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Abstract

Harary introduced the concept of linear arboricity in 1970. The linear arboricity is the

minimum integer m such that G can be decomposed into m edge-disjoint linear forests.

A linear forest is a graph in which every connected component is a path. We discuss
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the product structure of tree and path, divide the edges in the product graph and

prove that the linear arboricity conjecture holds for the cartesian product, the direct

product, the strong product of tree and path.
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1. Úó

�©�ïÄ{üÃ�ã, éu?¿�½�ã G, ·�^ V (G), E(G)Ú ∆(G)©OL«ã G�

º:8Ü, >8ÜÚ��Ý. �5Ü�=z��ëÏ©|Ñ´´�ã. 1970c Harary [1]JÑã�

�5ÎÝ la(G)�Vg: òã G�>8©)¤>Ø���5Ü����ê8.

1980c, Akiyama, Exoo, Harary [2]JÑ
ß�: éu?¿��Kã G, k la(G) = d∆(G)+1
2
e.

Ï�éu?¿�ã G, k la(G) ≥ d∆(G)
2
e; éu?¿��Kã G, k la(G) ≥ d∆(G)+1

2
e, Ïddß

��duÍ¶��5ÎÝß�:

ß� 1: é?¿�ã G, k d∆(G)
2
e ≤ la(G) ≤ d∆(G)+1

2
e.

1980 c, Akiyama, Exoo, Harary [2] /Ï V izing′s ½ny²
 3-�Kã�±©)¤ü��

5Ü�, Ó�¦��y²
ä, ��ã, ���Üã÷v�5ÎÝß�. 1981c, Akiyama, Exoo,

Harary [3]/ÏuÏf©)��{y²
 4-�Kã�±©)¤n��5Ü�. 1982c, Tomasta [4]

y²
 ∆ = 6�ã÷v�5ÎÝß�. 1984c, Enomoto, Péroche [5]y²
 ∆ = 5, 6, 8�ã÷v

�5ÎÝß�. 1986c, Guldan [6]y²
 ∆ = 10�ã÷v�5ÎÝß�. 1999c, Wu [7]y²


e G´ ∆ ≥ 9�²¡ã, K G÷v�5ÎÝß�. 2008c, Wu [8]�<y²
e G´ ∆ = 7�²

¡ã, K G÷v�5ÎÝß�. ±þ(Jy²
¤k�{ü²¡ãÑ÷v�5ÎÝß�.

�,��Ý� 10�ã, ²¡ã�ãa®²�y²´÷v�5ÎÝß��, �î8��, dß�

�vk���y². 3�©¥·�Ì��ÄäÚ´�¦È(�, y²
äÚ´�¦Èã÷v�5Î

Ýß�, ù�(J´L
dïÄ+��uÐ.

e¡·�k0��
¦Èã��'½Â.

½Â 1. éuã GÚã H, ã GÚã H �(k�Èã G�H, Ùº:8Ü� V (G)× V (H), X

J3 G�H ¥ v = x� wy ∈ E(H)½ w = y� vx ∈ E(G), @o·�¡º: (v, w)Ú (x, y)��.
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½Â 2. éuã GÚãH, ã GÚãH ��Èã G×H, Ùº:8Ü� V (G)× V (H), XJ3

�Èã G×H ¥ vx ∈ E(G)� wy ∈ E(H), @o·�¡º: (v, w)Ú (x, y)��.

½Â 3. éuã GÚã H, ã GÚã H �rÈã G � H, §´(k�Èã G�H Ú�Èã

G×H �¿8.

�©Ì�éäÚ´�¦È(�?1ïÄ, /Ï Akiyama, Exoo, Harary31980 c¤���'u

ä��5ÎÝ�(Ø, ·�y²
äÚ´�(k�Èã, �Èã÷v�5ÎÝß�. Ï�rÈã´(

k�ÈãÚ�Èã�¿8, 3dÄ:þ, ·�?�Úy²
äÚ´�rÈã÷v�5ÎÝß�, ��

±e½n.

½n 1. éuä T Ú´ Pn�rÈã T � Pn, la(T � Pn) = d∆(T�Pn)
2
e.

