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Abstract

In this paper, we study the two phase Hele-Shaw flow, which consists of the Cahn

Hilliard eqution and the Darcy equation. In this model, an extra phase induced force

term in the Darcy equation is coupled with a fluid induced transport term in the

Cahn-Hilliard equation. As the non-linear term satisfies the more general condition,

we show the existence of the weak solution, energy estimate, and the uniqueness.
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1. 0�

3�Ã��mY©m�ü¬²��m§�«½õ«Ê56N3ü²1²��m$Ä§Hele-

Shaw 6ÄK´6N3ü²�m��ú6Ä"3ü²�m�6N�Ý÷v�Ô�©Ù§6Äk^§

�´R�u²����µþ©þ�"§¤±l²�þ�*	��ÿ6Ä´Ã^�§Ï
�±^5

�[²�²¡p�Ã^6Ä"Ï~rù«C�¡�Hele-Shaw [� [1–3]§�ÐdHele-Shaw �O

^uïÄ��³6"Hele-Shaw6Ä�±^5CqïÄ�«6NåÆ¯K§ÏdéHele-Shaw6Ä

�ïÄäk­��y¢¿Â"

î��êÆnØ�±�ïÄ.¡ÄåÆ [4]Jø�Ï"

du3�Ü½Æ¥JÑ
6N�mY²þ�Ý§ÏdHele-Shaw6����§�ÃÊ³6��

��§Ú6NÏLõ�0�����§´���§äN5`§Ò´ü��ãHele-Shaw6�/ª�

u = − 1

12η
(∇p− ρg), (x, t) ∈ ΩT\Γt. (1)

divu = 0, (x, t) ∈ ΩT\Γt. (2)

[p] = γκ, (x, t) ∈ Γt. (3)
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[u · n] = 0, (x, t) ∈ Γt. (4)

Ù¥Ω ⊂ R2´�k.«�§ΩT = Ω× (0, T ),Γt �Lt ��6N�m�.¡"u L«6N�Ý¶

p L«6N�Øå¶[p] L«p ÏL.¡Γt ��C§n�L{�þ¶η´ÊÝ¶§3Γt �ü>�Uk

ØÓ���¶g ´ü �þ�Úå¶ρ´6N��þ�Ý§§Ó��±3.¡ü>�ØÓ���"

�§(1)��Ü½Æ [5, 6]¶�§(2)L«6NØ�Ø ¶�§(3) Ú(4)©O�L
L¡Üå²ïÚ�

þ²ï�êÆ£ã§=´L«6N.¡�>.^�"(3)ªq�¡�´.Ê.d-
^�§Ù¥γ ´

Ãþj�L¡ÜåXê§κ ´.¡�Γt �²þ­Ç"

3.¡þ§L¡�3Üå§¿�3üzL§¥§6N.¡�U¬u)g�§Yä§3

�Ú���ÿÀCz"�
�Ñù
(J§·�/Ï*Ñ.¡nØ [7]§§´�^5)û

£Ä.¡¯K�,�«�{§*Ñ.¡nØ�Ð´��ï�ÚCq�-���C��{


uÐ�"3TnØ¥§k�þÝ������.¡§�Ø´b|�.¡§ù«*:�J

��Poisson,Gibbs,RayleighÚKorteweg�< [8]"T�{¦^��9Ï¼ê§§�¡��|¼

ê [9, 10]§¿^5�«/� 0§�3�l.¡«��N� ¥��ØÓ��".¡���±��

 ¼ê�Y²8�'é"��5`§�X.¡�°Ýªu"§*Ñ.¡�.òÂñ��
�A�

b.¡�."

3�©¥§¤ïÄ�Hele-Shaw*Ñ.¡�.Xe¤«

u = −∇p− γϕ∇µ, (x, t) ∈ ΩT . (5)

divu = 0, (x, t) ∈ ΩT . (6)

ϕt + u · ∇ϕ− ε∆µ = 0, (x, t) ∈ ΩT . (7)

µ = −ε∆ϕ+
1

ε
f(ϕ)(x, t) ∈ ΩT . (8)

é�§(5)− (8)\þ>.^�ÚÐ�^�µ

∂p

∂n
=
∂µ

∂n
=
∂ϕ

∂n
= 0, (x, t) ∈ ∂ΩT . (9)

ϕ(·, 0) = ϕ0(·), x ∈ Ω. (10)

Ù¥ΩT = Ω× (0, T )¶∂ΩT = ∂Ω× (0, T ),∂Ω�LΩ�>.

