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Abstract

In this paper, we mainly study right orthogonal classes of level module. It is called
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cospiral module. The paper is divided into four parts. Firstly, we introduce the notion

of the cospiral modules and some general results. Secondly, some equivalent char-

acterizations of cospiral modules are given. Thirdly, we discuss applications in the

commutative ring of cospiral modules.
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1. Úó

3 2014 c, Bravo Gillespie, and Hovey 3©z [1]¥, ÄgJÑ
 level ��m��a�Vg,

½Â� cospiral �. ±�d¤k cospiral �|¤�a, P� C . ¦�´|^�Ó�g´± level ��

Ä:/Ï Ext ¼fÚ\ cospiral ��Vg. éu?¿� level �m R-� L, Ñk Ext1R(L,M) = 0,

@om R-�M ¡� cospiral �. ,	, 3ù�Ø©¥, ��Ñ
 cospiral ý�äÚ�ä9 level ý

CXÚCX�½Â. 3 2016 c, Hu and Geng 3©z [2]¥, y²
¤k� level mR-�Ñ´Xa.

Bravo Gillespie, and Hovey 3©z [1] ¥, �y²
( level �, cospiral �) ´���{Lé. ùÒ

`²
éu?¿� R-�Ñk cospiral ý�ä��=�?¿�R-�Ñk level ýCX. Ïd, cospiral

ý�ä½ö´ level ýCX3Ó�¿Âe´���. ,	, ·�ò½Â���ê, ¡� cospiral �ê,

ò3��Ø©¥Ì�ïÄù��ê. dd��, cospiral ���'¯K�ké��ïÄd�. §3�

éÓN�ê�uÐL§¥�Óâ
��/ . �©l cospiral �\Ã, �Ìfá#Ú¶H�3©

z [3]9����á�3©z [4]¥é{L��ïÄg´5&? cospiral �¤éA�5�.

2. Ì�(J

1�Ù, Ì�0�
�'�ïÄ�µ, Ì�(JÚý��£.

1�Ù, é cospiral �?1
�d�x. Ì���
Xe(J:

½n 2.1.9 � R´�, Ke��d:

(1)M ´ cospiral �;

(2)M 'u�Ü�

0→ A→ B → C → 0
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´S��, Ù¥ C ´ level �;

(3)é?¿��Ü�

0→M → B → C → 0,

Ù¥ B ´ level �, K B → C ´ C � level ýCX;

(4)M ´ level ýCX B → C �Ø, Ù¥ B ´ cospiral �.

1nÙ, ?Ø
 cospiral �3���¥�A^. Ì���
±e(J:

½n 3.1.4 � ϕ : R→ S ´�÷Ó�.XJ RS ´��k�)¤Ý��, e RM ´�� cospiral

R-�, @o SHomR(SS ,RM) ´�� cospiral�.

3. ý��£

�©©ªb� R´kü ���. �©¥� R-�Ñ´m R-�, m R-�M �P�MR. ¤k�

R-�Ñ´N�. ¤k�m R-��¤��Æ, P� R-Mod. 3�!¥, ·�ò£��
½ÂÚÄ��

(J.

½Â1 [1] XJM k��k�)¤Ý��Ý�©), @o(�)�M ¡� type FP∞.

½Â2 [1] � R ´���, XJéu¤k� type FP∞ ��M , Ñk Ext1R(M,N) = 0, @o

¡� R-� N � FP∞- S��½ö absolutely clean, �q/, XJéu¤k� type FP∞ �m R-�

M , Ñk TorR1 (M,N) = 0, @o¡� R-� N � level �.

½Â3 [1] �½�� abelian �ÆA, k��A �é� (F , C)�é�a, ÷v F⊥ = C ¿� F=
⊥C. Ù¥, F⊥ ´é� Y ∈ A �a, ¦�éu?¿� F ∈ F , ÑkExt1(F, Y ) = 0. K¡ (F , C) ��
�{Lé. �q/, ⊥C ´é� X ∈ A �a, ¦�éu?¿� C ∈ C, ÑkExt1(X,C) = 0.

