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Abstract

In this paper, our aim is to prove the maximum estimates of solutions to the Cahn-

Hilliard equation and Viscous Cahn-Hilliard equation with a general nonlinear source

term. Firstly, we obtain the boundedness of the Lq norm by using energy estimates.

Then, the boundedness of essential supremum is demonstrated by Nirenberg-Gagliado

inequality.
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1. Úó

Cahn-Hillardu1958c[1]JÑ�±e�§µ

ut + α∆2u− k∆f(u) = 0, α, k > 0 (1.1)

3á��Æ¥�ü���Ú§Ï�§£ã
��Ü7¥�©lL§¥ü�XÚ��½5A�"

Cahn-Hilliard�§Ø
A^u��Ü7�	§�5�A^uÙ¦�Æ+�§X¬5)�[2, 3]![

ÿ��[4]"§�kNõ*ÐÚí2(�~[5, 6])§Ù¥A. Novick-Cohen3[7]¥JÑ
^u©Û��

�CÄåÆ�Ê5Cahn-Hilliard�§

(1− ν)ut = ∆(−∆u+ f(u)− νut), x ∈ Ω (1.2)

Ù¥ν ∈ [0, 1],Ω ⊂ Rn´k.1w«�§�)��4��¹�Cahn-Hilliard�§(�ν = 0)Ú��5

9�§(�ν = 1)"

C5§Ø�ÆöÏLéIOÊ5Cahn-Hilliard�§��5��ØÓb�§��
(J"~

X,4�S�<3©z[8] ¥�Äf(u) = −u+ γ1u
2 + γ2u

3 ��¹§��²;)��Û�35Ú�»
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5¶¿��Ñγ2 �ÎÒéu)��Û�35�'�"AO/§�γ2 < 0 �§KeÚYin3[9]��

õ�(n[5)Ê5Cahn-Hilliard �§²;)��35"Huang �<3[10]�Äγ2 < 0��¹§y²


Ð�v
��)��Û�35ÚÐ�v
��)��»(J"Ød�	§4�S�<3[11]¥��

Ð�v
��)��Û�35Úé?¿�²�Ð�§)�»��
(J"

�©§·��ÄXe

Ê5Cahn-Hilliard�§�Ð>�¯K

(1− ν)ut =∆(−∆u+ f(u)− νut), x ∈ Ω ⊂ Rn, t > 0,

u(0, x) =u0(x), x ∈ Ω,

∂u

∂N
=
∂(∆u)

∂N
= 0, x ∈ ∂Ω, t > 0.

(1.3)

±9í2�Cahn-Hilliard�§�Ð>�¯K

ut = (−∆2 + ε∆)u− (−∆ + εI)f(u),

u(0, x) = u0(x), x ∈ Ω,

∂u

∂N
=
∂(∆u)

∂N
= 0, x ∈ ∂Ω, t > 0.

(1.4)

)�����O"�©Ì�|^©z[12]��{ÚE|?1y²"Äk§·��ÑÌ�(J½

n2.3Ú½n2.4¶,�§·��Ñ
½n2.3 Ú½n2.4�y²"

3�©¥§¤k�cÑ´�u0�~ê§¿��?���Ø¦�Ó"©Ù¥¤k��êÑ´IO

�Sobolev�m�ê§Ù¥NL«÷∂Ω�	{�þ§ν ∈ [0, 1), ε > 0, QT = Ω× (0, T ), T > 0"

2. Ì�(J

Äk§·�é��5�f : Ω×R→ R�Xeb�µ

b�2.1. f´2r − 1gõ�ª§F´f��¼ê§f�Ä�Xêa2r−1 > 0§÷v

f(s) =
∑2r−1

j=1 ajs
j , r ≥ 2,

F (s) =
∑2r

j=2 bjs
j .