é��5�f(s),b�÷ve�^�µ

f(0) = 0,
·

f(s) ≥ c0(c0 ≥ 0),

f(s)s ≥ c1F (s)− c2(c1 > 0, c2 ≥ 0),

F (s) ≥ −c3(c3 ≥ 0).

Ù¥F (s) =
∫ s

0 f(s)ds. ~Xf(s) =
2p+1∑
i=1

ais
i(a2p+1 > 0)÷vþã5�"w
´�§f(s) = s3 + sÒ
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÷vþã^�"

5¿�µ3�k�Hele-Shaw ¯K¥§Ω ´�����;3�©¥§·��ÄΩ ⊂ Rd(d =

2, 3),�´��k.«�§Ï�n�¯KäkêÆ¿Â§¿�3)Ôþ�kA^§�þu(x, t) ∈
Rd�L�Ý§Iþp(x, t) ∈ R�L3:(x, t) ��N·ÜÔ�Øå§Cþµ(x, t), ϕ(x, t) ∈ R�L�
|¼êÚzÆ³"��§£5¤¥�γ�"��ÿ§T�§Ò´�Ü�§ [11]§��§£7¤Ú£8¤

vk
é6�u · ∇ϕ�§�§ÒC�Cahn-Hilliard�§ [12]"

�§(5)−(10)´dLee,Lowengrub,and GoodmanJÑ�BHSCH�.�A~"¦�y²
BHSCH

XÚ [13]�)ÂñuHele-Shaw �.(1)− (4)�)"·�5¿�(5) ¥�Ørp �BHSCH �.¥�

ØrpkØÓ�'~"�
¼�aq�'~Øå§ÏLp̃=p + γϕµ§�±{ü/3�.¥Ú\­#

½Â�Øå"·�ò�§|(5)− (10) ¡�DCH(Darcy-Cahn-Hilliard)XÚ"

½ÂXeCahn-HilliardUþ�§

Jε(ϕ) =

∫
Ω

[
ε

2
|∇ϕ|2 +

1

ε
F (ϕ)

]
dx. (11)

�NõÑÑ.¡�.aq [14]§DCHXÚ�´�ÑÑXÚ§§÷vXe�UþÑÑ5Æµ

dJε(ϕ)

dt
+ ε ‖∇µ‖2L2 +

1

γ
‖u‖2L2 = 0. (12)

þã�Uþ�§3DCHXÚ�êÆ©Ûå��'­���^"

�©´3 [15]Ä:þ�����b�^�"·�ò?ØÐ>�¯K(5)-(10)f)��3��5§

f)��
5�"

IO�mLp(Ω), Hq(Ω)��ê©O^‖·‖Lp , ‖·‖HqL«§Z∗�LBanach �mZ ��éó�

m"ÎÒ(·, ·)�L�mL2(Ω) þ�SÈ§ÎÒ〈·, ·〉 �L�mH1(Ω) Ú�mH1(Ω)∗�éóÈ§�

mL2
0(Ω)�L�mL2(Ω) �f�m§¿�3>.þ���""�©¥§cÚC�L�p, µ, ϕ,uÚεÃ'

��~ê¶XJ~êÚεk'�{§·�^C = C(ε)5L«§Ù¥0 < ε < 1"

2. PDE©Û

·�ò�3p, µ, ϕ§ò��§|C/��µ

div(∇p+ γϕ∇µ) = 0, (x, t) ∈ ΩT . (13)

ϕt − ε∆µ− div(ϕ [∇p+ γϕ∇µ]) = 0, (x, t) ∈ ΩT . (14)

¤±§�©ïÄ� �©�§�/ªÒ´�§(13), (14)Ú�§(8):µ = −ε∆ϕ + 1
ε
f(ϕ)±9Ð>�

^�(9), (10):

div(∇p+ γϕ∇µ) = 0, (x, t) ∈ ΩT ,

ϕt − ε∆µ− div(ϕ [∇p+ γϕ∇µ]) = 0, (x, t) ∈ ΩT ,
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µ = −ε∆ϕ+
1

ε
f(ϕ)(x, t) ∈ ΩT ,

∂p

∂n
=
∂µ

∂n
=
∂ϕ

∂n
= 0, (x, t) ∈ ∂ΩT ,

ϕ(·, 0) = ϕ0(·), x ∈ Ω.

