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Abstract

If every subgraph H of graph G has δ(H) ≤ k, then G is k-degenerate. A planar
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graph without k-cycles (k ∈ {3, 5, 6}) is 3-degenerate, this paper proves that an IC-

planar graph without k-cycles is 4-degenerate. This paper is further proved that the

IC-planar graph with 3-cycle not adjacent to 4-cycle, 3-cycle not adjacent to 5-cycle

or 4-cycle not adjacent to 4-cycle is also 4-degenerate. And we give an example of

4-regular IC-planar graphs without k-cycles (k ∈ {3, 4, 5, 6}).
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1. Úó

�©¤?Ø�ãÑ´k�{üÃ�ã. ©¥�\`²�â��© [1]. V (G), E(G)©OL«

ãG�º:8Ú>8. ²¡ã´ã3²¡þ��«i\, ¦�?¿ü^>=3à:?��. eG´²

¡ã, ·�^F (G)5L«ãG�¡8. XJãG�±i\�²¡þ, ¦�z^>�õ����g, K

¡Ù�1-²¡ã, T²¡i\¡�1-²¡i\. 1- ²¡ã´Ringel [2]u1965cïÄ²¡ã�:-¡/

Ú�JÑ�. eãG´1-²¡ã��3�«²¡i\, ¦�¹��:�>|¤�8Ü´ãG���

��(=?¿ü^���>�o�à:ÑØÜ), K¡ãG´IC-²¡ã, T²¡i\¡�IC-²¡i

\. IC-²¡ã´Alberson [3]32008cJÑ5�, ¿ß�z�IC-²¡ãÑ´5-�/�. dß��5

�Kral�Stacho [4]y²¤á. eãG�IC-²¡i\÷vÙ��:�ê´¤kIC-²¡i\¥���,

K¡dIC-²¡i\��`IC-²¡i\.

�G´IC-²¡ã�´�`IC-²¡i\. -C(G)´G¥¤k��:|¤�8Ü, E0(G)´G¥Ø

¹��:�>|¤�8Ü. UXe�ª½ÂG�'é²¡ãG×: V (G×) = V (G) ∪ C(G), E(G×) =

E0(G) ∪ {xz, yz|xy ∈ E(G) \ E0(G), �z´¹3>xyþ���:}. KG×´²¡ã, �é?¿z ∈
C(G), kdG×(z) = 4. ¡C(G)¥�:�b:, V (G)¥�:�ý:. dIC-²¡ã�½Â�?¿ü�

b:3G×¥Ø��, �z��ý:�õ���b:��. eG×¥�¡f�����b:'é, K

¡f�b¡; Ø�b:'é�¡¡�ý¡.

-v ∈ V (G), ¡:v�¤k�:|¤�8Ü�:v���, P�NG(v). ¡dG(v) = |NG(v)|�v�
Ýê. δ(G) = min{dG(v)|v ∈ V (G)}Ú∆(G) = max{dG(v)|v ∈ V (G)}©O¡�G���ÝÚ�
�Ý. �G´IC-²¡ã, f ∈ F (G×). ¡�¡f�'é�>ê�¡f�Ýê(z^�>O�üg), P

�dG×(f). �v ∈ V (G), XJdG(v) = k, ≥ k, ½≤ k, K¡v�k-:, k+-:½k−-:. aq/, �
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±½Âk-¡, k+-¡½k−-¡. -f ∈ F (G×), ef�>.:U^�����g�v1, v2, v3, · · · , vn,

K�P�f = [v1v2 · · · vn]. ^dk(f)Údk+(f)©OL«�f'é�k-:�k+-:��ê; ^fi(v),

fi+(v)Úfi−(v) ©OL«G×¥�v'é�i-¡, i+-¡Úi−-¡��ê, ^α(v)5L«�v'é�b3-

¡��ê.

eãG�z��fãHÑkδ(H) ≤ k, K¡ãG´k-òz�. �âëÏ²¡ã�EulerúªÚ

ºÃ½n´�?¿��²¡ãÑ´5-òz�; ?¿��Ø¹3-��²¡ãÑ´3-òz�. 2002c,

WangÚLih [5]ü Æöy²
Ø¹5-��²¡ã´3-òz�. Óc, Fijvaz� [6]y²
Ø¹6-��

²¡ã´3-òz�. �©|^þã(J, y²
Ø¹k-�(k ∈ {3, 5, 6})�IC-²¡ãÑ´4-òz�.

