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Abstract

Let G be a connected graph with n vertices. Assume that a fire breaks out at a vertex

v of G. A firefighter chooses a set of k vertices not yet on fire to protect (once a

vertex has been chosen by the firefighter, it is considered protected or safe from any

further moves of the fire). The firefighter and the fire alternately move on the graph.

The process ends when the fire can no longer spread. After the firefighter’s move,

the fire makes its move by spreading to all vertices which are adjacent to the vertices

on fire, except for those that are protected. In this paper, we discuss the firefighter

problems in the Cayley graphs of additive group of integers modulo n with the k-

element(k ≥ 2) inverse closed subset. Firstly we consider the firefighter problems on

the 2-element inverse closed subset of Cayley graph, which determines the structure

of Cayley graph and puts forward the structure algorithm and the matlab language of

the algorithm. Secondly, we study the firefighter problems on the 3-element inverse

closed subset of Cayley graph, which also determines the structure of Cayley graph and

considers surviving rate, edge surviving rate and MV S problem. Finally, we discuss

the firefighter problems on the k-elements(k ≥ 4) inverse closed subset of Cayley graph,

in which we draw the Cayley graph in order of points, and divide the Cayley graph

into two categories according to the order of the inverse closed subset. Moreover,

while any vertex of Cayley graph is on fire, we consider the sufficient and necessary

conditions that a firefighter can control the fire.
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1. Úó

\<�ManitobaÞ��1 253|ÜêÆ�O��¬þ, Í¶O�ÅnØÆ[HartnellJÑ


��
¯K(Firefighter Problem) [1]. �
ïÄã�(��ã��»Uå�m�'X, Cai,Wang [2]

JÑ
ã��¹Ç�Vg.

½Â 1 [2] �G´��kn�º:�ëÏã, v ∈ V (G). �»3 v?-å�, k���
�õU

�o�º:ê¡�º: v� k -�¹ê, P� snk(v); �»�Å/3ãG���º:?-å�, k��

�
�õU�o�º:ê�²þ�¡�ãG��¹Ç, P� ρk(G), =

ρk(G) =

∑
v∈V (G) snk(v)

n2
.

F.StephenÚM.Gary3 [3]¥J�
MV SVg.

½Â 5 [3] �G´��ã, v´ãG¥�?¿��º:, � v��X»:, ^ d���
ÏL¤

k��ª��� v¤U�oãG¥Ø�-����º:êP�MV S(G, v; d).

������3©z [4]¥y²
, éu?¿���ê k ≥ 1, A�¤kãx� k−�¹ÇÑ´
ªu 0 �. Ïd, Ïé k−�¹Çî��u 0�ãa´ék¿Â�. lég,/ke¡�¯K: =


ãa� k−�¹Ç�u,�~ê? �éù�¯K, ����½Â
e¡üa��ã.

½Â 3 [4] XJ�3~ê c, ¦� ρk(G) ≥ c > 0, KãG¡� k−Ð�.

½Â 4 [4] XJ lim
n→∞

ρk(G) = 1, KãG¡� k−`�.

2012c, ����q3©z [5]¥JÑ
>�¹Ç�Vg.

½Â 2 [5] �G´��kn�º:m^>�ëÏã, uv ∈ E(G). �»3>uv �ü�à

:-å�, ��
æ�1�Ú�o k1�:, �¡zÚ�o k2�:�üÑ¤UÍe���º:

êP� sn(G, uv; (k1, k2)); �»�Å/3ãG��^>�ü�à:-å�, ��
æ�1�Ú�

o k1�:, �¡zÚ�o k2�:�üÑ�õU�o�º:ê�²þ�¡�ãG�>�¹Ç, P

� ρ(G, e; (k1, k2)), =

ρ(G, e; (k1, k2)) =

∑
uv∈E(G) sn(G, uv; (k1, k2))

nm
.

��
¯K3k�ãÚÃ�ãþ�UÐmïÄ, Ã�ãÌ��Ä
�fã. p4ã´±�½+

¥����ã�º:, |^�ê¥+�f8�E��«ã. XJ+´Ã�+, KéAp4ã�´Ã

��.