·�½ÂXe/ª�f) [15]µ

½Â 2.1 b�ϕ0 ∈ H1(Ω),XJn­ê|(p, µ, ϕ)÷ve�^�µ

p ∈ L 2d
d+1 ((0, T );H1(Ω) ∩ L2

0(Ω). (15)

µ ∈ L2((0, T );H1(Ω)). (16)

∇p+ γϕ∇µ ∈ L2((0, T ); L2(Ω)). (17)

ϕ ∈ L∞((0, T );H1(Ω)). (18)

ϕt ∈ L
2d
d+1 ((0, T ); (H1(Ω))∗). (19)

¿�é¤k�t ∈ (0, T ),±eÑ¤áµ

(∇p+ γϕ∇µ,∇q) = 0 ∀q ∈ H1(Ω). (20)

〈ϕt, v〉+ ε(∇µ,∇v) + (ϕ [∇p+ γϕ∇µ] ,∇v) = 0 ∀v ∈ H1(Ω). (21)

(µ, ψ)− ε(∇ϕ,∇ψ)− 1

ε
(f(ϕ), ψ) = 0 ∀ψ ∈ H1(Ω). (22)

�÷vÐ�^�ϕ(0) = ϕ0 Kn­ê|(p, µ, ϕ)�¡��§(13), (14)±9�§(8)(9), (10)���f

)"

e¡?Ø)��35.

½n 2.1 �E(t) = Jε(ϕ),eÐ�^�÷vE(0) ≤ C0�§K�§�3½Â2.1¥�f)"

y².|^³�7Cq�{§=^k��%CÃ��§·�éϕ, p, µ�EÑCq)§·�ò¦

^H1(Ω)��|k�����Ä�þ{ωi}i=1...m§ù
Ä�þ¤Ü¤��m·�P�Wm,Ù¥·�

é�pm, ϕm, µm : [0, T ]→Wm,

pm =
∑m

i=1
pi,mωi

ϕm =
∑m

i=1
ϕi,mωi

,

µm =
∑m

i=1
µi,mωi.

¤±·���µ

(∇pm + γϕm∇µm,∇q) = 0 ∀q ∈ H1(Ω). (23)
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〈
d

dt
ϕm, v

〉
+ ε(∇µm,∇v) + (ϕm [∇pm + γϕm∇µm] ,∇v) = 0 ∀v ∈ H1(Ω). (24)

(µm, ψ)− ε(∇ϕm,∇ψ)− 1

ε
(f(ϕm), ψ) = 0 ∀ψ ∈ H1(Ω). (25)

3�§(23)¥-q = ωi, i = 1, 2...m¿Ó�¦±pi,m
γ

,,�¦Ú¶3�§(24) ¥-v = ωi, i =

1, 2...m,¿Ó�¦±µi,m,2¦Ú¶3�§(25)¥-ψ = ωi,i = 1, 2....m§Ó�¦± d
dt
ϕi,m§2¦Ú§

��òn�ªfÜ¿��µ

d

dt

[
ε ‖∇ϕm‖2L2 +

1

ε
((F (ϕm), 1)

]
+ ε ‖∇µm‖2L2 +

1

γ
‖∇pm + γϕm∇µm‖2L2 = 0. (26)

·�3þ¡�§ü>Ó�È©§K��µ

E1(t) +

∫ t

0

ε ‖∇µm‖2L2 +

∫ t

0

1

γ
‖∇pm + γϕm∇µm‖2L2 = E1(0). (27)

Ù¥E1(t) =
∫

Ω

[
ε
2
|∇ϕm|2 + 1

ε
F (ϕm)

]
dx"

Ún 2.1 b�E(t) = Jε(ϕ), E1(t) = Jε(ϕm),, Ù¥m´k�ê§�Wm´H1(Ω)¥�|k����

�Ä�þ¤Ü¤��m§�E(0) ≤ C0 �,KE1(0) ≤ C0"

(ÜÚn2.1§|^�§(27)���‖∇ϕm‖2L2 ≤ C0,
∫ t

0 ‖∇µm‖
2
L2 ≤ C0

∫ t
0 ‖um‖

2
L2 ≤ C0, 2ÏL

'X∇pm = −um − γϕm∇µm§Äkéud = 2, 3 �âSobolev i\½nµH1(Ω)↪→L6(Ω),2

dYoungØ�ªÚþã�O���
∫ t

0 ‖∇pm‖
2

L
3
2
≤ C1,Ùg3�§(25),-ψ = ∆ϕm, ·����

ε ‖∆ϕm‖2L2 ≤
1

2
‖∇µm‖2L2 +

1

2
‖∇ϕm‖2L2 −

c0

ε
‖∇ϕm‖2L2 ,

?�Ú��µ

ε ‖∆ϕm‖2L2 ≤
1

2
‖∇µm‖2L2 +

1

2
‖∇ϕm‖2L2 ≤ C0. (28)