½Â4 [5] XJéu?¿� A ∈ A, Ñk��á�Ü�

0→ C → F → A→ 0,

Ù¥ C ∈ C, F ∈ F , @o{Lé (F , C ) ¡�v
Ý��,aq/, �±½Â{Lév
S��½

Â. d©z [ [5], ·K7.17], ���Æ A v
Ý�ÚS�, @oÚ{Lé´�d�.

½Â5 [6] ez��ÑkF -CX�C -�ä, K¡(F , C ) ´���{Lé.

½Â6 [1] e{Lé´v
Ý�ÚS��, K¡����{Lé.

5du level �Ú²"�´aq�, ¤±·�Ï" (L , C ) ´���{Lé.

½n7 [1] d©z [ [1], ½n2.14] ��, éu?¿�� R, (L , C ) �¤
�����{Lé.

½Â8 [6] XJéu?¿��Ü�

0→ L
′
→ L→ L

′′
→ 0.

e L,L
′′ ∈F , k L′ ∈F , @o¡ù�{Lé(L , C ) ´¢Dé.
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5d©z [ [1], ·K2.10] ��, (L , C ) ´¢Dé.

½Â9 [1] XJéu¤k� level � L , Ñk Ext1R(L,M) = 0, @o¡�M � cospiral �.

½Â 10 ��Ó� φ : M → C, Ù¥ C ´ cospiral �, XJéu?¿�Ó� f : M → C
′
, Ù¥

C
′
´ cospiral �, �3��Ó� g : C → C

′
, ¦� gφ = f , @o¡ φ : M → C ´M � cospiral ý

�ä.

½Â 11 XJ g ´ C �gÓ�, � C
′

= C ¿� f = φ �, @o φ ¡�M � cospiral ���

ä�½Â.

½Â 12 ��Ó� φ : L → M , Ù¥ L ´ level �, XJéu?¿�Ó� f : L
′ →M , Ù¥ L

′

´ level �, �3��Ó� g : L
′ → L, ¦� φg = f , @o¡ φ : L→ M ´M � cospiral ��ýC

X�½Â.

½Â 13 XJ g ´ L �gÓ�, � L = L
′
¿� f = φ �, @o φ ¡�M � level ��CX�

½Â.

½Â 14 XJ±eS�µ

0→M → C0 → C−1 → C−2 → · · · → C−(n−1) → C−n → 0

´�Ü�, Ù¥ C0, C−1, C−2, . . . , C−(n−1), C−n ´ cospiral �, @o¡M � cospiral �ê ≤ n, P

� cd(M) ≤ n. XJvkù�� n, K cd(M) =∞.

4. Cospiral �

Ún 2.1.1 [7] � ϕ : L→M ´M � levelýCX,¿�b� L´*Üµ4�. �K = ker(ϕ).

@oéu?¿� C ∈ L , Ñk Ext1R(L
′
,K) = 0.

½n 2.1.2 [7] éu?¿�ü� R-�M , N , e��dµ

(1) ÏL N , M �z��*ÜÑ´²��, =z���Ü�

0→M → X → N → 0

´©��;

(2) Ext1R(N,M) = 0.

½n 2.1.3 �M ´m R-�, e α : L→M � level CX, K kerα ´ cospiral �.

y² dÚn2.1.1��y.

Ún 2.1.4 e(L , C ) ´¢Dé, Kéu?¿� L ∈ L 9 M ∈ C , ?¿�ê m ≥ 0, k

Extm+1
R (L,M) = 0.
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y² d©z [ [6], ·K1.2] ��.