½Â 6 �Γ´��+, S´+Γ¥���¤�8Ü¿�+Γ¥�ü �Ø3S¥, ±+Γ¥¤

k����º:8, ÷ve�^��ã¡�p4ã, P�CG(Γ, S):

1)XJ ∀x, y ∈ Γ, k yx−1 ∈ S, Kx� yü:�mÏLlÞ� yl��x��^lë�;

2)XJ ∀x, y ∈ Γ, k yx−1 ∈ S�xy−1 ∈ S, Kx� yü:�mÏL�^>ë�.

½Â 7�G´��+, S´+G¥���¤�8Ü¿�+G¥�ü �Ø3S ¥,XJ ∀a ∈ S,
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k a−1 ∈ S, K¡S�_4�.

�©lp4ãÑu, ?Ø
_4f8þp4ã���
¯K.

2. Ì�(J

2.1. p4ã3��_4f8þ���
¯K

�
xÑp4ã, )ûp4ã3��_4f8þ���
¯K, ·�kJÑe¡�½n.

½n 1 �S = {ā, b̄}(a < b� ā−1 = b̄)´Zn þ���_4f8, Cc
d L«1 c� d��,

n = l ∗m(l ≤ m), �âØÓ� a��éA�p4ãCG(Zn, S) Xe;

1)� a = l�, CG(Zn, S)´
⋃l

k=1C
k
m, � ∀Cki

m ∩ C
kj
m = �(ki 6= kj , ki, kj = 1, 2, · · · l).

2)� a = m�, CG(Zn, S)´
⋃m

k=1C
k
l , � ∀Cki

l ∩ C
kj

l = �(ki 6= kj , ki, kj = 1, 2, · · ·m).

3)e�3Max l, ¦ a = λMax l(λ ∈ Z+), KCG(Zn, S)´
⋃l

k=1C
k
m, � ∀Cki

m ∩ C
kj
m = �(ki 6=

kj , ki, kj = 1, 2, · · · l).

4)e�3Max m, ¦ a = λMax m(λ ∈ Z+), KCG(Zn, S)´
⋃m

k=1C
k
l , � ∀Cki

l

∩ Ckj

l = �(ki 6= kj , ki, kj = 1, 2, · · ·m).

5)e�3Max lÚMaxm,¦ a = λ1Max l = λ2Maxm(λ1, λ2 ∈ Z+),KCG(Zn, S)´
⋃m

k=1C
k
l ,

� ∀Cki

l ∩ C
kj

l = �(ki 6= kj , ki, kj = 1, 2, · · ·m).

6)e aØ÷v±þÊ«�¹, @o aéA�p4ãCG(Zn, S)´Cn.

lþ¡�½n�±w���_4f8S3Znþ�p4ã´��n��, ½ö´�
�Ó��

¿����u����Ø�¿. eZn�½, n ��/¤�p4ã��
�Ó��¿����u

����Ø�¿/¤�p4ã, éu��»u)up4ã�?¿��º:, ^����
��o

���(JÑ´�Ó�, �þ���
¯K3 [3]p®?Ø. �
�yþã½n, ·��ÑXe�

{, ?���8S = {ā, b̄}(a < b �ā−1 = b̄), �½Zn¥����ên, T�{ÑU¦ÑéA��

8S = {ā, b̄}(a < b� ā−1 = b̄)e�p4ã.

�CG(Zn, S)´Zn3��_4f8S = {ā, b̄}(a < b� ā−1 = b̄)þ�p4ã,

CCG(Zn,S) ´p4ãëÏ©|�:ê, C(CG(Zn, S))´p4ã�ëÏ©|ê.

Ñ\n, S{a, b}(en�ÛêK a ≤ bn
2
c, en�óêK a ≤ n

2
− 1)

ÑÑCG(Zn, S), CCG(Zn,S), C(CG(Zn, S))

d ia < n(½Max iÚS� 0, ia(i ∈ Z+, i < Max i)

XJMax ia = b, ÑÑS� 0, ia, b

P0 = 1 (1)

ia = i+ 1

b = Max i+ 1

XJ 1 ∗ (Max i+ 1) = n
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ÑÑCG(Zn, S) = {0, ia, b};CCG(Zn,S) = Max i+ 1;C(CG(Zn, S)) = 1