dGagliardo-NirenbergØ�ª§·�k‖ϕm‖L∞ ≤ C ‖∆ϕm‖
1
2d

L2 ‖ϕm‖
2d−1
2d

L6 (d = 2, 3) d

‖∇pm‖
2d
d+1

L2 ≤ C ‖um‖
2d
d+1

L2 + C ‖ϕm‖
2d
d+1

L∞ ‖∇µm‖
2d
d+1

L2 ≤ C ‖um‖2L2 + C ‖ϕm‖2dL∞ + C ‖∇µm‖2L2 ,

du

‖ϕm‖2dL∞ ≤ C‖∆ϕm‖L2 ‖ϕm‖2d−1
L6 ≤ C ‖∆ϕm‖2L2 + C4 ‖ϕm‖4d−1

H1 .

2ÏL sup
t∈(0,T )

‖∇ϕm‖2L2 ≤ C0,��µ
∫ t

0 ‖ϕm‖
2
L2 ≤ CT ,Ù¥CT´���Tk'�~ê"

·�2éþãªfÓ�ét¦È©§¿dþã�O��µ
∫ t

0 ‖∇pm‖
4d

2d+1

L2 ≤ C2,C2�C0, C1d, T k

'"2ÏL�§(24),é?¿�v ∈ H1(Ω)��µ

〈dtϕm, v〉 = −ε(∇µm,∇v) + (ϕmum,∇v) ≤ [ε‖∇µm‖L2 + ‖ϕm‖L∞‖um‖L2 ] ‖∇v‖L2 .
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�âéó�m�ê�½Â§�‖dtϕm‖(H1(Ω))∗ ≤ C3,¦È©��
∫ t

0 ‖dtϕm‖
2
(H1(Ω))∗ ≤ C3,C3´��~

ê"

�âg��m5�§Ïd·���(J�3ϕ, p, µ,u§¦�ϕ ∈ L∞((0, T );H1(Ω)), ¦�p ∈
L

2d
d+1 ((0, T );H1(Ω)) ∩ L2

0(Ω), ¦�µ ∈ L2((0, T );H1(Ω)),�â�55ku = ∇p + γϕ∇µ, �X

ku ∈ L2((0, T ); L2(Ω)) k:

ϕm → ϕ

pm → p

µm → µ

um → u.

�â�55§·�kµ

(∇p+ γϕ∇µ,∇q) = 0,

�dV����Âñ½n·�kµ

〈ϕt, v〉+ ε(∇µ,∇v) + (ϕ [∇p+ γϕ∇µ] ,∇v) = 0

(µ, ψ)− ε(∇ϕ,∇ψ)− 1

ε
(f(ϕ), ψ) = 0.

e¡?1Uþ�O:

½n 2.2 b�ϕ0 ∈ H1(Ω),f(ϕ) ∈ L2((0, T );H1(Ω)),Ω ⊂ Rd(d = 2, 3)´��Lipschitz«�§±

9Jε(ϕ0) ≤ C0,e(p, µ, ϕ)´�§(20) − (22)��|f)§éuu = −(∇p + γϕ∇µ) é¤k�t ∈
(0, T ),�3��Ø�6uε�~êC = C(E(0)) > 0 k∫

Ω

ϕ(x, t)dx =

∫
Ω

ϕ0(x)dx. (29)

E(t) +

∫ t

0

[
ε ‖∇µ(s)‖2L2 +

1

γ
‖u(s)‖2L2

]
ds = E(0) <∞. (30)

max
0≤s≤t

‖ϕ(s)‖2H1 ≤
2C0

ε
+

2c3

ε2
|Ω| . (31)

∫ t

0

‖µ(s)‖2H1ds ≤
C0

ε
+
c3

ε2
|Ω| . (32)

∫ t

0

∥∥µ(s)− ε−1f(ϕ(s))
∥∥2

L2ds ≤
3

2
C0 +

3c3

2ε
|Ω| . (33)

∫ t

0

‖ϕt(s) + u(s) · ∇ϕ(s)‖(H1)∗ds ≤
√
Cε. (34)

∫ t

0

‖ϕt(s)‖2(W 1,3)∗ds ≤ C(
√
C0ε+ c3 |Ω|+

√
2(C0ε+ c3 |Ω|

ε
3
2

). (35)
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ùpE(t) = Jε(ϕ(t)),Ù¥Jε(·)´Uì�§(11)5½Â�"

y².�§(29)´3�§(21)¥-v = 1=��"�
���§(30),·�©�ü«�¹5�µ

1�«AÏ�¹§�ϕt ∈ L2((0, T );H1(Ω)) �§·�3�§(20)¥�½q = p
γ
,3�§(21)¥�

½v = µ§3�§(22)¥�½ψ = −ϕt,¿rnö�\·���µ

d

dt

[
ε ‖∇ϕ‖2L2 +

1

ε
(F (ϕ), 1)

]
+ ε ‖∇µ‖2L2 +

1

γ
‖∇p+ γϕ∇µ‖2L2 = 0.