¿�ÑØ¹k-�(k ∈ {3, 4, 5, 6})�4-�K�IC-²¡ã. Ó�, �©?�Úy²
3-�Ú4-�Ø��,

3-�Ú5-�Ø��½4-�Ú4-�Ø���IC-²¡ã�´4-òz�.

2. 3-�Ø�4-����IC-²¡ã�òz5

½½½nnn 2.1. Ø¹k-�(k ∈ {3, 5, 6})�IC-²¡ãÑ´4-òz�.

y². �G´IC-²¡ã�®IC-²¡i\, E0(G)´G¥Ø¹��:�>|¤�8Ü, E1(G)´G¥¹

��:�>|¤�8Ü. KdIC-²¡ã½Â�, dE0(G)¥�>�ÑfãG1´²¡ã, dE1(G)¥

�>�Ñ�fã´1-�Kã. dK¿�G1´Ø¹k-�(k ∈ {3, 5, 6})�²¡ã. �G1´3-òz�. l

G´4-òz�.

½½½nnn 2.2. 3-�Ø�4-����IC-²¡ã´4-òz�.

y². �G´½n2.2�:ê���4��~ã. w,G´ëÏ�, �G´�`�IC-²¡i\. w,

äó2.1¤á.

äó2.1 δ(G) ≥ 5.

Ï�G´3-�Ø�4-����IC-²¡ã, ¤±äó2.2¤á.

äó2.2 ý3-¡�ý3-¡Ø��.

äó2.3 z��5+-:v��'é2�4+-¡.

y². dv�õ���b:��α(v) ≤ 2. �α(v) = 0, däó2.2�f3(v) ≤ bdG(v)
2
c. �v'é

�4+-¡�ê≥ dG(v)− bdG(v)
2
c ≥ 3. �α(v) = 1�, Ø���v'é�b3-¡�f1 = [vv1v2]�v2�b

:. K�v'é�±vv2�>.�¡7�4+-¡. däó2.2�f3(v) ≤ ddG(v)−2
2
e + 1 = ddG(v)

2
e. �v'

é�4+-¡�ê≥ dG(v) − ddG(v)
2
e ≥ 2. �α(v) = 2�, dv�õ����b:�, �v'é�ü�

b3-¡7�f1 = [vv1v2]Úf2 = [vv2v3]�v2�b:. d�, �v'é�±vv1(½vv3)�>.>�ØÓ

uf1(½f2)�¡�4+-¡. �v��'éü�4+-¡. nþ, z��5+-:��'é2�4+-¡.

äó2.4 z��b:�õ'é2�b3-¡.

y². �y{. �v´b:, �Ù3G×¥�4��:�v1, v2, v3, v4�3²¡þ�^����ü�.

Kv1v3 ∈ E(G)�v2v4 ∈ E(G). b�f1 = [vv1v2], f2 = [vv2v3]9f3 = [vv3v4]´3-¡. KG¥¹��

�3-�v1v2v3v1Ú4-�v1v3v4v2v1, gñ. ¤±, z��b:�õ'é2�b3-¡.

e¡·�^�=£��{�¤½n2.2�y². év ∈ V (G×), -ch(v) = dG×(v) − 6; éf ∈
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F (G×), -ch(f) = 2dG×(f)− 6. (Üî.úª|V (G×)| − |E(G×)|+ |F (G×)| = 2ÚºÃ½n, �±

��e¡�ð�ªµ

∑
x∈V (G×)∪F (G×)

ch(x) =
∑

x∈V (G×)

(dG×(v)− 6) +
∑

x∈F (G×)

(2dG×(f)− 6) = −12

e¡½Â·���=£5K, �3�=£L§¥, o�Ú�±ØC. -ch′(x)´x ∈ V (G×) ∪
F (G×)3²L�=£����ª�. eUy²é¤k�x ∈ V (G×) ∪ F (G×), �kch′(x) ≥ 0. ù�

Ò�þ¡�ð�ª/¤gñ, l�¤½n2.2�y².

·�½ÂXe��=£5Kµ

R1µz��4+-¡=�
2dG× (f)−6

dG× (f)
�'é�z��:.

�²LR1��, z��5+-:v���β(v).

R2µz��5+-:ò�max{0, β(v)}=��§���b:.

dR1��äó2.5¤á.

äó2.5 1)z�4-¡=� 1
2
�¤'é�:.

