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Abstract

In this paper, we mainly investigate the fractional differential equation on infinite

interval. Under certain conditions, we establish the existence of extremal solutions as
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well as iterative schemes by employing the monotone iterative technique.
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1. Úó

�©ïÄÃ¡«mþ�©ê��©�§È©>�¯K(BVP) :
Dα

0+x(t) + a(t)f(t, x(t)) = 0, 0 < t < +∞,

x(0) = x′(0) = · · · = x(n−2) = 0, lim
t→+∞

Dα−1
0+ x(t) =

∫ +∞

0

h(t)x(t)dA(t),
(1.1)

Ù¥n−1 < α ≤ n, n ≥ 2, Dα
0+´Riemann-Liouville�©. a ∈ L[0,+∞), a(t) 6≡ 0, 0 <

∫∞
0
a(s)ds <

+∞, h : (0,+∞) → [0,+∞)´ëY�¿�h ∈ L1(0,+∞),
∫ +∞

0
h(s)x(s)dA(s)L«äk2ÂÿÝ

�Riemann-StieltjesÈ©, A : (0,+∞) → (−∞,+∞)´k.C�¼ê,
∫ +∞

0
h(t)tα−1dA(t) < Γ(α),∫ +∞

0
h(t)dA(t) < Γ(α). f : [0,+∞]× [0,+∞)→ [0,+∞)ëY.

�©�§Ã¡>�¯K�ïÄ, ©u1896cKueser [1]. Agarwal ÚO’Regan [2]éÃ¡«mþ

��©�§�
�[0�. Zhao ÚGe [3]$^ØÄ:½nïÄ
Ã¡«mþ©ê��©�§n:

>�¯K�Ã.). Liang ÚZhang [4, 5]¼�
õ:>�^�e, �§�õ)5. Ã¡«mþ©

ê��©�§>�¯K�ïÄ, �õ�Ä�´©ê��ê½Âe�õ:, È©>�¯K [6–8], é

uRiemann-StieltjesÈ©½Âe�È©>�¯K�ïÄ, �é��. Ïd, �©¥�§�ïÄ´�©

k¿Â�.

2. ý��£

½Â2.1 [9, 10] (Riemann-Liouville) α �È©½Â�

Iα0+x(t) =
1

Γ(α)

∫ t

0

(t− s)α−1x(s)ds,
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Ù¥n− 1 ≤ α < n, n ��ê.

½Â2.2 [9, 10] (Riemann-Liouville) α ��ê½Â�

Dα
0+x(t) =

1

Γ(n− α)

(
d

dt

)n ∫ t

0

(t− s)n−α−1x(s)ds,

Ù¥n− 1 ≤ α < n, n ��ê.

Ún2.1 [9, 10] eα > 0, x ∈ L(0, 1), Dα
0+x ∈ L(0, 1), K

Iα0+D
α
0+x(t) = x(t) + c1t

α−1 + c2t
α−2 + · · ·+ cnt

α−n,

Ù¥ci ∈ (−∞,+∞), i = 1, 2, ..., n, n− 1 < α ≤ n.

Ún2.2 b�y ∈ C(0,+∞) ∩ L(0,+∞), K©ê��©�§
Dα

0+x(t) + y(t) = 0, t ∈ (0,+∞), n− 1 < α ≤ n, n ≥ 2,

x(0) = x′(0) = · · · = x(n−2) = 0, lim
t→+∞

Dα−1
0+ x(t) =

∫ +∞

0

h(t)x(t)dA(t)

(2.1)

k)

x(t) =

∫ ∞
0

G(t, s)y(s)ds,

Ù¥

G(t, s) = G0(t, s) +G1(t, s), (2.2)

G0(t, s) =
1

Γ(α)

 tα−1 − (t− s)α−1, 0 ≤ s ≤ t ≤ +∞,

tα−1, 0 ≤ t ≤ s ≤ +∞,

G1(t, s) =
tα−1

Γ(α)−
∫ +∞

0
h(t)tα−1dA(t)

∫ +∞

0

h(t)G0(t, s)dA(t).

Ún2.3 d(2.2) ½Â�G(t, s) ke�5�µ

(1) G(t, s) ≥ 0, (t, s) ∈ [0,+∞]× [0,+∞].