3�§ü>Ó��«m(0, t)þ�È©Ò����§(30)"

éu���¹ϕt ∈ L
2d
d+1 ((0, T ); (H1(Ω))∗),XJd�·�2-ψ = −ϕt�{§3�§(22)¥Òv

k¿Â
§Ï
·�3ùpò^�Steklov ²þ{Eâ [16]"éut ∈ (0, T ),�δ > 0´?¿��ê§

½Âϕ�Steklov²þϕδµ

ϕ(·, t) = Sδ+(ϕ)(·, t) =
1

δ

∫ t+δ

t

ϕ(·, s)ds ∀t ∈ (0, T ).

éuv
��δ,

ϕδt (·, t) := (ϕδ(·, t))t =
ϕ(·, t+ δ)− ϕ(·, t)

δ
.

Ïd§éuz��t ∈ (0, T − δ),kϕδt (·, t) ∈ H1(Ω)§Uì²þ{�(ØÒkµ

Sδ+(ϕt) = (Sδ+(ϕ))t = ϕδt . (36)

@o·�y3òSδ+A^��§(20)− (22)¥�§¿^s��t,·�kµ

(∇pδ + γ (ϕ∇µ)δ,∇q) = 0 ∀q ∈ H1(Ω). (37)

(ϕδt , v) + ε(∇µδ,∇v) + ((ϕ [∇p+ γϕ∇µ])δ,∇v) = 0 ∀v ∈ H1(Ω). (38)

(µδ, ψ)− ε(∇ϕδ,∇ψ)− 1

ε
((f(ϕ))δ, ψ) = 0 ∀ψ ∈ H1(Ω). (39)

3�§(39)¥-ψ = −ϕt,3�§(38)¥-v = µδ,3�§(37)¥-q = pδ

γ
,¿òn��§�\§��

d

dt
Jε(ϕ

δ) + ε
∥∥∇µδ∥∥2

L2 +
1

γ

∥∥∥∇pδ + γ(ϕ∇µ)
δ
∥∥∥2

L2
= Rδ(t). (40)

Ù¥

Rδ(t) = 1
ε
(f(ϕδ)− (f(ϕ))δ − (∇pδ + γ(ϕ∇µ)δ, ϕ∇µδ − (ϕ∇µ)δ)

+ (ϕ
[
∇pδ + γ(ϕ∇µ)

δ
]
− (ϕ [∇p+ γϕ∇µ])δ,∇µδ).
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3�§(40)ü>Ó�étÈ©§·�kµ

Jε(ϕ
δ(s)) +

∫ s
0 (ε

∥∥∇µδ(t)∥∥2

L2 + 1
γ

∥∥∥∇pδ(t) + γ(ϕ∇µ)
δ
(t)
∥∥∥2

L2
)dt

= Jε(ϕ
δ(0)) +

∫ s
0 R

δ(t)dt ∀s ∈ (0, T ).

5¿�§éz���½�ε > 0,duf(ϕ) ∈ L2((0, T );H1(Ω))¿�f(·) ´�ëY¼ê§¤±
kf(ϕ) ∈ L2((0, T );H1(Ω)), -δ → 0+,¿(ÜSteklov²þ�5�§·�kµ

lim
δ→0+

∫ s

0

Rδ(t)dt = 0,

Jε(ϕ(s)) +

∫ s

0

(ε ‖∇µ(t)‖2L2 +
1

γ
‖∇p(t) + γ(ϕ(t)∇µ(t)‖2L2)dt = Jε(ϕ(0).

Ïd§��(30),l(30)¥�E(t)´'u�m��ëY�¼ê"

|^(30)§Ú·��b�:

F (s) ≥ −c3, c3 ≥ 0. (41)

·�k
∫

Ω F (s)dx ≥ −c3 |Ω|(c3 ≥ 0)§K����§(31)"�§(32)�d�§(30)����"�

§(33)�d�§(22),�§(31), (32)±9HolderØ�ªÚb�^�
·

f(s) ≥ c0��"d�m'Xµ

H1(Ω) ⊂ L2(Ω) ∼= L2(Ω) ⊂ (H1(Ω))∗Ú�§(21)��

〈ϕt + u(s) · ∇ϕ(s), v〉 = −ε(∇µ,∇v),

�âHolderØ�ªµ

|〈ϕt + u(s) · ∇ϕ(s), v〉| = ε |(∇µ,∇v)| ≤ ε‖∇µ‖L2‖∇v‖L2 .