2)z�4-¡=� 4
5
�¤'é�:.

3)z�6+-¡=�1�¤'é�:.

e¡�yéu∀x ∈ V (G×) ∪ F (G×), Ñkch′(x) ≥ 0.

�f ∈ F (G×). edG×(f) = 3, Kch′(f) = ch(f) = 2dG×(v)− 6 = 0. edG×(f) ≥ 4, KdR1�,

ch′(f) = ch(f)− 2dG× (f)−6
dG× (f)

× dG×(f) = 0.

�v ∈ V (G×). edG×(v) ≥ 5, Kd�=£5K�, ���yβ(v) ≥ 0. däó2.3, ä

ó2.5ÚR1�±��β(v) ≥ dG×(v) − 6 + 2 × 1
2
≥ 0. e¡�dG×(v) = 4. däó2.1�v�b:.

�v3G×¥�4��:�v1, v2, v3, v4�3²¡þ�^����ü�. -fi´±vvi,vvi+1�>.�¡,

i = 1, 2, 3, 4�v5 = v1. däó2.1�dG×(vi) ≥ 5, i = 1, 2, 3, 4. dIC-²¡ã�½Â�, vi3G
×¥��

:(Øv	)��ý:.

�¹1µvØ�b3-¡'é

däó2.5�, ch′(v) ≥ dG×(v)− 6 + 1
2
× 4 = 0.

�¹2µv���b3-¡'é

Ø��dG×(f1) = 3, =f1 = [vv1v2]. K�v3Úv4���:Ñ´ý:. däó2.2�, f3(v3) ≤
ddG× (v3)−2

2
e. �v3���dG×(v3) − f3(v3) ≥ dG×(v3) − d

dG× (v3)−2
2

e ≥ 3�4+-¡�. lβ(v3) ≥
dG×(v3)−6+ 1

2
×3 = 1

2
. dR2�v3��=�

1
2
�v. �däó2.5�, ch′(v) ≥ dG×(v)−6+ 1

2
×3+ 1

2
= 0.

�¹3µv�ü�b3-¡'é

�f1 = [vv1v2]�f2 = [vv2v3]. Kd3-�Ø�4-���v1, v2, v3��:��ý:�, ±v1v2�

>.>�ØÓuf1�¡�5+-¡. Ón, ±v2v3�>.>�ØÓuf2�¡�5+-¡. däó2.5�,
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β(v2) ≥ dG×(v2) − 6 + 4
5
× 2 = 3

5
. �dR2�v2��=�

3
5
�v. däó2.2�f3(v4) ≤ d

dG× (v4)−2
2

e.
¤±v4���dG×(v4) − f3(v4) ≥ dG×(v4) − d

dG× (v4)−2
2

e ≥ 3�4+-¡�. ldäó2.5�β(v4) ≥
dG×(v4)−6+ 1

2
×3 = 1

2
,�dR2�v4��=�

1
2
�v. �däó2.5�ch′(v) ≥ dG×(v)−6+ 3

5
+ 1

2
+ 1

2
×2 =

1
10

.

�f1 = [vv1v2]�f3 = [vv3v4]. Kvi�4-�v1v2v3v4v1'é, i = 1, 2, 3, 4. d3-��4-�Ø��,

±v1v2�>.>�ØÓuf1�¡�4+−¡. Ón, ±v3v4�>.>�ØÓuf3�¡�4+−¡. �dä

ó2.2�, f3(vi) ≤ 1 + ddG× (vi)−3
2

e = ddG× (vi)−1
2

e, i = 1, 2, 3, 4. lvi���dG×(v3)−d
dG× (v3)−1

2
e ≥

3�4+−¡'é. ldäó2.5�, β(vi) ≥ dG×(vi) − 6 + 1
2
× 3 = 1

2
. dR2�, vi(i = 1, 2, 3, 4)��

=� 1
2
�v. �ch′(v) ≥ dG×(v)− 6 + 1

2
× 4 = 0.

d½n2.2��±eíØ.

íííØØØ 2.3. Ø¹4-��IC-²¡ã´4-òz�.

d½n2.1ÚíØ2.3��±eíØ.

íííØØØ 2.4. Ø¹k-�(k ∈ {3, 4, 5, 6})�IC-²¡ã´4-òz�.

e¡·��Ñ~f`²íØ2.4�(Ø´;�. ã 1´Ø¹3-��5-��4-�K�IC-²¡ã. �

��¡Nã��ã´Ø¹4-��4-�KIC-²¡ã. K5´Ø¹6-��4-�KIC-²¡ã.