2. Ì�(J9y²

1980c, Akiyama, Exoo, Harary 3©z [2]¥Ø=y²
ä T ÷v�5ÎÝß�, ��Ñ
ä

T �5ÎÝ�°(�, la(T ) = d∆(T )
2
e.�
©Ù���5, 3ùp·��[¥y
dy²L§.

Ún 1. [2] XJä T ���Ý� ∆(T ), @oä T ��5ÎÝ la(T ) = d∆(T )
2
e.

y². dã��5ÎÝ�½Â�� la(T ) ≥ d∆(T )
2
e.

Ï�ä T ���Ý� ∆(T ), §�>Úê χ′(T ) = ∆(T ), ä T ¥?¿ü«ôÚ�>�ÑfãÑ

¬/¤���5Ü�, Ïd la(T ) ≤ dχ
′(T )
2
e = d∆(T )

2
e.

nþ¤ã, ä T ��5ÎÝ la(T ) = d∆(T )
2
e. �

Ún 2. éuä T Ú´ Pn�(k�Èã T�Pn, la(T�Pn) = d∆(T�Pn)
2
e.

y². �â(k�Èã�½Â,·���3(k�Èã T�Pn¥,��Ý∆(T�Pn) = ∆(T )+2,

@o la(T�Pn) ≥ d∆(T�Pn)
2
e = d∆(T )+2

2
e.e¡·�Uì(k�Èã T�Pn ¥�>´Ä�ä T ¥�

>, 5é(k�Èã T�Pn¥�>?1y©.

XJ(k�Èã T�Pn¥�>´ä T ¥�>, @o·�òù
>�\8ÜX ¥, �¤k�>�

Ü�\ X ¥�, ·��� X ¥�¹ n+ 1�ä T �ëÏ©|, �ù n+ 1�ëÏ©|�m´üüØ

���. d�3 T�Pn \X ¥, Ùz��ëÏ©|Ñ´´ Pn, � T�Pn \X ¤�¹�ëÏ©|ê
�ä T �º:ê, Ó� T�Pn \X ���ëÏ©|�m�´üüØ���, Ïd T�Pn \X ÷v�
5Ü��½Â.

(ÜÚn 1, ·��±�� la(T�Pn) ≤ la(T ) + la(Pn) = d∆(T )
2
e+ 1 = d∆(T )+2

2
e = d∆(T�Pn)

2
e.

nþ¤ã, ä T Ú´ Pn(k�Èã T�Pn��5ÎÝ la(T�Pn) = d∆(T�Pn)
2
e. �

Ún 3. éuä T Ú´ Pn��Èã T × Pn, la(T × Pn) = d∆(T×Pn)
2
e.

y². d�Èã�½Â��, �Èã T × Pn���Ý ∆(T × Pn) = 2∆(T ).

dã��5ÎÝ�½Â��, �Èã T × Pn ��5ÎÝ la(T × Pn) ≥ d∆(T×Pn)
2
e = d 2∆(T )

2
e =

d∆(T )e. dÚn 1��, ä T ��5ÎÝ la(T ) = d∆(T )
2
e, =ä T �±� d∆(T )

2
e��5Ü�CX,

·�rä T ¤©)¤��5Ü�P� LFi, Ù¥ i ∈ {1, 2, . . . , d∆(T )
2
e}.
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e¡·��â�5Ü� LFi ¥>��¹5é�Èã T × Pn �>?1©), ·���e

usut ∈ LFi, vivj ∈ Pn,@o3�Èã T×Pn¥,k (us, vi)(ut, vj) ∈ T×Pn, (us, vj)(ut, vi) ∈ T×Pn.

3é�Èã T × Pn >©)�L§¥, ·�ò�Èã T × Pn ¥�> (us, vi)(ut, vj)Ú (us, vj)(ut, vi)

�\ØÓ��5Ü�¥, = (us, vi)(ut, vj) ∈ LF 1
i , (us, vj)(ut, vi) ∈ LF 2

i , Ù¥ LF 1
i 6= LF 2

i , @ok

la(T × Pn) ≤ 2la(T ), Ïd�Èã T × Pn��5ÎÝ la(T × Pn) ≤ 2la(T ) ≤ 2d∆(T )
2
e = d∆(T )e.

nþ¤ã, �Èã T × Pn��5ÎÝ la(T × Pn) = d∆(T )e = d∆(T×Pn)
2
e. �

e¡·�±�Èã K3 × P2 �~5?1äN`². Xã 1¤«, ·�r K3 �º:P�

{u1, u2, u3, u4}, r P2 �º:P� {v1, v2, v3}, r K3 �>P� {u1u2, u1u3, u1u4}, r P2 �>P�

{v1v2, v2v3}.