(2.1)

Ù¥§aj−1 = jbj ≥ 0, r ≥ 2

52.2. é∀u ∈ R§db�2.1 �[13],

f ′(u) ≥ r(2r − 1)b2ru
2r−2 − c, (2.2)

1

2
b2ru

2r − c ≤ F (u), (2.3)
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Ú

f(u) ≥ rb2ru2r−1 − c. (2.4)

�©Ì�(J´µ

½n2.3. XJu(x, t) ∈ C2,1(Q̄T )´�§(1.3)�)§K�3~êC̄(u0) ÷v

max
QT
|u(x, t)| ≤ C̄(u0). (2.5)

½n2.4. XJu(x, t) ∈ C2,1(Q̄T )´�§(1.4)�)§K�3~êC̄(u0) ÷v

max
QT
|u(x, t)| ≤ C̄(u0). (2.6)

3. y²

3y²½n2.3Ú½n2.4�c§·�k�Ñ
A���Ún.

Ún3.1. [12] (Nirenberg-GagliadoØ�ª)�Ωk.½Ω = Rn, 1 ≤ s, q ≤ ∞,m, j��ê§�k

j

m
≤ a ≤ 1,

1

s
=
j

n
+ a(

1

r
− m

n
) + (1− a)

1

q
. (3.1)

@o�3~êC1 = C1(n, j, s,m, a, r, q), C2 = C2(n, j, s,m, a, r, q)§¦�

||Djν||Ls ≤ C1||Dmν||aLr ||ν||1−aLr + C2||ν||Lq . (3.2)

Ún3.2. XJu(x, t) ∈ C2,1(Q̄T )´�§(1.3)�)§K�3~êC̄(u0) ÷v

sup
0≤t≤T

||u(x, t)||q ≤ C̄(u0), q ≤ 2. (3.3)

y²µò�§(1.3)ü>Ó�¦±u,¿3ΩþÈ©§·���∫
Ω

(1− ν)utudx =

∫
Ω

∆(−∆u+ f(u)− νut)udx,

=

∫
Ω

−|∆u|2dx−
∫

Ω

f ′(u)|∇u|2dx−
∫

Ω

ut∆udx.

(3.4)

|^^�u(x, t) ∈ C2,1(Q̄T )§·��� ∫
Ω

−|∆u|2dx ≤ c. (3.5)

−
∫

Ω

ut∆udx ≤ c. (3.6)
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d�§(2.2)±9^�u(x, t) ∈ C2,1(Q̄T )§·���

−
∫

Ω

f ′(u)|∇u|2dx ≤
∫

Ω

(c− r(2r − 1)b2ru
2r−2)|∇u|2dx,

≤
∫

Ω

c|∇u|2dx,

≤c.

(3.7)

∫
Ω

(1− ν)utudx =
1− ν

2

d

dt

∫
Ω

|u|2dx,

≤c.

(3.8)

KdGronwall′sÚn§��

||u||L2 ≤ c.

�y"

Ún3.3. XJu(x, t) ∈ C2,1(Q̄T )´�§(1.4)�)§K�3~êC̄(u0) ÷v

sup
0≤t≤T

||u(x, t)||q ≤ C̄(u0), q ≤ 2r. (3.9)

y²µò�§(1.4)ü>Ó�¦±−∆u+ f(u)§¿3ΩþÈ©§·���∫
Ω

(−∆u+ f(u))utdx = −
∫

Ω

[(∇(∆u− f(u)))2 + ε(−∆u+ f(u))2]dx (3.10)

Ï�

d

dt
(

∫
Ω

F (u) +
1

2
|∇u|2dx) =

∫
Ω

[f(u)ut +∇u∇ut]dx,

=

∫
Ω

(−∆u+ f(u))utdx,

≤ 0.

(3.11)

-

E(t) = E(u(x, t)) =

∫
Ω

F (u) +
1

2
|∇u|2dx. (3.12)

d(3.11)§·���§

E(u(t)) ≤ E(u(0)),

= ∫
Ω

F (u) +
1

2
|∇u|2dx ≤ E(u(0)).

DOI: 10.12677/aam.2022.111060 530 A^êÆ?Ð

https://doi.org/10.12677/aam.2022.111060


ÅS�§Æ��

d�§(2.3)§·��� ∫
Ω

1

2
b2ru

2rdx ≤ E(u0) + c.