��2�âéó�ê±9�d�ê���§(34)"�
���§(35)§|^�§(21)ÚSobolev

i\½nµd = 2, 3,kH1(Ω) ↪→ L6(Ω),éuv ∈W 1,3(Ω),

〈ϕt, v〉 = −ε(∇µ,∇v) + (ϕu,∇v)

≤ ε‖∇µ‖L2‖∇v‖L2 + ‖ϕ‖L6‖u‖L2‖∇v‖L3

≤ C [ε‖∇µ‖L2 + ‖ϕ‖H1‖u‖L2 ] ‖∇v‖L3

≤ C
[
ε‖∇µ‖L2 +

√
2C0ε+2c3|Ω|

ε

]
.

��|^�d�êÚéó�ê·���(J [17]"

�e50�f)�kÙ¦�	��K5"
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Ún 2.2 b�ϕ0 ∈ H1(Ω),f(ϕ) ∈ L2((0, T );H1(Ω)) ±9«�Ω ⊂ Rd(d = 2, 3)´��Lipschitz«

�,en­|(p, ϕ, µ)´½Â2.1��|f),Kϕ ∈ L2((0, T );H2(Ω))"

y².·�ò�§(22)­#�¤Xe

ε(∇ϕ,∇ψ) = (µ− 1

ε
f(ϕ), ψ) ∀ψ ∈ H1(Ω). (42)

ùpϕ´�aquPoisson�§,¿äkàgNeumann>.^����f)§Ùmà�¼ê�g = µ−
1
ε
f(ϕ)§duf(ϕ) ∈ L2((0, T );H1(Ω)),¤±mà¼êg ∈ L2((0, T );H1(Ω)),ϕ ∈ L2((0, T );H2(Ω)"

e¡·�?Øf)���5µ

½n 2.3 b�ϕ0 ∈ H1(Ω)ÚJε(ϕ0) ≤ C0,Ù¥C0Ø�6uε,¿�Ω ⊂ Rd(d = 2, 3)´��Lipschitz«

�§±9f(ϕ) ∈ L2((0, T );H1(Ω)),��|f)(p, µ, ϕ)÷v�K^�∇p+γϕ∇µ ∈ L 12
6−d ((0, T );L2(Ω)),

µ ∈ L
12

6−d ((0, T );H1(Ω)), ϕt ∈ L2((0, T ); (H1(Ω)∗))�§Ù¥p´��k�ê§Kù|f)´��

�"

y².b�(pi, µi, ϕi), i = 1, 2´ü|f)§½Âui = −∇pi − γϕi∇µi, i = 1, 2, -p = p1 − p2,u =

u1 − u2, µ = µ1 − µ2, ϕ = ϕ1 − ϕ2, (p1, µ1, ϕ1),(p2, µ2, ϕ2)÷véA�§(20)− (22)§ò�ö(Üå

5§·����§µ

(u,∇q) = 0 ∀q ∈ H1(Ω). (43)

〈ϕt, v〉+ ε(∇µ,∇v)− (ϕ1u + ϕu2,∇v) = 0 ∀v ∈ H1(Ω). (44)

(µ, ψ)− ε(∇ϕ,∇ψ)− 1

ε
(f(ϕ1)− f(ϕ2), ψ) = 0 ∀ψ ∈ H1(Ω). (45)

du�§(29),·��|^
∫

Ω ϕ(x, t)dx =0,∀t ∈ (0, T ), ��ÏL�m²£��d(J"

3�§(44)¥§-v = ϕ,3�§(45)¥§-ψ = µ,ò�öÜ¿§2ÏL�§(u2,∇(ϕ2)) = 0 =

(u,∇(ϕ1ϕ)),·���µ

1

2

d

dt
‖ϕ‖2L2 + ‖µ‖2L2 = −(u · ∇ϕ1, ϕ) +

1

ε
(g(ϕ1, ϕ2)ϕ, µ). (46)

Ù¥g(ϕ1, ϕ2)´ÏLf(ϕ1)−f(ϕ2)ü�õ�ªÏLng��úª��5�§=g(ϕ1, ϕ2) = f(ϕ1)−f(ϕ2)
ϕ1−ϕ2

|^SchwarzØ�ªÚGagliardo-NirenbergØ�ª [18]§k

‖ϕ‖L∞ ≤ C ‖∆ϕ‖
d
4

L2
‖ϕ‖

4−d
4

L2 (d = 2, 3).

