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Abstract

We consider the boundedness and compactness of Volterra type operators from the

Bergman spaces Apω with exponential weights to the Bloch Space. We obtain the

characterizations of the boundedness and compactness of Volterra type integral com-

position operators.
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1. Úó

�D´E²¡Cþ�ü ��, H(D)´Dþ)Û¼ê��N.�ϕ´Dþ�)ÛgN�,½ÂÙ

3H(D)þp��EÜ�fCϕ�µ

(Cϕf)(z) = f(ϕ(z)).

�g ∈ H(D),Volterra.È©�fTgÚSg½Â�

(Tgf)(z) =

∫ z

0

f(ζ)g′(ζ)dζ,

Ú

(Sgf)(z) =

∫ z

0

f ′(ζ)g(ζ)dζ.

Pommerenke [1]31977cÄkïÄ
VolterraÈ©�fTg3H
2þ�k.5¯K,y²
Tg3H

2k.

��=�g ∈ BMOA.d�,NõÆöïÄ
Ù¦ØÓ�m�m�)Û¼ê�m.,	�
ÆöïÄ


Volterra.È©EÜ�fTϕg ÚS
ϕ
g .Li3 [2]¥ÄgÚ\½Â,¿ïÄ
lBergman �m�Bloch.�
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m�Volterra.È©EÜ�f�k.5Ú;5¯K.

�g ∈ H(D),ϕ´Dþ�)ÛgN�,ü«Volterra.È©EÜ�f½ÂXeµ

(Tϕg f)(z) =

∫ z

0

(f ◦ ϕ)(ζ)(g ◦ ϕ)′(ζ)dζ,

Ú

(Sϕg f)(z) =

∫ z

0

(f ◦ ϕ)′(ζ)(g ◦ ϕ)(ζ)dζ.

�ϕ(z) = z �, Tϕg = Tg, S
ϕ
g = Sg; �g = 1 �, Sϕg = Cϕ − Cψ, ùpψ(z) = ϕ(0).

·�¡ ω ´�¼ê,XJω ´D þ��K�È¼ê. � 0 < p <∞ �,\�Bergman �mApω ½

Â�µ

Apω = {f ∈ H(D) : ‖f‖p
Apω

:=

∫
D
|f(z)|pω(z)dA(z) <∞}.

·�¡ Apω ´V��Bergman�m, ´�é»�� ω, ÷vV�Ø�ªω̂(r) ≤ Cω̂( 1+r
2

), ùp

ω̂(r) =
∫ 1

r
ω(s)ds. d�·�P ω ∈ D̂. V��Bergman�m��'�£�±� [3, 4].

éu0 < α <∞,Bloch.�mBα½Â�dD þ÷v^�

||f ||Bα = |f(0)|+ sup
z∈D

(1− |z|2)α|f ′(z)| <∞.

�)Û¼êf|¤�8Ü.

�©Ì�ïÄ
lV��Bergman�m Apω � Bloch.�m Bα � Volterra.È©EÜ�fTϕg

Ú Sϕg �k.5Ú;5�x. ©¥,ÎÒCL«�?Ø�þÃ'��~ê,zgÑy�7�Ó.éu�

½�ü�þAÚB,XJ�3�~êC, ¦� 1
C
B ≤ A ≤ CB, ·�¡A�B�d,P�A � B.

2. ý��£

Äk, ·��Ñe¡�(Ø.

Ún2.1 �0 < p <∞, ω ∈ ω ∈ D̂. ef ∈ Apω,K

|f(z)| ≤ Cω(S(z))−
1
p ‖f‖Apω .

y² �f ∈ Apω,d|f(z)|p|gNÚ5�,·�k

|f(z)|p ≤

∫ 1
1−|z|

2

1
2π

∫ 2π

0
|f(z + seiθ)|pdθω(s)sds∫ 1
1−|z|

2
ω(s)sds

≤ 1∫ 1
1−|z|

2
ω(s)sds

‖f‖p
Apω
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,	��¡, ∫ 1

1−|z|
2

ω(s)sds ≥ 1− |z|
2

∫ 1

1−|z|
2

ω(s)ds

≥ 1− |z|
2

∫ 1

1+|z|
2

ω(s)ds

&
1− |z|

2

∫ 1

|z|
ω(s)ds

& ω(S(z))

y..

e¡Ún�©z [3]�Ún2.4.

Ún2.2 �0 < p < ∞, ω ∈ ω ∈ D̂, K�3λ0(ω) > 0 ¦��λ ≥ λ0 �,é?¿a ∈ D, )Û¼

êFa,p(z) =
(

1−|a|2
1−az

)λ+1
p

÷v

|Fa,p(z)| � 1, z ∈ S(a), a ∈ D.