@o

sup
0≤t≤T

||u||q ≤ c, q ≤ 2r. (3.13)

3.1. ½n2.3�y²

y².∀p ≥ 3,ò�§(1.3)¥ü>Ó�¦±u|u|p−1,¿�3ΩþÈ©§·���∫
Ω

(1− ν)utu|u|p−1dx =

∫
Ω

u|u|p−1∆(−∆u+ f(u)− νut)udx,

=

∫
Ω

∆u∆(u|u|p−1)dx−
∫

Ω

∇f(u)∇(u|u|p−1)dx−
∫

Ω

ν∆utu|u|p−1dx,

= −
∫

Ω

∆|u|∆|u|pdx− p
∫

Ω

f ′(u)|∇u|2|u|p−1dx−
∫

Ω

νut∆u|u|p−1dx.

(3.14)

|^^�u(x, t) ∈ C2,1(Q̄T )§·���

−
∫

Ω

νut∆u|u|p−1dx ≤ c

(i)�ν = 0�§�§(1.3)C�IO�Cahn-Hillard�§

d^�u(x, t) ∈ C2,1(Q̄T )§K

−
∫

Ω

∆|u|∆|u|pdx ≤ c
∫

Ω

∆|u|pdx,

= c(

∫
Ω

p(p− 1)|u|p−2|∇u|2 + p|u|p−1∆|u|dx),

≤ cp2

∫
Ω

h(u)dx.

(3.15)

Ù¥h(u) = max{|u|p−2, |u|p−1}.
dY oung′s inequality§·���∫

Ω

p2|u|p−2dx ≤ c+ c

∫
Ω

p− 2

p+ 1
(p2|u|p−2)

p+1
p−2 dx,

≤ c+ c

∫
Ω

p
2(P+1)
P−2 |u|p+1dx,

≤ c+ c

∫
Ω

p8|u|p+1dx.

(3.16)
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∫
Ω

p2|u|p−1dx ≤ c+ c

∫
Ω

p− 1

p+ 1
(p2|u|p−1)

p+1
p−1 dx,

≤ c+ c

∫
Ω

p
2(P+1)
P−1 |u|p+1dx,

≤ c+ c

∫
Ω

p8|u|p+1dx.

(3.17)

(Ü^�f ′(u) ≥ r(2r − 1)b2ru
2r−2 − c9u|u|p−1ut = 1

p+1
d
dt
|u|p+1§��

1

p+ 1

d

dt

∫
Ω

|u|pdx+ cp

∫
Ω

|∇u|2|u|2r+p−3dx ≤ c(1 + p8)

∫
Ω

|u|p+1dx. (3.18)

Ï�

|∇u|2|u|2r+p−3 =
4

(2r + p− 1)2
|∇|u|

(2r+p−1)
2 |2. (3.19)

nÜ�§(3.18), (3.19)§��

1

p+ 1

d

dt

∫
Ω

|u|pdx+
4cp

(2r + p− 1)2

∫
Ω

|∇|u|
(2r+p−1)

2 |2dx ≤ c(1 + p8)

∫
Ω

|u|p+1dx. (3.20)

�|u(x, t)| > 1�§Ï�2r+ p− 3 > p− 1§K|u|2r+p−3 > |u|p−1§�|∇u|2|u|2r+p−3 ≥ |∇u|2|u|p−1§

=§

4

(p+ 1)2
|∇|u|

(p+1)
2 |2 ≤ 4

(2r + p− 1)2
|∇|u|

(2r+p−1)
2 |2. (3.21)

d�§(3.20)Ú(3.21)§��

d

dt

∫
Ω

|u|p+1dx+
4cp

(p+ 1)

∫
Ω

|∇|u|
(p+1)

2 |2dx ≤ C(1 + p)9

∫
Ω

|u|p+1dx. (3.22)

3(3.1)¥§-s = 2, j = 0, r = 2,m = 1§��

||ν||2L2 ≤ C1||Dν||2aL2 ||ν||1−aLq + C2||ν||2Lq . (3.23)