3�§(46)¥k

d
dt
‖ϕ‖2L2 + 2 ‖µ‖2L2 ≤ 2‖u‖L2‖∇ϕ1‖L2‖ϕ‖L∞ + 2

ε
‖g(ϕ1, ϕ2)‖L∞‖ϕ‖L2 ‖µ‖2L2

≤ ε
4γ
‖u‖2L2 + C

ε
‖∇ϕ1‖2L2 ‖∆ϕ‖

d
2

L2 ‖ϕ‖
4−d
2

L2 + 2
ε
‖g(ϕ1, ϕ2)‖L∞‖ϕ‖L2‖µ‖L2

≤ ε
4γ
‖u‖2L2 + ε2

16
‖∆ϕ‖2L2 + C(ε) ‖∇ϕ1‖

8
4−d
L2 ‖ϕ‖2L2 + ‖µ‖2L2

+ 1
ε2
‖g(ϕ1, ϕ2)‖2L∞ ‖ϕ‖

2
L2 .
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Ù¥éumà�,��‖g(ϕ1, ϕ2)‖L∞ ,Äkéu

g(ϕ1, ϕ2) =
2p+1∑
k=1

(ϕk−1
1 + ϕk−2

1 ϕ2 + ....+ ϕ1ϕ
k−1
2 + ϕk2).

·�kµ

‖g(ϕ1, ϕ2)‖L∞ ≤
2p+1∑
k=1

‖ϕ1‖k−1
L∞ + ‖ϕ1‖k−2

L∞ ‖ϕ2‖1L∞ + ......+ ‖ϕ2‖k−1
L∞ .

duϕ ∈ L∞(0, T ;H1(Ω)),Ïdϕ ∈ L∞(0, T ;L∞(Ω)),K‖ϕ‖L∞ ≤ sup
t∈(0,T )

‖ϕ‖L∞ ≤ C, Ù¥C´��

~ê§Ï
‖g(ϕ1, ϕ2)‖L∞ ≤ Cp,ùpCp´���pk'�~ê"

ÏL(30)��

d

dt
‖ϕ‖2L2 + ‖µ‖2L2 ≤

ε

4γ
‖u‖2L2 +

ε

16
‖∆ϕ‖2L2 + C(ε, p) ‖ϕ‖2L2 . (47)

Ù¥C(ε, p) = Cp
2

ε2
> 0

3�§(39)¥-ψ = ∆ϕ,��

ε ‖∆ϕ‖2L2 = −(µ,∆ϕ) + 1
ε
(g(ϕ1, ϕ2)ϕ,∆ϕ)

≤ ε
2
‖∆ϕ‖2L2 + 1

ε
‖µ‖2L2 + Cp

2

ε2
‖ϕ‖2L2 .

,��
ε2

4
‖∆ϕ‖2L2 ≤

1

2
‖µ‖2L2 + C(ε, p) ‖ϕ‖2L2 . (48)

Ù¥C(ε, p) > 0

5¿�

u = u1 − u2 = −∇p− γ(ϕ1∇µ1 − ϕ2∇µ2) = −∇p− γϕ1∇µ− γϕ∇µ2.

3�§(37)¥-q = p

1
γ
‖u‖2L2 = − 1

γ
(u,∇p)− (u, ϕ1∇µ)− (u, ϕ∇µ2)

= −(ϕ1u,∇µ)− (ϕu,∇µ2).
(49)

3�§(38)¥-v = µ,��

〈ϕt, µ〉+ ε ‖∇µ‖2L2 = (ϕ1u + ϕu2,∇µ). (50)

�e5é�§(39)A^dA�âÅ²þ�{Sδ+§Kkµ

〈
µδ, ψ

〉
− ε(∇ϕδ,∇ψ)− 1

ε
(f(ϕ1)− f(ϕ2)δ, ψ) = 0 ∀ψ ∈ H1(Ω).
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-ψ = −ϕδt ,þ¡�§��

−(µδ, ϕδt ) +
ε

2

d

dt

∥∥∇ϕδ∥∥2

L2 +
1

ε
(f(ϕ1)− f(ϕ2))δ, ϕδt ) = 0.