Figure 1. 4-regular Bipartite IC-planar graph

ã 1. 4-�K��ÜIC-²¡ã

3. 3-�Ø�5-����IC-²¡ã�òz5

½½½nnn 3.1. 3-�Ø�5-����IC-²¡ã´4-òz�.

y². �G´½n3.1�:ê4���~ã. w,G´ëÏ�, �G´�`�IC-²¡i\. w,ä

ó3.1¤á.

äó3.1 δ(G) ≥ 5.
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�v ∈ V (G×)´��ý:. -v1, v2, · · · , vd´v3G×�¥��:�3²¡þ�^����ü�.

-fi ´±vvi, vvi+1�>.>�¡, Ù¥i = 1, 2, · · · , d�vd+1 = v1. -fi, fi+1, fi+2��U�n�¡.

d3-�Ø�5-���fi, fi+1, fi+2¥7k��4+-¡½b3-¡. �äó3.2¤á.

äó3.2 z��ý:vØ�n��U�ý3-¡'é.

äó3.3 z�5+-:v��'é2�4+-¡.

y². dv�õ���b:��α(v) ≤ 2. �α(v) = 0, däó3.2�f3(v) ≤ b2dG(v)
3
c. �v��'

édG×(v) − f3(v) ≥ dG×(v) − b 2dG(v)
3
c ≥ 2�4+-¡. �α(v) = 1�, Ø���v'é�b3-¡�f1 =

[vv1v2]�v2�b:. K±vv2�>.>�ØÓuf�¡�4+-¡. däó3.2�f3(v) ≤ d 2(dG(v)−1)
3

e.
�v��'édG×(v) − f3(v) ≥ dG×(v) − b 2(dG(v)−1)

3
c ≥ 2�4+-¡. �α(v) = 2�, dv�õ����

b:�, �v'é�ü�b3-¡7�f1 = [vv1v2]Úf2 = [vv2v3], �v2�b:. -f3, f4©O±vv3�>

.>�ØÓuf2�¡Ú±vv1�>.>�ØÓuf1�¡. edG×(f3) ≥ 4�dG×(f4) ≥ 4, Kv��'é

ü�4+-¡. edG×(f3) = 3, =f3 = [vv3v4], Kd3-�Ø�5-���±vv4�>.>�ØÓuf3�¡

9f4�4+-¡. �v��'éü�4+-¡. nþ, z��5+-:��'é2�4+-¡.

e¡·�^�=£5K�¤½n3.1�y².

·�æ^�½n2.2�Ó�Ð©�¼ê9�=£5K. �e5, ·�I�y²é¤k�x ∈
V (G×) ∪ F (G×), �kch′(x) ≥ 0. íÑ�½n2.2���gñ, l�¤é½n3.1�y².

dR1��äó3.4¤á.

äó3.4 1)z�4-¡=� 1
2
�¤'é�:.

2)z�4-¡=� 4
5
�¤'é�:.

3)z�6+-¡=�1�¤'é�:.

e¡�yéu∀x ∈ V (G×) ∪ F (G×), Ñkch′(x) ≥ 0.

�f ∈ F (G×). edG×(f) = 3, Kch′(f) = ch(f) = 2dG×(v)− 6 = 0. edG×(f) ≥ 4, KdR1�,

ch′(f) = ch(f)− 2dG× (f)−6
dG× (f)

× dG×(f) = 0.

�v ∈ V (G×). edG×(v) ≥ 5, Kd�=£5K�, ���yβ(v) ≥ 0. ÏLäó3.3,

äó3.4ÚR1��β(v) ≥ dG×(v) − 6 + 2 × 1
2
≥ 0. e�dG×(v) = 4. däó3.1�v�b:.

�v3G×¥�4��:�v1, v2, v3, v4�3²¡þ�^����ü�. -fi´±vvi,vvi+1�>.�

¡, i = 1, 2, 3, 4�v5 = v1.däó3.1�dG×(vi) ≥ 5, i = 1, 2, 3, 4. dIC-²¡ã�½Â�, vi3G
×¥

��:(Øv	)��ý:, i = 1, 2, 3, 4.

