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Abstract

Harary introduced the concept of linear arboricity in 1970. The linear arboricity is the
minimum integer m such that G can be decomposed into m edge-disjoint linear forests.

A linear forest is a graph in which every connected component is a path. We discuss
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the product structure of tree and path, divide the edges in the product graph and
prove that the linear arboricity conjecture holds for the cartesian product, the direct

product, the strong product of tree and path.

Keywords

Linear Arboricity Conjecture, The Cartesian Product of Graphs, The Direct Product
of Graphs, The Strong Product of Graphs

Copyright (© 2022 by author(s) and Hans Publishers Inc.
This work is licensed under the Creative Commons Attribution International License (CC BY 4.0).

http://creativecommons.org/licenses/by/4.0/

BY

1. 5|5

A USRI 1 B, o FAE R 2 B G, AT V(G), B(G) F1A(G) 43R =K G
TSR, WA A R R, SRR B E — NI T 20 S AR B I . 1970 4 Harary [1] 42 H B
LRV 1a(G) MR A48 G LSRR AN AS () B AR I B N H

1980 4, Akiyama, Exoo, Harary [2] #2H 75548 Xf THERE W IENE G, f la(G) = (%]
oA FAL R G, A 1a(G) > [2Q7; Tixt FALEIIEMNE G, A la(G) > 294, Kikitss
AR T35 44 1K) S T P AR

T SMEEME G, [29] < la(G) < [AGH,

1980 4, Akiyama, Exoo, Harary [2] 5B Vizing's & BEUEBA 1 3-1FE WU B 0T L4318 1> 2&
PERRAR, [RIB AT AR 7, S84 B, 584 80 B 2 2R MR LSS 8. 1981 4F, Akiyama, Exoo,
Harary [3] f& BT 720 i 7AW 7 4-TE U AT BLA3 i B = AN 2 VERR AR, 1982 4, Tomasta [4]
WER T A = 6 B 2 L YE G AR. 1984 4, Enomoto, Péroche [5] IEBH T A = 5,6, 8 [ & &
LEVERA RS A, 1986 4E, Guldan [6] IEH] T A = 10 1) B35 2 L MERA B SRR, 1999 4, Wu [7] iEW] T
G REA>IRPFHE, W G ELIERA AR, 2008 4, Wu [8] ENIEH T4 G 2 A =71
T, WU G e 2RI FEAG AR DA b 25 FIE B T FrAa 1 1 5~ i P 59 A 2R M 1 R4 AR

BRI R E R 10 W B, -1 P A5 B 28 O 20 00 F BH 2 3 /2 B e BEAG AR 1, (HI2 4 ik, bS48
B W SE AR, TEA SR 3RATT 32 B3 FE O R P e B 46 i, IE B T B R 5 11 SRR Y it R 2R B
FEAEAR, IX—S5 T 1A I A k.

THFRATAAH— LA AH 2 X

EX 1. 0 TEGHME H, B GHME HWEHRRRE GOH, KTAEAE N V(G) x V(H),
REGOHHFv=a0Hwye E(H) B w=y Hovre B(G), MBAFRAIKIN A (v, w) M (x,y) HHAL.
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EX 2. M THEGHEH, BGHME HEREG < H, KTTSEE RN V(G) x V(H), WRAE
HME G x HH vz e BE(G) Hwy e BE(H), IBAFRNTFRTLL (v, w) A (z,y) HHLP.

EX 3. MTHEGHMEH BGMEHEREGRH, &% R/AME GOH f1EE
G x H 34,

NS T B AN B ) AR SE A BEAT I AT, 15 Bh Akiyama, Exoo, Harary 7£1980 & 15 2| )22 T
P T ZR PRI FE B 4508, FRATTUE B 1 RN % 1 B R /R AR, ELAR PR S 2R R o B A AR R AR R
RIRIRERM B E R A, bt b, FRATEE—20E B 7 AR S e nm AR B 2 2R MR RS AR, 153
PR 2 2.

EIE 1. T T A P, MEREE TR P, lo(T R P,) = [202)],

2. ERERUEA

1980 4, Akiyama, Exoo, Harary #E3CHR [2] P ANBGIERD T8 T 3 R 2R PR EERGAE, 3025t 14
T PR ARSI, la(T) = [2527. 0 T SCEER e etk 703 BLERAT T VRN B T ShilF Bt 72

SIE 1. [2] WSRH T RIBKIEN A(T), AR T RILAEBIE lo(T) = [0,
SRR, ph P O 2R I P 1 AT La(T) > [240),

AR T 1B A(T), AR (T) = A(T), B T P AL BRI 030 5 7
LR AR, B la(T) < [X0)) = [20)).

xR, BT PR la(T) = [252]. O

138 2. Xt FH# T Mgk P, S RARME TOP,, lo(TOPR,) = [205)7,

MERR. MR R RFRE M X, JATVHEE S R/RRE TOP, 1, | KE ATOPR,) = A(T) +2,
W4 1a(TOP,) > [AEZ2)] = (A2 REATE B S R /R E TOP, g S AN T Hi
1, KA RBUE TOP, b7 1455

WA TOP, RN T i, BABRN XSRS X, 15T il 4
MO X R, BATERE] X DS 0+ LA T BB, HiX n+ 1 MEE 2 MR B A
HIZHY. M 7E TOP, \ X o, B —ANEE S AR P, B TOP, \ X BT 1350 5 38
ST BT S RN TOP, \ X 98N8 302 2 PR A M ), Bt TOP, \ X i 2 2