(2) G(t, s) 3[0,+∞]× [0,+∞] þëY.

(3) G(t, s) ≤ ω, ω = max
{

1
Γ(α)

,
∫ +∞
0

h(t)dA(t)

Γ(α)(Γ(α)−
∫ +∞
0

h(t)tα−1dA(t))

}
.
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y² �âG(t, s) �½Â, �Iy²(3) ¤á. du

G0(t, s) ≤ tα−1

Γ(α)
≤ 1

Γ(α)
,

G1(t, s) ≤ tα−1

Γ(α)
(

Γ(α)−
∫ +∞

0
h(t)tα−1dA(t)

) ∫ +∞

0

h(t)dA(t)

≤ 1

Γ(α)
(

Γ(α)−
∫ +∞

0
h(t)tα−1dA(t)

) ∫ +∞

0

h(t)dA(t),

¤±G(t, s) = G0(t, s) +G1(t, s) ≤ ω. �

3. Ì�(J

�X = C[0,+∞), ½Â

E =

{
x ∈ C[0,+∞) : sup

t∈J

|x(t)|
1 + tα−1

< +∞
}
. (3.1)

�ê‖x‖ = supt∈J
|x(t)|

1+tα−1 , KE ´Banach �m, P

K = {x ∈ E : x(t) ≥ 0, t ∈ J} .

ÏdK ´X ���I.

�©, ·�b�e¡�^�(H1) ¤á.

(H1) f : [0,+∞) × [0,+∞) → [0,+∞) ´ëY¼ê. f(t, 0) 6≡ 0, ¿�3[0,+∞) þu k.�,

f(t, (1 + tα−1)u k..

d(H1), ½ÂÈ©�fT : K → X:

(Tx)(t) =

∫ +∞

0

G(t, s)a(s)f(s, x(s)ds, t ∈ [0,+∞). (3.2)

w,BVP (1.1) k)x ��=�x ∈ K ´d(3.2) ½Â��fT �ØÄ:.

Ún3.1 [11, 12] E d(3.1) ½Â, M ´E ¥�k.8, e
{
x(t)
1+t

: x ∈M
}

,{x′(t) : x ∈M} 3J þ�

?�k.f8þ�ÝëY, �é?¿�½�ε > 0, �3N > 0, t1, t2 > N , ¦�
∣∣∣x(t1)

1+t
− x(t2)

1+t

∣∣∣ < ε,

|x′(t1)− x′(t2)| < ε éx ∈M ��¤á, KM 3E ¥´�é;�.

dÚn3.1 ´�, e¡�½n3.1 ¤á.

½n3.1 b�^�(H1) ¤á, KT : K → K ´�ëY�f.
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½n3.2 b�^�(H1) ¤á, ¿��3~êd > 0 ÷ve�^�:

(H2) f(t, u) ≤ f(t, u), t ∈ [0,+∞), 0 ≤ u ≤ u.

(H3) f(t, (1 + tα−1)u) ≤ d
%
, (t, u) ∈ [0,+∞)× [0, d],

where

% = ω

∫ ∞
0

a(s)ds, ω dÚn2.3 ½Â.

KBVP (1.1) k4�)Ú4�)w∗, ν∗ on [0,+∞), ÷v

0 < sup
t∈[0,+∞)

|w∗(t)|
1 + tα−1

≤ d, 0 < sup
t∈[0,+∞)

|ν∗(t)|
1 + tα−1

≤ d.

w0(t) = dtα−1, ν0(t) = 0, t ∈ [0,+∞), S�S�{wn}, {νn} �±L«�

wn = ω

∫ ∞
0

G(t, s)a(s)f(s, wn−1(s))ds,

νn = ω

∫ ∞
0

G(t, s)a(s)f(s, νn−1(s))ds,

¿�k

lim
n→+∞

sup
t∈[0,+∞)

|wn(t)− w∗(t)|
1 + tα−1

= 0, lim
n→+∞

sup
t∈[0,+∞)

|νn(t)− ν∗(t)|
1 + tα−1

= 0.