ÄK�£(1), ���3m(m ∈ Z+), ¦�m ∗ (Max i+ 1) = n

ÑÑCG(Zn, S) = {0, ia, b}, {1, ia+ 1, b+ 1} · · · {m− 1, ia+m− 1, b+m− 1};

CCG(Zn,S) = Max i+ 1;C(CG(Zn, S)) = m

ÄKdMax ia− b+ j1a < n, (½Max j1(j1 ∈ N, j1 < Max j1, i ≤Max i)

ÚS� 0, ia,Max ia− b+ j1a (2)

XJMax ia− b+Max j1a = b, ÑÑS� 0, ia,Max ia− b+ j1a, b

P0 = 1 (3)

ia = i+ 1

Max ia− b+ j1a = Max i+ j1 + 1

b = Max i+Max j1 + 1 + 1

XJ 1 ∗ (Max i+Max j1 + 1 + 1) = n

ÑÑCCG(Zn,S) = {0, ia,Max ia− b+ j1a, b};

CCG(Zn,S) = Max i+Max j1 + 1 + 1;C(CG(Zn, S)) = 1

ÄK�£(3), ���3m(m ∈ Z+), ¦�m ∗ (Max i+Max j1 + 1 + 1) = n

ÑÑCG(Zn, S) = {0, ia,Max ia− b+ j1a, b}, {1, ia+ 1,Max ia− b+

j1a+ 1, b+ 1} · · · {m− 1, ia+m− 1,Max ia− b+ j1a+m− 1, b+m− 1};

CCG(Zn,S) = Max i+Max j1 + 1 + 1;C(CG(Zn, S)) = m

ÄK�£(2), ���3Max jp¦�

Max ia− b+Max j1a− b+Max j2a− b+ · · ·+Max jpa = b(jp ∈ N, jp <

Max jp)

ÑÑS� 0, ia,Max ia− b+ j1a, · · · ,Max ia− b+Max j1a− b+ · · ·+ jpa, b

P0 = 1 (4)

ia = i+ 1

Max ia− b+ j1a = Max i+ j1 + 1

Max ia− b+Max j1a− b+ · · ·+ jpa = Max i+Max j1 + · · ·+ jp

b = Max i+Max j1 + · · ·+Max jp + p+ 1

XJ 1 ∗ (Max i+Max j1 + · · ·+Max jp + p+ 1) = n

ÑÑCCG(Zn,S) = {0, ia,Max ia− b+ j1a, · · · ,Max ia− b+Max j1a−

b+ · · ·+ jpa, b};CCG(Zn,S) = Max i+Max j1 + · · ·+Max jp + p+ 1;
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C(CG(Zn, S)) = 1

ÄK�£(4), ���3m(m ∈ Z+), ¦�m ∗ (Max i+Max j1 + · · ·+Max jp

+p+ 1) = n

ÑÑCG(Zn, S) = {0, ia,Max ia− b+ j1a, · · · ,Max ia− b+Max j1a−

b+ · · ·+ jpa, b}, {1, ia+ 1,Max ia− b+ j1a+ 1, · · · ,Max ia− b+Max j1a

−b+ · · ·+ jpa+ 1, b+ 1} · · · {m− 1, ia+m− 1,Max ia− b+ j1a+m− 1, · · · ,

Max ia− b+Max j1a− b+ · · ·+ jpa+m− 1, b+m− 1};

CCG(Zn,S) = Max i+Max j1 +Max j2 + · · ·+Max jp + p+ 1;

C(CG(Zn, S)) = m.

3ù��{�Ä:þ, ·�¢y
T�{�matlab�ó.

�CZnXS´Zn3��_4f8S = {ā, b̄}(a < b� ā−1 = b̄)þ�p4ã, CcznXS´p4ãë

Ï©|�:ê, CCZnXS´p4ã�ëÏ©|ê, 2L«IÑ\�nÚ a.

Ñ\n, a, b(en�ÛêK a ≤ bn
2
c, en�óêKa ≤ n

2
− 1)

ÑÑCZnXS, CcznXS, CCZnXS

CZnXS=0; CcznXS=0; CCZnXS=0;

n=2;a=2;b=n-a;c=mod(b,a);

if c==0;

Max(1)=fix((n-0.001)/a)

end

i=0;

while (c =0)

i=i+1;

Max(i+1)=fix((b+c-0.001)/a);

Max(1)=fix((n-0.001)/a);

c=mod(b+c,a); end

i; %(½I�^�MaxjA.