PERRARIC E L.
G5 a1, BATATLMEE 1o(TOPR,) < la(T) + la(P,) = [280] 1 = [20HE2] = (200,
i ERTR, B T Mg P, # R /KB TOP, WA lo(TOP,) = [2155)]. O

SI32 3. AT T M P, MEBUE T x Py, la(T x P,) = [2EXF)],
MERR. B EAERE X, BRI T x P, WK A(T x P,) = 2A(T).

e 1 2 B B 1 2 SURT 1, PR T ¢ P, BERPERBE 1a(T x P,) > [A0xPa)] — (2207
[A(T)]. B3I 20 L AT, B T LRI la(T) = [25E], BB T AT LI [ 250 ALk b o,
RATHER T BRI AL LF, i e (1,2, [207),.
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THEBRAVEIELERK LF, PR RN ERE T x P, (30347 208, AT H05E
usuy € LE;, vvj € Py, IBATEEBRE T x P, 1, H (us, vi)(ug, vj) € T x Py, (us,v;)(ug, v;) € TXPn-
EXEAE T x P, B4R f e, ﬁzﬂ‘]hm T x P, I (ug, vi) (g, v) A (ug, v5) (ug, v;)
TN F LRI, B (wg, v;) (ue, v;) € LFY, (ug,v;)(u,v;) € LFE, et LF} # LF?, BAH
la(T x P,) < 2la(T), It EFE T x P, 1% ékﬁ“r“ la(T x P,) < 2la(T) < 2[20] = [A(T)].

LA, HRE T x P, MM lo(T x P,) = [A(T)] = [252)], O

TR LERE Ky x Py, AFIRS#AT HARRY. i 18R, AT K BT A0 1E
{ur, ug, uz, ug}, 1 Py BT ACAE {01, vo,v3}, T8 Ky BIIEAE {uiug, uyus, uyus}, 8 Py HAIE4E

{017127 U2U3}-

o o
/ill\ o Vj/: ? @VZ %i.;\jr/}
u, u, u,

Figure 1. The direct product of K3 x P
1. HFE K3 x Py

FEERE Ky x P, W, A(K3 x Py) = 2A(K3) = 6, HFE Ky x P, TS H0E
{(ur, v1)(u2, v2), (ur, v1)(us, va2), (u1, v1) (s, v2);
(u1,v2)(ug, v1), (U1, v2)(us, v1), (U1, v2)(Ug, v1);
(u1,v2) (U2, v3), (U1, v2)(us, v3), (U1, v2) (g, V3);
(

(u1,v3)(u2,va), (u1,v3)(us, va), (w1, v3)(us, v2)}

BN A(K3) = 3, la(K3) = 2, Ky 7] AN MR T 75, v J7 (i W, AT P A~ 2t
ARG BICAE LFy A1 Ly, FAE {uiug, uius} BEELIERMK LEF, T2, 18 {uiud} BEELIER
W LE, Hid, & Py AN {vive, vovs}, FHEIFRATAT LG HARE K x Py BRI T 2t
AR 55 7 ORI T AN R 2y, BV EARE K3 x Py B3] D& B DL 5 SR T R 43

A = {(ula Ul)(u2v Uz), (Ul”U1)(U3,”02)7 (Uh Uz)(U% 03), (Uh 1)2)(103, ’03)}-

Ay = {(u1,v2)(uz,v1), (u1,v2)(us, v1), (w1, v3)(uz, v2), (u1,v3)(us, v2)}-

As = {(Ul, Ul)(U4, Uz), (Ul, U2)<U4,Ul)7 (U1, Uz)(u4, U3), (U1, v3)(U4, UQ)}-

K ERE Ky x Py 25X BERIS 2 05, BRATTT LR S Ay, Ay, Ay ¥ 2 HE R AR, DRI
la(Ky x Py) < 2la(Ky) < 2[A%a)] — [AUxP),

R PRI KI5 UTTA, la (K X Py) > [2UEex2))
L5 EFTIR, la(Ky x Pp) = [AUxP2), .
EI 1. KT T M P, (3K TR P, lo(TR P,) = [202)],

MERR. FRAT N IE SR AR R 1 R R B A B B 9, 4 R AR E AT AR, A(T R P,) =
A(TOP,) + A(T x P,) = (A(T) +2) + 2A(T) = 3A(T) + 2.
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e P 2 T BE F 52 LT 43, La(T R B,) > [A0R2) — 3800427

55 2 A5 2 3 7145 la(A(TOR,)) + la(A(T x P,)) = [A5F2] 1 A(T) = 2200427 grp)

la(A(T B P,)) < la(A(TOP,)) + la(A(T x P,)) = [32@)+2],

LR LPTA, W T R P, BAUE TR P, REDIE lo(T R P,) = [22022] = [AIER)] O

3. B

1980 4F, Akiyama, Exoo, Harary $&H 726 VERTEERGAE, 40 240K, MG —HA LB 2
ZRFEM AT 2 —, X2 FH G T AR A 7 B KTk, i85~ ik, BKEN
10 L SFEL RA0PAT B S EISE C A plur B2 2 e Ve BEAE AR 1, (HI S AR I 1% 1 52 Ak
HH. AR SCFRAN T8 Gk o R A ) SR AR G A AT I AT, R B TR AR R ORER L BEAREL SRR
W R VERT A A, 8 1 LA 70 A e i 7

B2 SRR
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