éδ�4�δ → 0+,|^dA�âÅ²þ�f�5�§k

−〈ϕt, µ〉+
ε

2

d

dt
‖∇ϕ‖2L2 +

1

ε
〈ϕt, f(ϕ1)− f(ϕ2)〉 = 0. (51)

��r�§(49), (50), (51)\å5§¿|^(u2,∇(ϕµ)) = (u,∇(ϕµ2)) = 0ÚYoungØ�ª±

9Gagliardo-NirenbergØ�ª��

1
γ
‖u‖2L2 + ε ‖∇µ‖2L2 + ε

2
d
dt
‖∇ϕ‖2L2 + 1

ε
〈ϕt, f(ϕ1)− f(ϕ2)〉

= −(u2 · ∇ϕ, µ) + (u · ∇ϕ, µ2)

≤ C(‖u2‖L2‖µ‖H1 + ‖u‖L2‖µ2‖H1)(‖∆ϕ‖
d
6

L2 ‖∇ϕ‖
6−d
6

L2

≤ 1
4γ
‖u‖2L2 + ε

2
‖µ‖2H1 + ε

16
‖∆ϕ‖2L2

+ C(ε)(‖u2‖
12

6−d
L2 + ‖µ2‖

12
6−d
H1 ) ‖∇ϕ‖2L2 .

Ïd§

3
4γ
‖u‖2L2 + ε

2
‖∇µ‖2L2 + ε

2
d
dt
‖∇ϕ‖2L2 + 1

ε
〈f(ϕ1)− f(ϕ2), ϕt〉

≤ ε
16
‖∆ϕ‖2L2 + ε

2
‖µ‖2L2 + C(ε)(‖u2‖

6−d
12

L2 + ‖µ2‖
12

6−d
H1 ) ‖∇ϕ‖2L2 .

�e5éf(ϕ1) − f(ϕ2)A^.�KF¥�½n§¿d��5��b�^�kf(ϕ1) − f(ϕ2) =
·

f(η)ϕ ≥ c0ϕ,þª��µ

3
4γ
‖u‖2L2 + ε

2
‖∇µ‖2L2 + ε

2
d
dt
‖∇ϕ‖2L2 + c0

2ε
d
dt
‖ϕ‖2L2

≤ ε2

16
‖∆ϕ‖2L2 + ε

2
‖µ‖2L2 + C(ε)(‖u2‖

12
6−d
L2 + ‖µ2‖

12
6−d
H1 ) ‖∇ϕ‖2L2 .

(52)

ò�§(47), (48)±9�§(53)�ε��\å5§kµ

d
dt

((
c0
2

+ 1
)
‖ϕ‖2L2 + ε2

2
‖∇ϕ‖2L2

)
+ ε2

8
‖∆ϕ‖2L2 + ε

2γ
‖u‖2L2

+ 1−ε2
2
‖µ‖2L2 + ε2

2
‖∇µ‖2L2 ≤ C(ε)(‖u2‖

12
6−d
L2 + ‖µ2‖

12
6−d
H1 ) ‖∇ϕ‖2L2 + C(ε, p) ‖ϕ‖2L2 .

(53)

(Ü½nb�^�§�§(53)��¤µ

d
dt

(( c0
2

+ 1) ‖ϕ‖2L2 + ε2

2
‖∇ϕ‖2L2) + ε2

8
‖∆ϕ‖2L2 + ε

2γ
‖u‖2L2

+ 1−ε2
2
‖µ‖2L2 + ε2

2
‖∇µ‖2L2 ≤ a(t)(‖ϕ‖2L2 + ‖∇ϕ‖2L2).

(54)
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Ù¥a(t) = C(ε)(‖u2‖
12

6−d
L2 + ‖µ2‖

12
6−d
H1 ) + C(ε, p)

é�§(54)ü>Ó�ét�È©(0, t),�µ

(
c0

2
+ 1) ‖ϕ‖2L2 +

ε2

2
‖∇ϕ‖2L2 ≤

∫ t

0

a(s)(‖ϕ(s)‖2L2 + ‖∇ϕ(s)‖2L2)dt. (55)

ÏLGronwallØ�ª§·���µ

(
c0

2
+ 1) ‖ϕ‖2L2 +

ε2

2
‖∇ϕ‖2L2 ≤

[
(
c0

2
+ 1) ‖ϕ(0)‖2L2 +

ε2

2
‖∇ϕ(0)‖2L2

]
exp

{∫ T

0

a(s)ds

}
. (56)

d½nb�^���§
∫ T

0 a(s)ds <∞,Ïdkϕ(t) = 0,é?¿�t ∈ (0, T ),¤±½ny²�¤"
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