y² d½n3.1, T : K → K ´�ëY�f. é?¿�x1, x2 ∈ K, x1 ≤ x2, d�fT�½Â

Ú(H2)��, Tx1 ≤ Tx2. -Kd = {x ∈ K : ‖x‖ ≤ d} . �e5, ·�Äky²T : Kd → Kd. é?¿

�x ∈ Kd, k0 ≤ x(t)
1+tα−1 ≤ d, t ∈ [0,+∞).d(H3) ��,

f(t, u) ≤ ϕp
(
d

%

)
, (t, u) ∈ [0,+∞)× [0, d].

dÚn2.3 Ú(H3),

‖(Tx)‖ = sup
t∈[0,+∞)

1

1 + tα−1

∫ +∞

0

G(t, s)a(s)f(s, x(s)ds

≤ ω
∫ ∞

0

a(s)f(s, x(s)ds ≤ d.

¤±, T : Kd → Kd.

b�w0(t) = dtα−1, t ∈ [0,+∞), Kw0(t) ∈ Kd. -w1 = Tw0, w2 = Tw1 = T 2w0, d½

n3.1 �, w1, w2 ∈ Kd. ½Âwn+1 = Twn = Tnw0, n = 1, 2, · · · . duT : Kd → Kd, ·�

kwn ∈ T (Kd) ⊂ Kd, wn ∈ A(Kd) ⊂ Kd. d�fT ��ëY5��{wn}∞n=1 ´E ¥��;8. d
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^�(H3), ·�k

w1(t) =

∫ +∞

0

G(t, s)a(s)f(s, w0(s)ds

≤ ω
∫ +∞

0

a(s)f(s, w0(s)ds

≤ ωtα−1

∫ +∞

0

a(s)f(s, w0(s)ds

≤ dtα−1 = w0(t).

(3.3)

d(3.3)ªÚ^�(H2) ��

w2 = Tw1 ≤ Tw0 = w1. (3.4)

8B��

wn+1 ≤ wn, n = 1, 2, · · · . (3.5)

Ïd, �3w∗ ∈ K ÷vwn → w∗, n→ +∞. dT �ëY5Úwn+1 = Twn, kTw∗ = w∗.

,��¡, duν0(t) = 0, t ∈ [0,+∞), Kν0(t) ∈ Kd. -ν1 = Tν0, ν2 = Tν1 = T 2ν0,

d½n3.1��ν1, ν2 ∈ Kd. Pνn+1 = Tνn = Tnν0, n = 1, 2, · · · . duT : Kd → Kd, ·�

kνn ∈ T (Kd) ⊂ Kd. dT ��ëY5��{νn}∞n=1 ´E ¥��;8. duν1 = Tν0 ∈ Kd, k

ν2 = Tν1 ≥ 0.

8B��

νn+1 ≥ νn, n = 1, 2, · · · . (3.6)

Ïd, �3ν∗ ∈ K ÷vνn → ν∗, n→ +∞. A^T �ëY5Úνn+1 = Tνn, ·�kTν∗ = ν∗.

e¡y²w∗Úν∗´BVP(1.1)3(0, dtα−1]þ�4�)Ú4�). b�u ∈ (0, dtα−1]´BVP(1.1)�

?�), =Tu = u. duT ´�~�, ν0(t) = 0 ≤ u(t) ≤ dtα−1 = w0(t), Ïd, ·�kν1(t) =

(Tν0)(t) ≤ u(t) ≤ (Tw0)(t) = w1(t), t ∈ [0,+∞). 8B��

νn ≤ u ≤ wn, n = 1, 2, 3, · · · . (3.7)

duw∗ = limn→+∞wn, ν
∗ = limn→+∞ νn, d(3.3)-(3.7)ª, �±��

ν0 ≤ ν1 ≤ · · · νn ≤ · · · ≤ ν∗ ≤ u ≤ w∗ ≤ · · · ≤ wn ≤ · · · ≤ w1 ≤ w0. (3.8)

duf(t, 0) 6≡ 0, t ∈ [0,+∞),�0Ø´BVP(1.1)�). ¤±,d(3.8)ª��w∗ Úν∗ ´BVP(1.1)

3(0, dtα−1] þ�4�)Ú4�), ¿�w∗ Úν∗ �±dS�S�wn = Twn−1, νn = Tνn−1 ��.

�
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