�

‖Fa,p(z)‖pApω � ω(S(a)), a ∈ D.

dÚn2.2,·�kXeÚn.

Ún2.3 �0 < p <∞, ω ∈ ω ∈ D̂,Pfa,p(z) = ω(S(a))−
1
p

(
1−|a|2
1−az

)λ+1
p

, K

|fa,p(z)| � ω(S(a))−
1
p , z ∈ S(a), a ∈ D.

�

‖fa,p‖Apω � 1,

�|z| → 1�,fa,p3Dþ�;f8��Âñu0.

Ún2.4 �Tϕg : Apω → Bα´k.�f,KTϕg : Apω → Bα ´;�f�dué?¿k.S�{fn} ⊂
Apω�3Dþ�?¿;f8��Âñu0, K

lim
n→∞

‖Tϕg fn‖Bα = 0.

y² ¿©5. �{fn}�Apω¥�?¿k.S�,dÚn2.1,k

|fn(z)| . ω(S(z))−
1
p ‖fn‖Apω .

Ïd,{fn}3D�?¿;f8þ��Âñ. dMontel½n,�3{fn} �fS�,Ø�EP�{fn},9)
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Û¼êf ,¦�{fn}3D�;f8��Âñuf . �âFatouÚn, ´�f ∈ Apω. l

‖Tϕg fn − f‖Bα → 0(n→∞).

�Tϕg : Apω → Bα´;�f.

7�5. �k.S�{fn} ⊂ Apω÷v3Dþ�?¿;f8��Âñu0. duTϕg : Apω → Bα´;
�f,��3{fn}�fS�,EP�{fn} 9f ∈ Bα, ¦�

lim
n→∞

‖Tϕg fn − f‖Bα = 0.

¤±, f(0) = 0 �

sup
z∈D

(1− |z|2)α|fn(ϕ(z))(g ◦ ϕ)′(z)− f(z)| → 0(n→∞).

Ï�fn(ϕ(z))(g ◦ ϕ)′(z)3Dþ��Âñuf ′(z). {fn}3D ��Âñu0,g ∈ H(D), ¤±kf ′(z) =

0.�f(z) ≡ 0.Ïd,·�y²


lim
n→∞

‖Tgfn‖Bα = 0.

Ún2.5 �0 < p <∞, ω ∈ ω ∈ D̂. ef ∈ Apω,K

|f ′(z)| . ‖f‖Apw
ω(S(z))

1
p (1− |z|2)

.

y² d�ÜÈ©úª

f ′(z) =
1

2πi

∫
|ξ−z|= 1−|z|

2

f(ξ)dξ

(ξ − z)2
.

|^Ún2.1, ¿(Üω(S(ξ)) ≥ ω(S( 1+|z|
2

)) � ω(S(z)),=�

|f ′(z)| . ‖f‖Apw
ω(S(z))

1
p (1− |z|2)

.

3. lA
p
ω�m�Bloch.�m�Volterra.È©EÜ�f

(Ü±þÚn���©�Ì�½n

½n3.1 b�g ∈ H(D), ω ∈ D̂,KTϕg : Apω → Bα´k.�f��=�

sup
z∈D

(1− |z|)α|(g ◦ ϕ)′(z)|ω(S(ϕ(z))−
1
p <∞.

y² ¿©5: b�

sup
z∈D

(1− |z|)α|(g ◦ ϕ)′(z)|ω(S(ϕ(z))−
1
p <∞.
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-f ∈ Apω, dÚn2.1,k

(1− |z|2)α|(g ◦ ϕ)′(z)|f(ϕ(z))| . (1− |z|2)α|(g ◦ ϕ)′(z)|ω(S(ϕ(z))−
1
p ‖f‖Apω

. (1− |z|2)α|(g ◦ ϕ)′(z)|ω(S(ϕ(z))−
1
p .

¤±‖Tαg f‖Bα <∞. �Tϕg : Apψ → Bα´k.�f.

7�5: b�Tϕg : Apω → Bα´k.�f. dÚn2.4ÚÚn2.3,·�k

(1− |z|2)α|(g ◦ ϕ)′(z)|ω(S(ϕ(z))−
1
p . ‖Tgfa,p‖B <∞.

y..

íØ3.1 b�g ∈ H(D), ω ∈ D̂,KTg : Apω → Bα´k.�f��=�

sup
z∈D

(1− |z|)α|g′(z)|ω(S(z)−
1
p <∞.