�¹1µv�o�b3-¡'é

Kf1 = [vv1v2], f2 = [vv2v3], f3 = [vv3v4]�f4 = [vv4v1].dv1����b:���v13G
×¥

Øv	�Ù{�:��ý:.-f ′´±v1v2�>.>�ØÓuf1�¡,f ′′´±v4v1�>.>�ØÓ

uf4�¡.-f ′ = [v1v2x1 · · ·xk].edG×(f ′) = 3,=f ′ = [v1v2x1], KG¥¹���3-�v1v2x1v1Ú5-

�v1x1v2v3v4v1,gñ.edG×(f ′) = 4,=f ′ = [v1v2x1x2],dIC-²¡ã�½Â�x1�x2�ý:.dδ(G) ≥
5�x1, x2 /∈ {v1, v2, v3, v4}, KG¥¹���3-�v1v2x1v1Ú5-�v1x2x1v2v3v1, gñ. �dG×(f ′) ≥
5.dé¡5, dG×(f ′′) ≥ 5.ldäó3.4�, β(v) ≥ dG×(v) − 6 + 4

5
× 2 = 3

5
.dR2�, v1��=
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� 3
5
�v.dé¡5, v2, v3, v4 ���=�

3
5
�v.Ïd, ch′(v) ≥ dG×(v)− 6 + 4× 3

5
= 2

5
.

�¹2µv�n�b3-¡'é.

Ø��f1 = [vv1v2], f2 = [vv2v3]�f3 = [vv3v4]. eydG×(f4) ≥ 6. ¯¢þ, XJdG×(f4) = 4,

=f4 = [vv4xv2],Kdäó3.1�x /∈ {v1, v2, v3, v4},�G¥¹����3-�v1v2x1v1Ú5-�v1v2v3v4xv1,

gñ. XJdG×(f4) = 5, =f4 = [vv4x1x2v2], @odäó3.1�x1, x2 /∈ {v1, v2, v3, v4}, ¤±G¥¹
����3-�v1v2x1v1Ú5-�v1v3v4x1x2v1, gñ. ¤±, dG×(f4) ≥ 6. däó3.3Ú3.4�, β(v1) ≥
dG×(v1) − 6 + 1

2
+ 1 = 1

2
. dR2�, v1��=�

1
2
�v. Ón, v4 ��=�

1
2
�v. Ïd, ch′(v) ≥

dG×(v)− 6 + 1 + 1
2

= 0.

�¹3µv�ü�b3-¡'é.

k�f1 = [vv1v2]�f2 = [vv2v3]. eydG×(f3) ≥ 5. ¯¢þ, XJdG×(f3) = 4, =f3 =

[vv3xv4], Kdäó3.1�x /∈ {v1, v2, v3, v4}, �G¥¹����3-�v1v2v3v1Ú5-�v1v3xv4v2v1, gñ.

�dG×(f3) ≥ 5. dé¡5,dG×(f4) ≥ 5. däó3.3Ú3.4�, β(v3) ≥ dG×(v1) − 6 + 1
2

+ 4
5

= 3
10

.

dR2�,v3��=�
3
10
�v. dé¡5,v4 ��=�

3
10
�v. Ïd, däó3.4�ch′(v) ≥ dG×(v) − 6 +

2× 4
5

+ 2× 3
10

= 1
5
.

2�f1 = [vv1v2]Úf3 = [vv3v4]. edG×(f2) ≥ 5½dG×(f4) ≥ 5, Ø��dG×(f2) ≥ 5, Kdä

ó3.3Ú3.4�, β(v2) ≥ dG×(v1) − 6 + 1
2

+ 4
5

= 3
10

. dR2�, v2��=�
3
10
�v. Ón, v3 ��=

� 3
10
�v. @odäó3.4�ch′(v) ≥ dG×(v)− 6 + 2× 4

5
+ 2× 3

10
= 1

5
. e�dG×(f2) = dG×(f4) = 4,

=f2 = [vv2xv3]Úf4 = [vv4yv1]. däó3.1�x, y /∈ {v1, v2, v3, v4}. -f ′´±v2x�>.>�ØÓ
uf2�¡, �f ′ = [v2xz1 · · · zk]. edG×(f ′) = 3, KG¥¹���3-�v2xz1v2Ú5-�v2z1xv3v4v2,g

ñ. �dG×(f ′) ≥ 4. aq�±y²±v1v2�>.>�ØÓuf1�¡�4+-¡. däó3.4�, β(v1) ≥
dG×(v1)−6+ 1

2
×3 = 1

2
. dé¡5,kβ(vi) ≥ 1

2
, i = 2, 3, 4. dR2�, vi(i = 1, 2, 3, 4)��=� 1

2
�v.

