

‖Ψ′λ‖ = sup
v∈TuSλ,‖v‖λ=1

Ψ′λ(u)v = ‖w‖λ sup
v∈TuSλ,‖v‖λ=1

I ′λ(w)v, (3.5)

Ù¥ w = mλ(u). d w ∈ Nλ��

I ′λ(w)u = I ′λ(w)
w

‖w‖λ
= 0. (3.6)

Ïd, d (3.4)Ú (3.6)��

‖Ψ′λ(u)‖ ≤ ‖w‖λ‖I ′λ(w)‖ ≤ C‖w‖λ sup
v∈TuSλ\{0}

I ′λ(w)v

‖v‖λ
= C‖Ψ′λ(u)‖,

ùy²


‖Ψ′λ(u)‖ ≤ ‖w‖λ‖I ′λ(w)‖ ≤ C‖Ψ′λ(u)‖, ∀ u ∈ Sλ. (3.7)

Ï� w ∈ Nλ, ·�k ‖w‖ ≥ γ > 0. ¤±, (ÜØ�ª (3.7) Ú Iλ(w) = Ψλ(u) �� (B2) ¤á.

(B3). �â (3.7)��, Ψ′λ(u) = 0��=� I ′λ(w) = 0. 2(Ü Ψλ�½Â�� (B3)¤á.

aqu [16], k

cλ = inf
u∈Nλ

Iλ(u) = inf
u∈Hλ\{0}

max
τ>0

Iλ(τu) = inf
u∈Sλ

max
τ>0

Iλ(τu) > 0.

� e0 ∈ C∞0 (Ω), w,�3��Ø�6u λ �~ê C0 > 0, ¦�

cλ = inf
u∈Hλ\{0}

max
τ>0

Iλ(τu) ≤ max
τ>0

Iλ(τe0) ≤ C0. (3.8)

e¡ïÄ Iλ�4�zS�.

Ún11. 3Ún 10 �^��e, e {un} ⊂ Nλ ´ Iλ �4�zS�, K {un}3 Hλ ¥k..

y²: - {un} ⊂ Nλ´ Iλ�4�zS�, =

cλ + on(1) =
1

2
‖un‖2λ +

1

4

∫
R3

φtunu
2
ndx−

∫
R3

F (x, un)dx.

DOI: 10.12677/aam.2021.105191 1815 A^êÆ?Ð

https://doi.org/10.12677/aam.2021.105191


�æ�

þª(Ü5 1.2��

cλ + on(1) =
1

2
‖un‖2λ +

1

4

∫
R3

φtunu
2
ndx−

∫
R3

F (x, un)dx

=
1

4
‖un‖2λ +

∫
R3

(
1

4
f(x, un)u− F (x, un)

)
dx

≥ 1

4
‖un‖2λ.

¤± {un}3 Hλ¥k..

�e5·�?Ø�¼�;5.

Ún12. 3½n 1 �b�e, XJ {un} ⊂ Nλ ¦� Iλ(un)→ cλ,� I ′λ(un)→ 0, K�3 Λ > 0, ¦

�é¤k λ ≥ Λ, {un}3 Hλ ¥kÂñf�.

y²: � {un} ⊂ Nλ÷v
Iλ(un)→ cλ � I ′λ(un)→ 0. (3.9)

dÚn 11� {un}3 Hλ¥k.. 3f�¿Âe, k

un ⇀ u u Hλ,

un → u u Lrloc(R3), 2 ≤ r < 2∗s,

un(x)→ u(x) a.e. u R3.

(3.10)

d	, e��/��¤á, �o

lim
n→∞

sup
y∈R3

∫
BR(y)

|un|2dx = 0, (3.11)

�o�3 R, δ > 0ÚS� {yn} ⊂ R3,¦�

lim
n→∞

∫
BR(yn)

|un|2dx ≥ δ > 0. (3.12)

Äk, ·�äó u 6= 0. eØ,, b� u = 0. �e5y² (3.11) Ú (3.12) ÑØ¤á, ùÒ�)g

ñ.

e (3.11)¤á, dÚn 4�, é?¿ r ∈ (2, 2∗s),3 Lr(R3)¥k un → 0. 2d (3.1), (3.2)Ú

(3.10), ��
∫
R3 f(x, un)undx→ 0. d {un} ⊂ Nλ, k

0 = 〈I ′λ(un), un〉 = ‖un‖2λ +

∫
R3

φtunu
2
ndx−

∫
R3

f(x, un)undx

= ‖un‖2λ +

∫
R3

φtunu
2
ndx+ on(1).
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¤±� n→∞�, k ‖un‖λ → 0. ù�Ún 9� (A3)gñ.

e (3.12)¤á, d (3.10)��, � n → ∞ �, k |yn| → ∞. ¤±, |BR(yn) ∩ {x ∈ R3 : V (x) <

b}| → 0. d HölderØ�ª� ∫
BR(yn)∩{V <b}

u2
ndx→ 0. (3.13)

d (3.8)ÚÚn 11,k

lim sup
n→∞

‖un‖2λ ≤ 4C0.