Max; %Maxi,Maxj.

d=0; %1*(d).

for j = 1:1:i+1

d=d+Max(j)+1;

end %O�1*(d)�uõ�.

d;j=1;

while (j*d =n)

j=j+1;
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end

j; dj=[0]; %(½õ�*(d)=n.

for y = 1:1:Max(1)

dj=[dj,y*a];

end

b=b+c;

for x = 1:1:i

abc=0; %abc�?¿·¶�¥mCþ.

for z = 1:1:x

abc=abc+Max(z)*a-b;

end

for y = 0:1:Max(x+1)

dj=[dj,y*a+abc];

end

end

dj=[dj];der=dj; %der�?¿·¶�¥mCþ.

for p=2:1:j

dj=[dj,der+(p-1)];

end

CZnXS=dj,CcznXS=d,CCZnXS=j.

2.2. p4ã3n�_4f8þ���
¯K

½n 2 �CG(Zn, S)´Zn3n�_4f8S = {ā, b̄, c̄}(ā−1 = c̄, b̄−1= b̄, a < b < c)þ�p4

ã, d ´n, a, b, co�ê���úÏê.

(1)3n�8 {a
d
, b
d
, c
d
}¥, e a

d
, c
d
´Ûê� |a

d
− b

d
| 6= 1, | b

d
− c

d
| 6= 1, KéA�CG(Zn, S)Ux

� d�ã 1�Ø�¿.

(2)3n�8 {a
d
, b
d
, c
d
}¥, e a

d
, c
d
´óê� |a

d
− b

d
| 6= 1, | b

d
− c

d
| 6= 1, KéA�CG(Zn, S)Ux

� d�ã 2�Ø�¿.

(3)3n�8 {a
d
, b
d
, c
d
}¥, e |a

d
− b

d
| = 1, | b

d
− c

d
| = 1, KéA�CG(Zn, S)Ux� d�ã 3�Ø

�¿.

a'��_4f8þp4ã�(��{, ·�N´��n�_4f8þp4ã�(��{.ã

1Úã 23n�_4f8þ�(��{aqu��_4f8, ã 33n�_4f8þ�(��{I

�r��_4f8�{¥� a��p4ã�:ênÚ a, b, cùo�ê���úÏê, ùp·�Ì
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��Än�_4f8S = {ā, b̄, c̄}(ā−1 = c̄, b̄−1 = b̄, a < b < c)þ���
¯K. Ï�ã 1, ã 2,

ã 3´éAn�_4f8S þ�p4ã, lÃI½Âùn«ã. e¡·�xÑ 14�:�ùn«

ã, ã 1, ã 2, ã 3,éA�S8©O´ {1̄, 7̄, 1̄3},{2̄, 7̄, 1̄2},{6̄, 7̄, 8̄}, �
�Bxã, ·�Pã�º: ī

� i(i ∈ N, i < n).

·K 1 [6] �G´�� r�Kã, e��»3ãG¥-�, K r−1���
�±3ü��mü

 S��ù�», -�º:���ê8�2.

Figure 1. Cayley Graph CG(Z14, {1̄, 7̄, 1̄3})

ã 1. p4ãCG(Z14, {1̄, 7̄, 1̄3})

Figure 2. Cayley Graph CG(Z14, {2̄, 7̄, 1̄2})

ã 2. p4ãCG(Z14, {2̄, 7̄, 1̄2})

·��±w�n�_4f8S = {ā, b̄, c̄}(ā−1 = c̄, b̄−1 = b̄, a < b < c)þ�p4ã´n�Kã,

d·K 1, ·��±�Ñ��»3n�_4f8Sþ�p4ã¥-�, 2���
�±3ü��mü

 S��ù�», -�º:���ê8� 2, e¡·��Ä��»3n�_4f8Sþ�p4ã¥-

�, 1���
�����¹.