�ν = |u|
µk+1

2 , µk = 2k, q = 2(µk−1+1)

µk+1
§d(3.2)��

a =
n(2− q)

n(2− q) + 2q
=

n

n+ 2 + 22−k (3.24)

3�§(3.23)¥|^Y oung′sØ�ª∫
Ω

|u|µk+1dx ≤ ε
∫

Ω

|∇|u|
µk+1

2 |2dx+ cε−
a

1−a (

∫
Ω

|u|µk−1+1dx)
µk+1

µk−1+1 . (3.25)
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3�§(3.22)¥-p = µk 9|^�§(3.25),·���

d

dt

∫
Ω

|u|µk+1dx+
4c1µk

(µk + 1)

∫
Ω

|∇|u|
(µk+1)

2 |2dx,

≤ C(1 + µk)
9(ε

∫
Ω

|∇|u|
µk+1

2 |2dx+ cε−
a

1−a (

∫
Ω

|u|µk−1+1dx)
µk+1

µk−1+1 ).

(3.26)

-ε = 1
C(µk+1)9

. c1µk
µk+1
§·���

d

dt

∫
Ω

|u|µk+1dx+ C1(k)

∫
Ω

|∇|u|
(µk+1)

2 |2dx ≤ C2(k)(

∫
Ω

|u|µk−1+1dx)
µk+1

µk−1+1 . (3.27)

Ù¥C1(k) = c1µk
µk+1

, C2(k) = C
1

1−a .c.( c1µk
µk+1

)−
1

1−a .(1 + µk)
9

1−a

3�§(3.25)¥-ε = 19d�§(3.27)§·���

d

dt

∫
Ω

|u|µk+1dx+ C1(k)

∫
Ω

|u|µk+1dx ≤ C4(k)(

∫
Ω

|u|µk−1+1dx)
µk+1

µk−1+1 . (3.28)

Ù¥C4(k) = C2(k) + c.

|^GronwallØ�ª§·���∫
Ω

|u|µk+1dx

∫
Ω

|u0|µk+1dx+
C4(k)

C1(k)
(sup
t≥0

∫
Ω

|u|µk−1+1dx)
µk+1

µk−1+1 ,

≤ δ(k) max{Mµk+1
0 |Ω|, (sup

t≥0

∫
Ω

|u|µk−1+1dx)
µk+1

µk−1+1 }.
(3.29)

Ù¥§δ(k) = c(1 + µk)
α, α = 2

1−a ,M0 = sup
x∈Ω
|u0|.

dHölderØ�ª§·���∫
Ω

|u|µk+1dx ≤ δ(k) max{Mµk+1
0 |Ω|, (sup

t≥0

∫
Ω

|u|µk−1+1dx)
µk+1

µk−1+1 },

≤ δ(k)|Ω|max{Mµk+1
0 , (sup

t≥0

∫
Ω

|u|2dx)
µk+1

2 },

≤
k∏
i=0

(|Ω|δ(k − i))
µk+1

µk−i+1 max{Mµk+1
0 , (sup

t≥0

∫
Ω

|u|2dx)
µk+1

2 }.

(3.30)

Ï� µk+1
µk−i+1

< 2i§·���

δ(k)δ(k − 1)
µk+1

µk−1+1 δ(k − 2)
µk+1

µk−2+1 ...δ(0)
µk+1

2 ,

≤ c2k+1−1(2α)−k+2k+2−2.
(3.31)

Ú

|Ω| · |Ω|
µk+1

µk−1+1 ...|Ω|
µk+1

2 ≤ |Ω|2
k+1+1. (3.32)
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Ïd(Ü�§(3.30)§(3.31),(3.32)±9Ún3.2§·���

(

∫
Ω

|u|2
k+1dx)

1

2k+1 ≤ C|Ω|24α max{M0, (sup
t≥0

(

∫
Ω

|u|2dx)
1
2 } ≤ C̄(u0). (3.33)

Ï�k´?¿�§3�§(3.33)¥§-k →∞§·���

‖u‖∞ ≤ C̄(u0).