2(Ü (3.12)Ú (3.13), ��

4C0 ≥ lim sup
n→∞

‖un‖2λ

≥ λb lim sup
n→∞

∫
BR(yn)∩{V≥b}

u2
ndx

= λb lim sup
n→∞

(∫
BR(yn)

u2
ndx−

∫
BR(yn)∩{V <b}

u2
ndx

)
≥ λbδ.

(3.14)

- Λ := max{ 4C0

bδ
, λ∗}, Kk λ > 4C0

bδ
, ù� (3.14)gñ.

´y� n→∞�, k ‖un‖λ → ‖u‖λ, y..

½n 1 �y². � {wn}´ Ψλ �4�zS�. d EkelandC©�n, ·�Ø�b� Ψ′λ(wn)→
0. dÚn 10,

Iλ(un)→ cλ � I ′λ(un)→ 0, (n→∞)

ùp un = mλ(wn) ∈ Nλ. dÚn 11Ú 12 �, �3 Λ > 0,¦� λ > Λ�, 3Hλ¥k un → u. ¤±

u´ (1.1)�Ä�).

4. g£¯K

du�A�4�¯K�(Ø3ïÄ�§| (1.1)�Ä�)�ìC5¥åX��^. Ïd, �!

·�Äk�Ä� (1.1)�'�4�¯K, =(−∆)su+
(
u2 ∗ 1

|x|3−2t

)
u = f(x, u) x ∈ Ω,

u = 0 x ∈ R3\Ω.
(4.1)

Äk, ·�Ú\�
©ê��m�£, ��� [1]. � s ∈ (0, 1)´�½�, Ω ⊂ R3 ´äk1w>

.�m«�. e¡·�P Q = R3 × R3\O, Ù¥

O = (Ωc × Ωc) ⊂ R3 × R3 � Ωc = R3\Ω.

©ê��m X ½Â�

X = {u ∈ L2(Ω) :
|u(x)− u(y)|
|x− y| 3+2s

2

∈ L2(Q)},
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D��ê

‖u‖X =

(∫
Ω

u2dx+

∫
Q

|u(x)− u(y)|2

|x− y|3+2s
dxdy

) 1
2

. (4.2)

�

X0 = {u ∈ X : u = 0 a.e. u R3\Ω}.

d [18]��

‖u‖X0
=

(∫
Q

|u(x)− u(y)|2

|x− y|3+2s
dxdy

) 1
2

´ X0 ��ê, � (4.2)¥½Â�ÊÏ�ê�d. � X0 ´�� Hilbert�m, �
�Bå�, ·�

^ ‖ · ‖05L« ‖ · ‖X0
.

½Â�¼ I0 : X0 → R�

I0(u) =
1

2

∫
Q
|(−∆)

s
2u|2dx+

1

4

∫
Ω

φtuu
2dx−

∫
Ω

F (x, u)dx.

·��� I0��.:´�§ (4.1)�f). ½Â� I0�'� Nehari6/�

N0 = {u ∈ X0\{0} : 〈I ′0(u), u〉 = 0}.

éu u ∈ N0,k ∫
Q
|(−∆)

s
2u|2dx+

∫
Ω

φtuu
2dx =

∫
Ω

f(x, u)udx.

½Â c0�

c0 := inf
u∈N0

I0(u).

aquÚn 9, �� N0k±eÄ�5�.

Ún13. � f 3 Ωþ÷v (f1)− (f4). K

(A1) � gu : R+ → R� gu(τ) = I0(τu), Ù¥ u ∈ S0 := {u ∈ X0 : ‖u‖0 = 1}. K�3��� τu > 0,

¦�3 (0, τu)þk g′u(τ) > 0, 3 (τu,∞)þk g′u(τ) < 0. ,	, I0(τuu) = max
τ≥0

I0(τu).

(A2) �3Ø�6u u �~ê σ > 0, ¦�é u ∈ S0 k τu ≥ σ. ?�Ú, éz�;8 W ⊂ S0 k

CW > 0¦�é¤k u ∈ W k τu ≤ CW .