½n 3 �CG(Zn, S)´Zn3n�_4f8S = {ā, b̄, c̄}(ā−1 = c̄, b̄−1 = b̄, a < b < c)þ�p4

ã, én > 6, kMV S(CG(Zn, S), v; 1) ≥ n− 6.
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Figure 3. Cayley Graph CG(Z14, {6̄, 7̄, 8̄}

ã 3. p4ãCG(Z14, {6̄, 7̄, 8̄}

y²: � d´n, a, b, co�ê���úÏê,e d = 1,�n = 8�,kMV S(CG (Z8, S), v; 1) =

3 > 8− 6 = 2, �n > 8�, n = 14�nÃ���J��, éã 1, ã 2, ã 3, �±ïáaqþã¥�

o¡�»p¦»Ã{øò��X»�Ù{º:, Ï�ã 1, ã 2, ã 3, äkD45, Ïd��Ä��

:�X»�¹. b½ã 1,þ 0:X», ¤k��»��{�äGãã 4. e d 6= 1, én > 6, w,�

�»�Uu)3CG(Zn, S) �,�ëÏ©|þ, XJëÏ©|�:ê�u 6, (Øw,¤á. XJ�

u 6, ?Ø�{Ó d = 1, nþén > 6, MV S(CG(Zn, S), v; 1) ≥ n− 6.

Figure 4. A tree chart that controls a fire at 0

ã 4. �� 0:X»�äGã

½n 4 �CG(Zn, S)´Zn3n�_4f8S = {ā, b̄, c̄}(ā−1 = c̄, b̄−1 = b̄, a < b < c)þ�p4

ã, KCG(Zn, S)´ 1−`�.

y²: d½n 3��, n(n−6)
n2 ≤ ρ(CG(Zn, S)) ≤ 1,  lim

n→∞
n(n−6)

n2 = lim
n→∞

1 − 6
n

= 1, ¤

± lim
n→∞

ρ(CG(Zn, S)) = 1.

½n 5 �CG(Zn, S)´Zn3n�_4f8S = {ā, b̄, c̄}(ā−1 = c̄, b̄−1 = b̄, a < b < c)þ�p4

ã, KCG(Zn, S)´ 1−Ð�.
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y²: d½n 4, Ï� ρ(CG(Zn, S)) ≥ n(n−6)
n2 = 1− 6

n
, n > 6, ��¦�3~ê c¦�

ρ(CG(Zn, S)) ≥ c > 0, �I�n = 8, l c = 1
4
.

½n 6 �CG(Zn, S)´Zn3n�_4f8S = {ā, b̄, c̄}(ā−1 = c̄, b̄−1 = b̄, a < b < c)þ�p4

ã, én > 8 k ρ(CG(Zn, S), e; (1, 1)) ≥ 1− 8
n

.

y²: aqu½n 3�y²�±ïá���^>X»z��mü ^����
��

�»�¤k�{�äGã, �±�Ñp4ã�?¿�^>X», �õ�±-� 8 �:, ¤

± ρ(CG(Zn, S), e; (1, 1)) =
∑

uv∈E(G) sn(CG(Zn,S),uv;1)

nm
≥

3
2n(n−8)

3
2nn

= 1− 8
n
.

2.3. p4ã3�un�_4f8þ���
¯K

3�un�_4f8þ, ·�réA�p4ãU_4f8��ê©�Ûê�Úóê�ü«, é

Ap4ã�x{U:�IÒ^S�x��«, ~Xã 5,k 20�:, éAS8´ {(1̄, 1̄9), (2̄, 1̄8)}; ã
6,k 40�:, éAS8´ {(1̄, 3̄9), (2̄, 3̄8), 2̄0}, Ó��
xã�B, ·�Pã�º: ī � i(i ∈ N, i <
n), ,	�
Qãe¡½n, ½Â�»p�þÝ´�¤�»p���
<ê.