Figure 1. The direct product of K3 × P2

ã 1. �ÈãK3 × P2

3�ÈãK3 × P2¥, ∆(K3 × P2) = 2∆(K3) = 6, �ÈãK3 × P2¤�¹�>k

{(u1, v1)(u2, v2), (u1, v1)(u3, v2), (u1, v1)(u4, v2);

(u1, v2)(u2, v1), (u1, v2)(u3, v1), (u1, v2)(u4, v1);

(u1, v2)(u2, v3), (u1, v2)(u3, v3), (u1, v2)(u4, v3);

(u1, v3)(u2, v2), (u1, v3)(u3, v2), (u1, v3)(u4, v2)}.

Ï� ∆(K3) = 3, la(K3) = 2, K3 �±�ü��5Ü�¤CX, ��Bå�, ·�rùü��5

Ü�©OP� LF1 Ú LF2, ·�r {u1u2, u1u3}w��5Ü� LF1 ¥�>, r {u1u4}w��5Ü
� LF2 ¥�>, ´ P2 ¥�>� {v1v2, v2v3}, e¡·��±ò�Èã K3 × P2 �>Uìä T ¥�5

Ü��CX�ª5?1�Ay©, =�ÈãK3 × P2�>�±Uì±e�ª5?1y©µ

A1 = {(u1, v1)(u2, v2), (u1, v1)(u3, v2), (u1, v2)(u2, v3), (u1, v2)(u3, v3)}.

A2 = {(u1, v2)(u2, v1), (u1, v2)(u3, v1), (u1, v3)(u2, v2), (u1, v3)(u3, v2)}.

A3 = {(u1, v1)(u4, v2), (u1, v2)(u4, v1), (u1, v2)(u4, v3), (u1, v3)(u4, v2)}.

ò�Èã K3 × P2 �>²Lù�y©��, ·��±�� A1, A2, A3 þ��5Ü�, Ïd

la(K3 × P2) ≤ 2la(K3) ≤ 2d∆(K3)
2
e = d∆(K3×P2)

2
e.

dã��5ÎÝ�½Â��, la(K3 × P2) ≥ d∆(K3×P2)
2

e.

nþ¤ã, la(K3 × P2) = d∆(K3×P2)
2

e. �

½n 1. éuä T Ú´ Pn�rÈã T � Pn, la(T � Pn) = d∆(T�Pn)
2
e.

y². ·���rÈã´(k�ÈãÚ�Èã�¿, @odrÈã�½Â��, ∆(T � Pn) =

∆(T�Pn) + ∆(T × Pn) = (∆(T ) + 2) + 2∆(T ) = 3∆(T ) + 2.
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dã��5ÎÝ�½Â��, la(T � Pn) ≥ d∆(T�Pn)
2
e = d 3∆(T )+2

2
e.

dÚn 2ÚÚn 3�� la(∆(T�Pn)) + la(∆(T × Pn)) = d∆(T )+2
2
e+ ∆(T ) = d 3∆(T )+2

2
e, ¤±

la(∆(T � Pn)) ≤ la(∆(T�Pn)) + la(∆(T × Pn)) = d 3∆(T )+2
2
e.

nþ¤ã, ä T Ú´ PnrÈã T � Pn��5ÎÝ la(T � Pn) = d 3∆(T )+2
2
e = d∆(T�Pn)

2
e. �

3. o(

1980c, Akiyama, Exoo, HararyJÑ
�5ÎÝß�, 40õc5, dß���Ñ´ãØ¥2�

É'5�9:{K��, ¯õÆöÝ�udß��ïÄ¿�d�Ñ
��z, î8��, ��Ý�

10�ã!²¡ã!X�²1ã�ãa®²�y²´÷v�5ÎÝß��, �dß��vk���y

². �©·�ÏLéäÚ´�¦È(�?1ïÄ, y²
äÚ´�(k�Èã!�Èã!rÈãÑ

÷v�5ÎÝß�, ´L
dïÄ+��ïÄ(J.
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