·K 2.1.5 e(L , C ) ´¢Dé, e±eS�

0→ A→ B → C → 0

´�Ü�,Ù¥B´ cospiral�,Kéu?Û�R-�L ∈ L 9?¿��êm ≥ 0,kExtm+1
R (L,A) ∼=

ExtmR (L,C).

y² ·�k±e�Ü�µ

. . .→ ExtmR (L,B)→ ExtmR (L,C)→ Extm+1
R (L,A)→ Extm+1

R (L,B)→ . . . ,

¤±, ·�dÚn2.1.4��, Extm+1
R (L,A) ∼= ExtmR (L,C).

·K 2.1.6 -{Ci}i∈I ´m R-�q, Kk
∏

i∈I Ci ´ cospiral ���=�z�� Ci ´ cospiral

�.

y² d cospiral ��½Â��.

Ún 2.1.7 �ϕ :M → C ´M � cospiral�ä,¿�b�C ´*Üµ4�. �D =coker(ϕ) =

C/ϕ(M). @oéu?¿� C
′ ∈ C , Ñk Ext1R(D,C

′
) = 0.

y² d½n2.1.2��, éu C
′ ∈ C , �ÄÏL D �?¿�� C

′
�*Ü. b�e��Ü�´

ù����*Üµ

0→ C
′
→ N → D → 0.

� I =im(ϕ). @o·�ke� h : N → D Ú σ : C → D .£ã:

0

��

0

��
M

��

C
′

��

C
′

��
0 // I // P

��

// N

��

// 0

0 // I // C

��

// D

��

// 0

0 0

Ù¥ I → C ´���¹N�, α : I → P , β : N → 0, f : P → C. Ï� C
′
, C ∈ C , ¤±�±�

Ñ P ∈ C . qÏ� ϕ : M → I ↪→ C ´�� cospiral �ä, ¤±k���5N� g : C → P ¦�

α ◦ ϕ = g ◦ i ◦ ϕ. Ïd, ·�k f ◦ αϕ = (fg) ◦ i ◦ ϕ. Ïd, �� fg ´ C �gÓ�. ¤±, �±��

β ◦ g(fg)−1 ◦ ϕ = β ◦ g ◦ ϕ = β ◦ αϕ = 0.
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¤±, éu?¿� l ∈ C, ·�Ñ�±ÏL σ(l) � βg(fg)−1(l) ½Â���5N� u : D → N . ,	,

·�k

h ◦ uσ(l) = hβg(fg)−1(l) = σfg(fg)−1(l) = σ(l).

Ïd, ·��±�Ñ h ◦ u = 1D. ¤±, ·�y�e��Ü�

0→ C
′
→ N → D → 0

´���. ¤±, ·�k½n2.1.2��, Ext1R(D,C
′
) = 0. y.. ·K 2.1.8 � R´�, K:

(1)level �� cospiral �ä´ level �;

(2)cospiral�� levelCX´ cospiral�. y² (1)� L´ level�, α : L→ C ´ L� cospiral

�ä, dÚn2.1.7��, �Ü�

0→ L→ C → D → 0

¥ D ´ level �, d©z [ [1], ·K2.10] ��, level �´*Üµ4�, ¤±y� C ´�� level �.

(2)� C ´ cospiral �, α : L→ C ´ C � level CX, dÚn2.1.1��, �Ü�

0→ K → L→ C → 0

¥ K ´ cospiral �, d©z [ [1], ½n2.12] 9©z [ [1], ·K2.7] y²��, cospiral �´*Üµ4

�, ¤± C ´ level �.

e¡½n�Ñ
 cospiral ���d�x.

½n 2.1.9 � R´�, Ke��d:

(1)M ´ cospiral �;

(2)M 'u�Ü�

0→ A→ B → C → 0

´S��, Ù¥ C ´ level �;

(3)é?¿��Ü�

0→M → B → C → 0,

Ù¥ B ´ level �, K B → C ´ C � level ýCX;

(4)M ´ level ýCX B → C �Ø, Ù¥ B ´ cospiral �.

y² (1)⇒ (2) w,.