Figure 5. Cayley Graph CG(Z20, {(1̄, 1̄9), (2̄, 1̄8)})

ã 5. p4ãCG(Z20, {(1̄, 1̄9), (2̄, 1̄8)})

½n 7 �CG(Zn, S)´Zn3�un�_4f8S = {(ā1, b̄1), (ā2, b̄2), · · · , (āi, b̄i)} (āj
−1 =

b̄j , aj < bj , j = 1, 2, · · · , i)þ�p4ã, XJp4ã�?¿��º:X», @o����
I�ïá

ü¡þÝ�Max {a1, a2, · · · , ai}��»p5��»Ø¬øò�Ù{�X»�º:.

y²: Ï��un�_4f8S = {(ā1, b̄1), (ā2, b̄2), · · · , (āi, b̄i)}(āj−1 = b̄j , j = 1, 2, · · · , i)þ
�p4ã, Ñ�±x�ã 5,�/ª, �âp4ã�D45, ·���Ä��º:X»��¹, b� 0

X», dã 5, »�Ul 0ü>øò, � ab ´p4ã��^>, d(a, b)= |a− b|´: a�: b �ål,

Ï�p4ã¥?¿ü: a, b �ål�u�uMax d(a, b) = Max {a1, a2, · · · , ai}, ÏdXJïá�
¡þÝ�Max {a1, a2, · · · , ai}��»p�, ����»p���X»º:´aØÑù¡p�, l 0

��pX»:¥m�¤kX»:�aØÑù¡p, q»´l 0ü>øò�, l7Lïá,�¡þ

Ý�Max d(a, b) = Max {a1, a2, · · · , ai}��»pâv±��»Ø¬øò�Ù{�X»�º:.

½n 8 �CG(Zn, S)´Zn3�un�_4f8S = {(ā1, b̄1), (ā2, b̄2), · · · , (āi, b̄i), n̄2 }(
n̄
2

−1
=

n̄
2
, āj
−1 = b̄j , aj < bj , j = 1, 2, · · · , i) þ�p4ã, XJp4ã�?¿��º:X», @o����


I�ïáo¡þÝ�Max {a1, a2, · · · , ai}��»p5��»Ø¬øò�Ù{�X»�º:.

y²: aqu½n 7�y², �âã 6, �y²½n 8, �Iy�ïáo¡�»p5��»Ø¬ø

ò�Ù{�X»�º:. �,b� 0X», Ï� 0X»¬�� 0ü>Ú n
2
ü>X», Ïd·�k�ï
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¸?��

á 0þ>(e>)����»p, ?ïá n
2
e>(þ>)��»p,,��ân

2
e>(þ>)��»p5

û½ 0þ>(e>)��ª�»p, �e5ïá 0e>(þ>)����»p, ��ïá n
2
þ>(e>)�

�»p, ���â n
2
þ>(e>)��»p5û½ 0e>(þ>)��ª�»p, Ïd�ïáo¡�»p

5��»Ø¬øò�Ù{�X»�º:.

þã½n�Ñ
��»�o�(J, �´´Äé?¿�un�_4f8Sþ?¿�º:�p4

ã3p4ã�?¿��º:X»�ÑU^����
5��»�´���, e¡�SNÒ�Ä
ù


¯K.

Figure 6. Cayley Graph CG(Z40, {(1̄, 3̄9), (2̄, 3̄8), 2̄0})

ã 6. p4ãCG(Z40, {(1̄, 3̄9), (2̄, 3̄8), 2̄0})

½n 9 �CG(Zn, S) ´Zn 3?¿�un�_4f8S = {(ā1, b̄1), (ā2, b̄2), · · · , (āi, b̄i)}
(āj
−1 = b̄j , aj < bj , j = 1, 2, · · · , i)þ�p4ã, ep4ã�?¿��º:X»,����
U


��»ØD�Ù{�X»�º:��=�Max {a1, a2, · · · , ai } ≤ 1+
√
3n−8
3

.

y²: ⇒ep4ã�?¿��º:X»,����
U
��»ØD�Ù{�X»�º:,K�

â½n 7, ù���
�ïáü¡þÝ�Max {a1, a2, · · · , ai}��»p, ¤±U��p4ãþ�X

»:ê\±��
���»p�:ê´�u�up4ã�o:ên�, ,	Ï�¤��un��_

4f8´?¿�, Ïd·��Ä�S87L´3�½Max {a1, a2, · · · , ai}e¤¹���õ�S8,

ù�?¿�un�_4f8S = {(ā1, b̄1), (ā2, b̄2), · · · , (āi, b̄i)}(āj−1 = b̄j , aj < bj , j = 1, 2, · · · , i)
þ�p4ãÑUd����
���»ØD�Ù{�X»�º:. e¡·��Äp4ãþ
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¸?��

X»:��ê, Ú�c���âp4ã�D45, ·���Ä 0:X»��¹, � t´�mü ,

m = Max {a1, a2, · · · , ai}, d´�¤�»p���
��ê,3 t = 1�, 1 �:X», d = 1; t = 2�,

2m+1�:X», d = 2; t = 3�, 4m+1�:X», d = 3; · · · ;t = m−1�, 2(m−2)m+1�:X»,

d = m−1;t = m �, 2(m−2)m+1+m+1�:X», d = m;t = m+1�, 2(m−2)m+1+m+1+m

�:X», d = m + 1;t = m + 2�, 2(m − 2)m + 1 + m + 1 + m + m�:X», d = m + 2; · · ·
;t = 2m−1�, 2(m−2)m+ 1 + 1 +m2�:X», d = 2m−1;t = 2m�, 2(m−2)m+ 1 + 1 +m2 + 1

�:X», d = 2m, ù�·�ïá
ü¡�»p, nþk 2(m − 2)m + 1 + 1 + m2 + 1 + 2m ≤ n,

= 3m2 − 2m+ 3 ≤ n, lm ≤ 1+
√
3n−8
3

, �=Max {a1, a2, · · · , ai} ≤ 1+
√
3n−8
3

.

⇐�m = Max {a1, a2, · · · , ai}, rMax {a1, a2, · · · , ai} ≤ 1+
√
3n−8
3

ü>²��n�� 3m2 −
2m + 3 ≤ n, �y��»u)3p4ã�?��º:, ����
U
��»ØD�Ù{�X»�

º:, �y3�½Max {a1, a2, · · · , ai}e¤¹���õ�S8éA�p4ãþ����
U
�

�»ØD�Ù{�X»�º:, ù�é?¿S8, ����
ÑU
��»ØD�Ù{�X»�º

:, �=y3�½Max {a1, a2, · · · , ai}e¤¹���õ�S8þp4ã�X»:ê\±��
�

��»p�:ê´�u�up4ã�o:ên, �âþ>�y², �� 3m2 − 2m+ 3 ≤ n, l3�

un�_4f8S = {(ā1, b̄1), (ā2, b̄2), · · · , (āi, b̄i)}(āj−1 = b̄j , aj < bj , j = 1, 2, · · · , i)þ, ��»u

)3p4ã�?��º:, ����
U
��»ØD�Ù{�X»�º:.

½n 10 �CG(Zn, S)´Zn3�un�_4f8S = {(ā1, b̄1),(ā2, b̄2),· · · , (āi , b̄i), n̄2 }(
n̄
2

−1
=

n̄
2
, āj
−1 = b̄j , aj < bj , j = 1, 2, · · · , i) þ�p4ã, ep4ã�?¿��º:X», ����
U


��»ØD�Ù{�X»�º:��=�Max {a1,a2,· · · ,ai} ≤ 5+
√
12n−47
12

.

y²: ⇒·�÷^½n 8Ú½n 9y²¥�VgÚÎÒ, e��»u)3p4ã�?��º

:, ����
U
��»ØD�Ù{�X»�º:, K�â½n 8, ù���
�ïáo¡þÝ

�Max {a1, a2, · · · , ai}��»p, �â½n 8�y², ¢Sþ1�¡p��1�¡p, 1o¡p�

�1n¡p, �=1�¡p� 0¥m�-�:'1�¡p�0¥m�-�:��êõm, 1o¡p

� n
2
¥m�-�:'1n¡p� n

2
¥m�-�:��êõm, Ïd�I¦Ñ1�¡p� 0¥m�-

�:��êÚ1o¡p� n
2
¥m�-�:��ê, � fi(i = 1, 2) ´1 i¡p� 0¥m¤k-�:�

�ê, fi(i = 3, 4)´1 i¡p� n
2
¥m¤k-�:��ê, @o t = 1�, f2 = 0,f4 = 0,d = 1;t = 2

�, f2 = 0,f4 = 0,d = 2;t = 3 �, f2 = m,f4 = m,d = 3;t = 4�, f2 = 2m,f4 = 2m,d = 4;