Ïd§

sup
0≤t≤T

‖u‖∞ ≤ C̄(u0). (3.34)

Ï�u ∈ C2,1(Q̄T )§@o

max
QT
|u(x, t)| ≤ C̄(u0)

.

�u(x) ≤ 1�§du2r + p− 2 > p§@o|ut||u|2r+p−2 ≤ |ut||u|p"
d^�u ∈ C2,1(Q̄T ),|ut||u|2r+p−2 ≤ |ut||u|p±9L2r+P−1(Ω) ⊂ Lp(Ω)§·���

1

2r + p− 1

d

dt

∫
Ω

|u|2r+p−1dx ≤ 1

2r + p− 1

∫
Ω

| d
dt
|u|2r+p−1|dx,

≤ 1

p+ 1

∫
Ω

| d
dt
|u|p+1|dx,

=

∫
Ω

|ut||u|pdx,

≤ c
∫

Ω

|u|pdx,

≤ c
∫

Ω

|u|2r+P−1dx.

(3.35)

d^�u ∈ C2,1(Q̄T )±9Y oung′sØ�ª§·���∫
Ω

p|∇|2|u|2r+p−3dx ≤ c
∫

Ω

p|u|2r+p−3dx,

≤ c
∫

Ω

(p|u|2r+p−3) 2r+p−1
2r+p−3 dx+ c,

≤ c
∫

Ω

p2|u|2r+p−1dx.

(3.36)

(Ü�§(3.19),(3.35),(3.36)§·���

d

dt

∫
Ω

|u|2r+p−1dx+
4cp

(2r + p− 1)

∫
Ω

|∇|u|
(2r+p−1)

2 |2 ≤ c(2r + p)3

∫
Ω

|u|2r+p−1dx. (3.37)
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E�§(3.23)− (3.33)�Ú½§�|u(x, t)| ≤ 1�§�k

maxQT |u(x, t)| ≤ C̄(u0).

(ii)�ν ∈ (0, 1)�§Úν = 0��?n�{��§�k

maxQT |u(x, t)| ≤ C̄(u0).

nþ¤ã§�y"

3.2. ½n2.4�y²

y²µ·�3�§(1.4)¥ü>Ó�¦±u|u|p−1,(p ≥ 3)§¿�3ΩþÈ©§·���∫
Ω

u|u|p−1utdx =

∫
Ω

u|u|p−1∆(∆u+ f(u)) + ε(∆u− f(u))u|u|p−1dx,

=

∫
Ω

∆u∆(u|u|p−1)dx−
∫

Ω

∇f(u)∇(u|u|p−1)dx− ε
∫

Ω

∇u.∇(u|u|p−1)dx− ε
∫

Ω

f(u)u|u|p−1dx,

= −
∫

Ω

∆|u|∆|u|pdx− p
∫

Ω

f ′(u)|∇u|2|u|p−1dx− εp
∫

Ω

|∇u|2|u|p−1dx− ε
∫

Ω

f(u)u|u|p−1dx,

≤ −
∫

Ω

∆|u|∆|u|pdx− p
∫

Ω

f ′(u)|∇u|2|u|p−1dx− ε
∫

Ω

f(u)u|u|p−1dx.

(3.38)

d�§(2.4)±9Lp+1(Ω) ⊂ Lp(Ω)§·���

−ε
∫

Ω

f(u)u|u|p−1dx ≤ −
∫

Ω

{r(2r − 1)b2ru
2r−1u|u|p−1 − cu|u|p−1}dx,

=

∫
Ω

cu|u|p−1dx− c
∫

Ω

u2r|u|p−1dx,

≤
∫

Ω

c|u|pdx,

≤ c(p+ 1)

∫
Ω

|u|p+1dx.

(3.39)

�5e§E�§(3.15) − (3.33)�Ú½§=�±���½n�(Ø§�Ø2�Ñ�[y²"�

y"
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