Ïd, däó3.4�ch′(v) ≥ dG×(v)− 6 + 2× 1
2

+ 4× 1
2

= 1.

�¹4µv���b3-¡'é.

Ø��dG×(f1) = 3, =f1 = [vv1v2]. däó3.2�, f3(v3) ≤ d
2(dG× (v3)−2)

3
e. lv3��'

édG×(v3) − f3(v3) ≥ dG×(v3) − d
2(dG× (v3)−2)

3
e ≥ 3�4+-¡. däó3.4�, β(v3) ≥ dG×(v3) − 6 +

1
2
× 3 = 1

2
. dR2�, v3 ��=�

1
2
�v. Ïd, däó3.4�ch′(v) ≥ dG×(v)− 6 + 3× 1

2
+× 1

2
= 0.

�¹5µvØ�b3-¡'é

�däó3.4�,ch′(v) ≥ dG×(v)− 6 + 1
2
× 4 = 0.

4. 4-�Ø�4-����IC-²¡ã�òz5

½½½nnn 4.1. 4-�Ø�4-����IC-²¡ã´4-òz�.

y². �G´½n4.1�:ê4���~ã. w,G´ëÏ�, �G´�`�IC-²¡i\. w,ä

ó4.1¤á.

äó4.1 δ(G) ≥ 5.

�v ∈ V (G×)´��ý:. -v1, v2, ḑots, vd´v3G
×�¥��:�3²¡þ�^����
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ü�. -fi ´±vvi, vvi+1�>.>�¡, Ù¥i = 1, 2, · · · , d�vd+1 = v1. d4-�Ø�4-��

�fi,fi+1,fi+2¥7k��4+-¡½b3-¡. �äó4.2¤á.

äó4.2 z��ý:vØ�n��U�ý3-¡'é.

aqäó3.3�y², ��äó4.3¤á.

äó4.3 z�5+-:v��'é2�4+-¡.

äó4.4 z��b:�õ'é3�b3-¡.

y². �v´b:, �Ù3G×¥�4��:�v1, v2, v3, v4¿�3²¡þ�^����ü�. Kv1v3 ∈
E(G)�v2v4 ∈ E(G). -fi´±vviÚvvi+1�>.>�¡, Ù¥i = 1, 2, 3, 4�v5 = v1. ·�b

�f1 = [vv1v2], f2 = [vv2v3], f3 = [vv3v4]�f4 = [vv4v1]. KG¥¹���4-�v1v2v3v4v1Ú4-

�v1v3v4v2v1 , gñ. ¤±, z��b:�õ'é3�b3-¡.

e¡·�^�=£5K�¤½n4�y².

·�æ^�½n2.2�Ó�Ð©�¼ê9�=£5K. �e5, ·�I�y²é¤k�x ∈
V (G×) ∪ F (G×), �kch′(x) ≥ 0. líÑ�½n2.2���gñ, l�¤é½n4.1�y².

dR1��äó4.5¤á.

äó4.5 1)z�4-¡=� 1
2
�¤'é�:.

2)z�4-¡=� 4
5
�¤'é�:.

3)z�6+-¡=�1�¤'é�:.

e¡�yéu∀x ∈ V (G×) ∪ F (G×), Ñkch′(x) ≥ 0.

�f ∈ F (G×). edG×(f) = 3, Kch′(f) = ch(f) = 2dG×(v)− 6 = 0. edG×(f) ≥ 4, KdR1�,

ch′(f) = ch(f)− 2dG× (f)−6
dG× (f)

× dG×(f) = 0.

�v ∈ V (G×).edG×(v) ≥ 5,d�=£5K�,I�yβ(v) ≥ 0.däó4.3,äó4.4ÚR1�β(v) ≥
dG×(v)−6+2× 1

2
≥ 0. e�dG×(v) = 4. däó4.1�v�b:. -v3G×¥�4��:�v1, v2, v3, v4�

3²¡þ�^����ü�. Kv1v3 ∈ E(G)�v2v4 ∈ E(G).-fi´±vvi,vvi+1�>.�¡,

i = 1, 2, 3, 4�v5 = v1. däó4.4�, v�õ'é3�b3-¡. däó4.1�dG×(vi) ≥ 5, i = 1, 2, 3, 4.

dIC-²¡ã�½Â�, vi3G
×¥��:(Øv	)��ý:, i = 1, 2, 3, 4.