· · · ;t = m�, f2 = (m − 2)m,f4 = (m − 2)m,d = m; · · · t = 2m − 1�, f2 = (2m − 3)m),f4 =

(2m − 3)m,d = 2m − 1;t = 2m�, f2 = (2m − 3)m + 1),f4 = (2m − 2)m,d = 2m;t = 2m + 1 �,

f2 = (2m − 3)m + 1),f4 = (2m − 1)m,d = 2m + 1; · · · t = 4m − 1�, f2 = (2m − 3)m + 1),f4 =

(4m − 3)m,d = 4m − 1;t = 4m�, f2 = (2m − 3)m + 1), f4 = (4m − 3)m + 1,d = 4m; l

 f1 = f2 − m = (2m − 4)m + 1,f3 = f4 − m = (4m − 4)m + 1, ù�·�ïá
o¡�»p,

nþk f1 + f2 + f3 + f4 + 2 + 4m ≤ n= 12m2 − 10m + 6 ≤ n, �=m ≤ 5+
√
12n−47
12

, ÏdMax

{a1,a2,· · · ,ai} ≤ 5+
√
12n−47
12

.

⇐aqu½n 9�y², �±��p4ã�?¿��º:X», Max {a1, a2,· · · ,ai} ≤
5+
√
12n−47
12

�, ����
U
��»ØD�Ù{�X»�º:.

�m = Max {a1, a2, · · · , ai}, l½n 9Ú½n 10��, XJ�un�_4f8Sþ�p4ã�
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¸?��

?¿��º:X», @o����
¿ØU��?¿�un�_4f8Sþ�p4ã¦�»ØUø

ò�Ù{�X»�º:, Ïdõ���
���»´ék7��. d½n 9Ú½n 10�y², ·�

��±é�õ���
5��p4ãþ?¿��:X»�¿�^�, �ÑnÚm�m�'X, ,	

�â½n 9Ú½n 10·�U�Ñü^íØ.

íØ 1 �CG(Zn, S)´Zn3�un�_4f8S = {(ā1, b̄1), (ā2, b̄2), · · · , (āi, b̄i)} (āj
−1 =

b̄j , aj < bj , j = 1, 2, · · · , i)þ�p4ã, ep4ãþ�?¿�: vX», K�¤1�¡þÝ�m�

�»pþ�1��º:´÷X: v^����m©Oê, ± (v + 1)(mod n)��1 1�Oêº:�

1 ((m− 2)m+ 2)�º:, �¤1�¡þÝ�m��»pþ�1��º:´÷X: v_����m

©Oê, ± (v − 1)(mod n)��1 1�Oêº:�1 (2m(m− 1) + 2)�º:.

íØ 2 �CG(Zn, S)´Zn3�un�_4f8S = {(ā1, b̄1),(ā2, b̄2),· · · , (āi, b̄i), n̄2 }(
n̄
2

−1
=

n̄
2
, āj
−1 = b̄j , aj < bj , j = 1, 2, · · · , i) þ�p4ã, ep4ãþ�?¿�: vX», K�¤1�

¡þÝ�m��»pþ�1��º:´÷X: v^����m©Oê, ± (v + 1)(mod n)��

1 1�Oêº:�1 ((2m − 4)m + 2)�º:, �¤1�¡þÝ�m��»pþ�1��º:

´÷X: ((v + n
2
)mod n)^����m©Oê, ± (v + n

2
+ 1)(mod n)��1 1�Oêº:�

1 (2m(m − 1) + 2)�º:, �¤1n¡þÝ�m��»pþ�1��º:´÷X: v_����

m©Oê, ± (v− 1)(mod n)��1 1�Oêº:�1((4m− 4)m+ 2)�º:, �¤1o¡þÝ�m

��»pþ�1��º:´÷X: (v + n
2
)(mod n) _����m©Oê, ± (v + n

2
− 1)(mod n)�

�1 1�Oêº:�1 ((4m− 3)m+ 2)�º:.

Ä7�8

I[g,�ÆÄ7�8(11761070, 61662079); 2021c#õ�Æ�g£«g,Ä7éÜ�

8(2021D01C078); 2020c#õ���Æ�6;�!�6�§�8]Ï.
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