(2)⇒ (1) �½�� level � C, K�3á�Ü�

0→ A→ B → C → 0,
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Ù¥ B ´Ý��, �±p�Ñ

HomR(B,M)→ HomR(A,M)→ Ext1R(C,M)

´�Ü�. qk®���,

HomR(B,M)→ HomR(A,M)→ 0

´�Ü�, ·���Ñ Ext1R(C,M) = 0, ¤±·�d cospiral ��½Â��, M ´ cospiral �.

(1)⇒ (3) N´�y.

(3)⇒ (4) éu level �M , P C(M) ´M � cospiral �ä, Kk�Ü�

0→M → C(M)→ L→ 0.

db���, C(M) ´ level �, ·�d(3)��, C(M)→ L ´ L � level ýCX, ¤±(4)w,¤á.

(4)⇒ (1) d(4)��, �3�Ü�

0→M → B → C → 0,

Ù¥ B → C ´ C � level ýCX, B ´ cospiral �, ¤±é?¿� level � N , ·�Ñk�Ü�

Hom(N,B)→ Hom(N,C)→ Ext1R(N,M)→ 0,

qk(4)��,

Hom(N,B)→ Hom(N,C)→ 0

´�Ü�, ¤±·��±�Ñ Ext1R(N,M) = 0. d cospiral ��½Â��, M ´ cospiral �.

5. Cospiral �3���¥�A^

3ù�Ü©¥, vkAÏ`², ¤k��Ñ´����. �e5�ù�Únò3e�ïÄ¥ª�

�¦^.

Ún 3.1.1 � R ´�, M ´�� R-�. @oe��d:

(1)M ´ cospiral �;

(2)éu?¿�Ý� R-� P , HomR(P, M) ´ cospiral R-�;

(3)XJ cospiral R-��a´�Úµ4�, éu?¿�Ý� R-� P , P ⊗M ´�� cospiral �.

y² (1)⇒ (2) w,.

(2)⇒ (1) � P = R.

(3)⇒ (2) éu?¿�Ý� R-� P , K�3��gd R-� RI 9� R- �K, ¦�

RP ⊕R K ∼= RI .

DOI: 10.12677/aam.2022.113108 1009 A^êÆ?Ð

https://doi.org/10.12677/aam.2022.113108


�2§½[Â

,	, ·���±eÓ�´¤á�:

HomR(RI ,M) ∼= HomR(R,M)I ∼= M I .

Ï�(1)Ú(2) ´�d�, K��, M I ´�� cospiral R- �, qÏ±eÓ�´¤á�:

HomR(RI ,M) ∼= HomR(RP,M)⊕HomR(RK,M),

¤±·��±�Ñ±eÓ�´¤á�:

M I ∼= HomR(RP,M)⊕HomR(RK,M).

®� cospiral R-��a´�Úµ4�, Ïd HomR(RP,M) ´�� cospiral R-�. ¤±(2)¤á.

(2)⇒ (3) éu?¿�Ý� R-� P , K�3��gd R-� RI 9� R- �K, ¦�

RP ⊕R K ∼= RI .

·�k±eÓ�¤á:

RI ⊗R M ∼= (R⊗R M)I ∼= M I .

Ï� cospiral R-�´�Èµ4�, ¤±��, M I ´�� cospiral R-�, qÏ±eÓ�´¤á�:

RI ⊗R M ∼= (RP ⊗R M)⊕ (RK ⊗R M),

¤±·��±�Ñ RM ∼= (RP ⊗R M)⊕ (RK ⊗R M) ∼=R M)I , qÏ�(3)¥ cospiral R-��a´�

Úµ4�, Ïd RP ⊗R M ´�� cospiral R-�.

·K 3.1.2 � R ´�¿�¦� cospiral R-��a´�Úµ4�, @oe��d:

(1) C(RR) ´Ý��;

(2) ?¿�Ý� R-�� cospiral �äo´Ý��.

y² (1)⇒ (2) �Ä±e�Ü�

0→ R→ C(RR)→ L→ 0.