½n3.2 b�g ∈ H(D), ψ ∈ W0,KT
ϕ
g : Apω → Bα´k;�f��=�

lim
|ϕ(z)|→1

(1− |z|2)α|(g ◦ ϕ)′(z)|ω(S(ϕ(z))−
1
p = 0.

y² ¿©5: b�Tϕg : Apω → Bα´;�f. Pfz,p(w) = ω(S(z))−
1
p

(
1−|z|2
1−zw

)λ+1
p

, K‖fz,p‖Apω � 1,

¿��|z| → 1�,fz,p3Dþ�;f8��Âñu0. �

0 = lim
|ϕ(z)|→1

‖Tϕg fϕ(z),p‖Bα & lim
|ϕ(z)|→1

sup
w∈D

(1− |w|2)α|(g ◦ ϕ)′(w)||fϕ(z),p(w)|

& lim
|ϕ(z)|→1

(1− |z|2)α|(g ◦ ϕ)′(z)||fϕ(z),p(ϕ(z))|

& lim
|ϕ(z)|→1

(1− |z|2)α|(g ◦ ϕ)′(z)|ω(S(ϕ(z))−
1
p .

7�5: b�lim|ϕ(z)|→1(1− |z|2)α|(g ◦ϕ)′(z)|ω(S(ϕ(z))−
1
p , Ké?¿�ε > 0,�3r0 ∈ (0, 1),¦

�|ϕ(z)| > r0�,k

(1− |z|2)α|(g ◦ ϕ)′(z)|ω(S(ϕ(z))−
1
p < ε.

qÏ�|ϕ(z)| ≤ r0�,w,k(1−|z|2)α|(g ◦ϕ)′(z)|ω(S(ϕ(z))−
1
p <∞k..ld½n3.1, Tϕg : Apω →

Bα´.�f.5¿�g ◦ ϕ ∈ Bα, ��3�êM ,¦�

M := sup
|ϕ(z)|≤r0

(1− |z|2)α|(g ◦ ϕ)′(z)| <∞.
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�{fn}�Apω¥�k.S�,�3D�;f8þ��Âñu0.

‖Tϕg fn‖Bα = sup
z∈D

(1− |z|2)α|(g ◦ ϕ)′(z)||fn(ϕ(z))|

= sup
|ϕ(z)|≤r0

(1− |z|2)α|(g ◦ ϕ)′(z)||fn(ϕ(z))|+ sup
|ϕ(z))|>r0

(1− |z|2)α|(g ◦ ϕ)′(z)||fn(ϕ(z))|

. M sup
|w|≤r0

|fn(w)|+ sup
|ϕ(z))|>r0

(1− |z|2)α|(g ◦ ϕ)′(z)|S(ϕ(z))−
1
p ‖fn‖Apω

. M sup
|w|≤r0

|fn(w)|+ ε.

Ïd,�n→∞�,‖Tgfn‖Bα → 0. ¤±Tϕg : Apω → Bα´k;�f.

y..

íØ3.2 b�g ∈ H(D), ω ∈ D̂,KTg : Apω → Bα´;�f��=�

lim
|z|→1

(1− |z|2)α|g′(z)|ω(S(z)−
1
p <∞.

½n3.3 �0 < p < ∞,0 < α < ∞,g ∈ H(D) �ϕ ´D þ�)ÛgN�, ω ∈ D̂, KSϕg : Apω → Bα

´k.�f��=�

sup
z∈D

(1− |z|2)α|ϕ′(z)|
(1− |ϕ(z)|2)ω(S(ϕ(z)))

1
p

|g(ϕ(z))| <∞.

y² ¿©5: b�

sup
z∈D

(1− |z|2)α|ϕ′(z)|
(1− |ϕ(z)|2)ω(S(ϕ(z)))

1
p

|g(ϕ(z))| <∞.

-f ∈ Apω, dÚn2.5,k

(1− |z|2)α|g(ϕ(z))||(f ◦ ϕ)′(z)| = (1− |z|2)α|ϕ′(z)||g(ϕ(z))||f ′(ϕ(z))|

.
(1− |z|2)α|ϕ′(z)||g(ϕ(z))|
(1− |ϕ(z)|2)ω(S(ϕ(z)))

1
p

‖f‖Apω

.
(1− |z|2)α|ϕ′(z)||g(ϕ(z))|
(1− |ϕ(z)|2)ω(S(ϕ(z)))

1
p

.

¤±‖Sϕg f‖Bα <∞. �Sϕg : Apω → Bα´k.�f.

7�5: b�Sϕg : Apω → Bα´k.�f.

�|ϕ(z)| ≥ 1
2
�,

‖Sgfϕ(z),p‖Bα = sup
w∈D

(1− |w|2)α|g(ϕ(w))||(fϕ(z),p ◦ ϕ)′(w)|

≥ (1− |z|2)α|ϕ′(z)||g(ϕ(z))|f ′ϕ(z),p(ϕ(z))|

&
(1− |z|2)α|ϕ′(z)||g(ϕ(z))|
(1− |ϕ(z)|2)ω(S(ϕ(z)))

1
p

.
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�|ϕ(z)| < 1
2

(1− |z|2)α|ϕ′(z)||g(ϕ(z))|
(1− |ϕ(z)|2)ω(S(ϕ(z)))

1
p

. (1− |z|2)α|ϕ′(z)||g(ϕ(z))|

. ‖Sϕg (z)‖Bα <∞.

y..