(A3) 8Ü N0 k.�� 0kål. ?�Ú, N0 3 X0 ¥4.

(A4) c0 ≥ ρ > 0.

(A5) ½ÂN� m0 : S0 → N0 � m0(u) = τuu, KÙ´ S0 � N0 �m�Ó�. d	, m−1
0 (u) = u

‖u‖0
� N0 ´��ÿÀ6/.

y3, ·��±½Â�z�¼ Ψ0 : S0 → RXe

Ψ0(u) = I0(m0(u)).
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�Ún 10aq, ·�kXeÚn.

Ún14. 3Ún 13�b�e, k:

(B1) Ψ0 ∈ C1(S0,R) �

〈Ψ′0(u), v〉 = ‖m0(u)‖0〈I ′0(m0(u)), v〉, ∀ v ∈ TuS0 = {v ∈ X0 : (u, v)0 = 0, ∀u ∈ S0}.

(B2) e {un}´ Ψ0 � (PS)c S�, K {m0(un)}´ I0 � (PS)c S�. e {un} ⊂ N0 ´ I0 � (PS)c

S�, K {m−1
0 (un)}´ Ψ0 � (PS)c S�.

(B3) u´ Ψ0 ��.:��=�m0(u)´ I0 ��.:. ,	, �A��.����

inf
S0

Ψ0 = inf
N0

I0.

dÚn 13, ·�5¿�:

c0 = inf
u∈N0

I0(u) = inf
u∈X0\{0}

max
τ>0

I0(τu) = inf
u∈S0

max
τ>0

I0(τu) > 0.

�e5·�ïÄ I0�4�zS�.

Ún15. 3Ún 13�b�e, � {un} ⊂ N0 ´ I0 �4�zS�, K {un} ⊂ X0 k..

y²: � {un} ⊂ N0 ´ I0 �4�zS�, =

c0 + on(1) = I0(un) =
1

2
‖un‖20 +

1

4

∫
R3

φtunu
2
ndx−

∫
R3

F (x, un)dx.

(ÜþªÚ5 1.2k

c0 + on(1) = I0(un)− 1

4
I ′0(un)un ≥

1

4
‖un‖20.

(Ø�y.

�e5·��Ñ�§ (4.1)�;5(Ø.

Ún16. 3Ún 13�b�e, e {un} ⊂ N0¦� I0(un)→ c0� I ′0(un)→ 0, K3H0¥ {un}kÂ
ñf�.

y²: � {un} ⊂ N0÷v

I0(un)→ c0 � I ′0(un)→ 0. (4.3)

dÚn 15�, {un} 3 X0¥k.. 3f�¿Âe, k

un ⇀ u u X0,

un → u u Lr(R3), 2 ≤ r < 2∗s,

un(x)→ u(x) a.e. u R3.

(4.4)
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·�äó u 6= 0. ÄK, � u = 0. Ún 4`²3 Lr(R3) ¥k un → 0, Ù¥ r ∈ (2, 2∗s) . 2�â

(3.1), (3.2)Ú (4.4), ·�íÑ
∫
R3 f(x, un)undx→ 0. d {un} ⊂ N0, k

0 = 〈I ′0(un), un〉

= ‖un‖20 +

∫
R3

φtunu
2
ndx−

∫
R3

f(x, un)undx

= ‖un‖20 +

∫
R3

φtunu
2
ndx+ on(1).

¤±� n→∞�, ‖un‖0 → 0. ù�Ún 13¥ (A3)gñ.

´�, � n→∞�, k ‖un‖0 → ‖u‖0,ù�Ò�¤
y².

y3·�5?Ø4�¯K (4.1)�Ì�(Ø.

½n17. �Ún 13¥b�¤á. K¯K (4.1)�3Ä�).

y²: � {wn}´ Ψ0�4�zS�. d Ekeland C©�n, Ø�� Ψ′0(wn)→ 0. KdÚn 14��

I0(un)→ c0 � I ′0(un)→ 0,

Ù¥ un = m0(wn) ∈ N0. �âÚn 15Ú 16, ·�k3 X0¥ un → u. ¤± u ´ (4.1) �Ä�).

?�Ú, ·�kXe(Ø.

Ún18. � (V1)− (V3)Ú (f1)− (f4)¤á. K� λ > 0�, k cλ ≤ c0.

y²: d½n 17, � u ∈ X0�¯K (4.1) �Ä�), K c0 = I0(u). Ïdk

cλ ≤ max
τ≥0

Iλ(τu) = max
τ≥0

I0(τu) = I0(u) = c0.

¤±, é λ > 0,·�k cλ ≤ c0.