�¹1µv�n�b3-¡'é.

Ø��f1 = [vv1v2], f3 = [vv3v4]�f4 = [vv4v1]. eydG×(f2) ≥ 5. ¯¢þ,edG×(f2) = 4,

=f4 = [vv2xv3],Kdäó4.1�x /∈ {v1, v2, v3, v4}. �G¥¹����4-�v1v2xv3v1Ú4-�v1v2v4v3v1,

gñ. ¤±dG×(f2) ≥ 5. -f ′´±v1v2�>.>�ØÓuf1�¡. edG×(f
′
) = 3, =f

′
=

[v1v2y1], däó4.1�y1 /∈ {v1, v2, v3, v4}. �G¥¹���4-�v1y1v2v4v1Ú4-�v1v2v4v3v1, g

ñ. edG×(f ′) = 4, =f
′

= [v1v2y1y2], däó4.1�y1, y2 /∈ {v1, v2, v3, v4},y1, y2´ý:, �G¥

¹���4-�v1v2y1y2v1Ú4-�v1v2v4v3v1, gñ. �dG×(f ′) ≥ 5, ldäó4.5�, β(v2) ≥
dG×(v2) − 6 + 4

5
× 2 = 3

5
. dR2�, v2 ��=�

3
5
�v. dé¡5, v3 ��=�

3
5
�v. dä

ó4.5�ch′(v) ≥ dG×(v)− 6 + 4
5

+ 2× 3
5

= 0.
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�¹2µv�ü�b3-¡'é.

k�f3 = [vv3v4]�f4 = [vv4v1]. kyf1Úf2¥��k��5+-¡. ¯¢þ,ef1 = [vv1xv2]�f2 =

[vv2yv3],däó4.1�x 6= y�x, y /∈ {v1, v2, v3, v4},d�G¥¹���4-�v1xv4v2v1Ú4-�v2yv3v4v2,g

ñ. �f1Úf2¥��k��´5+-¡. däó4.2�, f3(v2) ≤ d
2(dG× (v2)−2)

3
e. �v2���dG×(v2) −

f3(v2) ≥ dG×(v2)−d
2(dG× (v2)−2)

3
e ≥ 3�4+-¡�. däó4.5�, β(v2) ≥ dG×(v2)−6+ 1

2
×2+ 4

5
= 4

5
.

dR2�, v2 ��=�
4
5
�v. däó4.5�ch′(v) ≥ dG×(v)− 6 + 1

2
+ 4

5
+ 4

5
= 1

10
.

2�f1 = [vv1v2]Úf3 = [vv3v4]. eydG×(f2) ≥ 5�dG×(f4) ≥ 5. ¯¢þ, dé¡5Ø

��f2 = [vv2xv3]. däó4.1�x 6= y�x, y /∈ {v1, v2, v3, v4}, �G¥¹����4-�v2xv3v4v2Ú4-

�v1v2v4v3v1,gñ. �dG×(f2) ≥ 5�dG×(f4) ≥ 5. däó4.5�, β(vi) ≥ dG×(vi)−6+ 1
2
+ 4

5
= 3

10
, i =

1, 2, 3, 4. dR2�,vi��=�
3
10
�v,i = 1, 2, 3, 4. däó4.5�ch′(v) ≥ dG×(v)−6+4× 3

10
+2× 4

5
= 4

5
.

�¹3µv���b3-¡'é.

Ø��dG×(f1) = 3,=f1 = [vv1v2]. däó4.2�, f3(v3) ≤ d
2(dG× (v3)−2)

3
e. �v3���dG×(v3)−

f3(v3) ≥ dG×(v3)− d
2(dG× (v3)−2)

3
e ≥ 3�4+-¡'é. däó4.5�, β(v3) ≥ dG×(v3)− 6 + 1

2
× 3 = 1

2
.

dR2�, v3 ��=�
1
2
�v. Ïd, däó4.5�ch′(v) ≥ dG×(v)− 6 + 3× 1

2
+ 1

2
= 0.

�¹4µvØ�b3-¡'é

�däó4.5�, ch′(v) ≥ dG×(v)− 6 + 1
2
× 4 = 0.
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