íØ3.3 �0 < p <∞,0 < α <∞,�ϕ ´D þ�)ÛgN�, ω ∈ D̂, KCϕ : Apω → Bα ´k.�f
��=�

sup
z∈D

(1− |z|2)α|ϕ′(z)|
(1− |ϕ(z)|2)ω(S(ϕ(z)))

1
p

<∞.

íØ3.4 �0 < p <∞,0 < α <∞,g ∈ H(D), ω ∈ D̂, KSg : Apω → Bα ´k.�f��=�

sup
z∈D

(1− |z|2)α−1ω(S(z))−
1
p |g(z)| <∞.

½n3.4 �0 < p < ∞,0 < α < ∞,g ∈ H(D) �ϕ ´D þ�)ÛgN�, ω ∈ D̂, KSϕg : Apω → Bα

´;�f��=�

lim
|ϕ(z)|→1

(1− |z|2)α|ϕ′(z)|
(1− |ϕ(z)|2)ω(S(ϕ(z)))

1
p

|g(ϕ(z))| = 0.

y² ¿©5: b�

lim
|ϕ(z)|→1

(1− |z|2)α|ϕ′(z)|
(1− |ϕ(z)|2)ω(S(ϕ(z)))

1
p

|g(ϕ(z))| = 0.

�{fn}�Apω¥�k.S�,�3D�;f8þ��Âñu0. éu?¿�½�0 < r < 1. dÚn2.4Ú

Ún2.5,k

‖Sϕg fn‖Bα = sup
z∈D

(1− |z|2)α|g(ϕ(z))||(fn ◦ ϕ)′(z)|

= sup
|ϕ(z)|≤r

(1− |z|2)α|ϕ′(z)||g(ϕ(z))||f ′n(ϕ(z))|

+ sup
|ϕ(z)|>r

(1− |z|2)α|ϕ′(z)||g(ϕ(z))||f ′n(ϕ(z))|

. sup
|ϕ(z)|≤r

(1− |z|2)α|ϕ′(z)||g(ϕ(z))||f ′n(ϕ(z))|

+ sup
|ϕ(z)|>r

(1− |z|2)α|ϕ′(z)||g(ϕ(z))|
(1− |ϕ(z)|2)ω(S(ϕ(z)))

1
p

‖fn‖Apω .

Ï��|ϕ(z)| ≤ r�, (1− |z|2)α|ϕ′(z)||g(ϕ(z))| . ‖Sϕg (z)‖Bα <∞ �

lim
n→∞

sup
|ϕ(z)|≤r

|fn(ϕ(z))| = 0.
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¤±-n→∞,r → 1,k

lim
n→∞

‖Sϕg fn‖Bα . lim
|ϕ(z)|→1

(1− |z|2)α|ϕ′(z)||g(ϕ(z))|
(1− |ϕ(z)|2)ω(S(ϕ(z)))

1
p

= 0.

�Sϕg : Apω → Bα´;�f.

7�5: b�Sϕg : Apω → Bα´;�f. dÚn2.4,��

0 = lim
|ϕ(z)|→1

‖Sgfϕ(z),p‖Bα

= lim
|ϕ(z)|→1

sup
w∈D

(1− |w|2)α|g(ϕ(w))||(fϕ(z),p ◦ ϕ)′(w)|

≥ lim
|ϕ(z)|→1

(1− |z|2)α|ϕ′(z)||g(ϕ(z))|f ′ϕ(z),p(ϕ(z))|

& lim
|ϕ(z)|→1

(1− |z|2)α|ϕ′(z)||g(ϕ(z))|
(1− |ϕ(z)|2)ω(S(ϕ(z)))

1
p

.

y..

íØ3.5 �0 < p <∞,0 < α <∞,�ϕ ´D þ�)ÛgN�, ω ∈ D̂, KCϕ : Apω → Bα ´;�f�
�=�

lim
|ϕ(z)|→1

(1− |z|2)α|ϕ′(z)|
(1− |ϕ(z)|2)ω(S(ϕ(z)))

1
p

= 0.

íØ3.6 �0 < p <∞,0 < α <∞,g ∈ H(D), ω ∈ D̂, KSg : Apω → Bα ´;�f��=�

lim
|z|→1

(1− |z|2)α−1ω(S(z))−
1
p |g(z)| = 0.

Ä7�8

�Ø©ÉI[g,�ÆÄ7�8(11901271) Ú*H��Æ��ï�8(1170919634)]Ï.
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