5. Ä�)�ìC1�

ù�!¥·�ïÄ¯K (1.1) �Ä�)�ìC1�¿��Ñ½n 2�y².

½n 2 �y². ·�e¡�y²Ä��Ì [3](½ [8]) ¥�g´. é?�S� λn → ∞, -

un := uλn ´½n 1 ¥�Ñ� Iλn ��.:. d5 1.2, ��

cλn + on(1) = Iλn(un)− 1

4
I ′λn(un)un ≥

1

4
‖un‖2λn .

2(Ü (3.8)��

sup
n≥1
‖un‖2λn ≤ C1, (5.1)

Ù¥ C1´� λnÃ'�~ê. ¤±, 3f�¿ÂeØ��
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un ⇀ u0 u Hλn ,

un → u0 u Lrloc(R3), 2 ≤ r < 2∗s,

un(x)→ u0(x) a.e. u R3.

(5.2)

d FatouÚnÚ (5.1)��∫
R3

V (x)u2
0dx ≤ lim inf

n→∞

∫
R3

V (x)u2
ndx ≤ lim inf

n→∞

‖un‖2λn
λn

= 0,

¤± u0 = 0 a.e.u R3\V −1(0), �d^� (V3)� u0 ∈ X0.

y3·�y²3 Lr(R3)¥k un → u0, Ù¥ 2 < r < 2∗s. ÄK, �âÚn 4�, �3 δ > 0,

ρ > 0Ú xn ∈ R3, ¦� ∫
Bρ(xn)

(un − u0)2dx ≥ δ.

qÏ� |xn| → ∞, ¤± |Bρ(xn) ∩ {x ∈ R3 : V (x) < b}| → 0. 2d HölderØ�ª��∫
Bρ(xn)∩{V <b}

(un − u0)2dx→ 0.

Ïd

‖un‖2λn ≥ λnb
∫
Bρ(xn)∩{V≥b}

|un|2dx

≥ λnb
∫
Bρ(xn)∩{V≥b}

|un − u0|2dx

= λnb

(∫
Bρ(xn)

|un − u0|2dx−
∫
Bρ(xn)∩{V <b}

|un − u0|2dx
)

→∞,

ù� (5.1)gñ.

,�·�y²3 H ¥k un → u0. Ï� 〈I ′λn(un), un〉 = 〈I ′λn(un), u0〉 = 0, �

‖un‖2λn +

∫
R3

φtunu
2
ndx =

∫
R3

f(x, un)undx, (5.3)

Ú

‖u0‖2 +

∫
R3

φtununu0dx =

∫
R3

f(x, u0)u0dx+ on(1). (5.4)

5¿�, dÚn 7, 8, (3.1)Ú (3.2)��∫
R3

(φtunu
2
n − φtununu0)dx→ 0, (5.5)
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Ú ∫
R3

f(x, un)undx→
∫
R3

f(x, u0)u0dx. (5.6)

d (5.3)-(5.6), k

lim
n→∞

‖un‖2λn ≤ ‖u0‖2.

,��¡, �ê�fe�ëY5L²

‖u0‖2 ≤ lim inf
n→∞

‖un‖2 ≤ lim inf
n→∞

‖un‖2λn , (5.7)

¤±3 H ¥k un → u0.

��, ·��Iy u0´ (4.1)�Ä�). Ï� 〈I ′λn(un), ϕ〉 = 0, éu?¿� ϕ ∈ C∞0 (Ω), ´y∫
Q

(−∆)
s
2u0(−∆)

s
2ϕdx+

∫
Ω

φtu0
u0ϕdx =

∫
Ω

f(x, u0)ϕdx,

d C∞0 (Ω)3Hs
0(Ω)¥�È�5, �� u0´ (4.1)�f). Ï� (3.1), (3.2), (5.3)¤á� un 6= 0, �

�

‖un‖2 ≤ ‖un‖2λn ≤ C1|un|pp ≤ C2‖un‖p,

ùL² u0 6= 0. d (5.7), ��

lim
n→∞

‖un‖2λn = ‖u0‖2. (5.8)

d (5.8), FatouÚn, 5 1.2 ÚÚn 18��

c0 ≤ I0 −
1

4
〈I ′0(u0), u0〉

≤ lim inf
n→∞

(
1

4
‖un‖2λn +

∫
R3

(
1

4
f(x, un)un − F (x, un))dx

)
= lim inf

n→∞

(
Iλn(un)− 1

4
〈I ′λn(un), un〉

)
= lim inf

n→∞
Iλn(un)

≤ c0.

� I0(u0) = c0. ù(Ò�¤
½n 2�y².
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