@oéu?¿�Ý� R-� P , Ñk�Ü�

0→ R⊗R P → C(R)⊗R P → L⊗R P → 0,

Ù¥ L ´��level R-�.

ey: L⊗R P ´��level R-�.

éu?¿�Ý� R-� P , �3��gd R-� RI 9� R-�K, ¦�

RP ⊕R K ∼= RI .

DOI: 10.12677/aam.2022.113108 1010 A^êÆ?Ð

https://doi.org/10.12677/aam.2022.113108


�2§½[Â

·�k±eÓ�¤á:

RI ⊗R L ∼= (R⊗R L
I) ∼= LI ,

Ù¥ L ´level R-�, qÏ±eÓ�´¤á�:

RI ⊗R L ∼= (RP ⊗R L)⊕ (RK ⊗R L),

¤±·��±�Ñ

RL ∼= (RP ⊗R L)⊕ (RK ⊗R L).

qÏ� level R-��a´�Úµ4�, Ïd RP ⊗R L ´�� level R-�.

�e5�Ä�Ü�

0→ P → C(R)⊗R P.

P f : P → C(R)⊗R P , Ï� L⊗R P ´�� level R-�, ¤± f : P → C(R)⊗R P ´ cospiral ý�

ä, d®�^�(1)��, C(R) ´Ý� R-�, qÏ� P ´Ý��, ¤±�±�Ñ C(R)⊗R P ´Ý�

R- �, Ï�dÚn4.1.1��, C(R)⊗R P ´��cospiral R-�, ¤± P → C(R)⊗ P ´ P �ý�ä,

Ïd P → C(P ) ´ P ��ä, ¤±�±�� C(P ) ´ C(R)⊗ P ��Ú�, ¤± C(P ) ´Ý��.

(2)⇒ (1) ´y.

·K 3.1.3 � R ´�, XJ D(R) ≤ 1(=, R ´��¢D�), @oéu?¿� R-� B, C, k

Ext1R(B,C) ´ cospiral R-�.

y² éu?¿� R-� A,B,C, @o(1)�y²d©z [ [8], p.343] ��, kÓ�:

Ext1R(TorR1 (A,B), C) ∼= Ext1R(A,Ext1R(B,C)), ¤±(Ø´¤á�.

½n 3.1.4 � ϕ : R→ S ´�÷Ó�.XJ RS ´��k�)¤Ý��, e RM ´�� cospiral

R-�, @o SHomR(SS ,RM) ´�� cospiral�.

y² Äk·�ky²éu?¿� SX ´�� level R-�, Kk RS ⊗S X ´�� level R-�.

éu?¿� type FP∞-S�� F , Kk�Ü�

· · · →R P1 →R P0 →R F → 0,

Ù¥z�� RPi Ñ´k�)¤Ý��. Kþã�Ü��±p�Ñ±e�Ü�

· · · →R P1 ⊗R S →R P0 ⊗R S →R F ⊗R S → 0.

®� RS ´k�)¤Ý��, ¤±�±�Ñ RPi ⊗R S ´k�)¤Ý��, Ïd·�d type FP∞-S

��½Â��, RF ⊗R S ´ type FP∞-S�� S-�, = TorS1 (RF ⊗R S,X) = 0§qÏ

TorS1 (RF ⊗R S,X) ∼= TorR1 (RF,R S ⊗S X),

¤±�Ñ TorR1 (RF,R S ⊗S X) = 0 Ïd·�y²Ñ RS ⊗S X ´�� level R- �.

�e5·�y² SHomR(SS , RM) ´�� cospiral�.
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Ï�®�MR ´�� cospiral R-�, ¤±d cospiral��½Â��, Ext1R(RX,RM) = 0, ,	, kÓ

�

Ext1S(SX,S HomR(RSS ,RM)) ∼= Ext1R(RX,RM),

¤± Ext1S(SX,S HomR(RSS ,RM)) = 0, Ïd·�d cospiral��½Â��, SHomR(RSS ,RM) ´

cospiral�.
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