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Abstract

The crossing number of graphs is an important branch of graph theory. Many scholars at home
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and abroad have paid extensive attention to and studied the crossing number of graphs. Garey and
Johnson proved that the problem of determining the number of intersects of graphs is
NP-complete, so the problem of the number of intersects of graphs is still worth studying. However,
due to the difficulty of exploration and proof, the research on the crossing number of graphs is
slow at home and abroad. So far, the research results of graph crossing number focus on typical
graph class, and only get the exact crossing numbers of very few families graphs. In this paper, a
crossing number of chordal ring graphs CR,, (1,3,9) are studied by mathematical induction and

reduction. The upper bound of chordal ring graph CR, (1,3,9) is determined. By mathematical
induction, on the basis of k=2, cr(CR16 (l,3,9))= 4, and assuming k-1, the inequality is valid
for cr(CRy, ,(1,3,9))22(k~1). In this paper, the edge set of CR,, (1,3,9) is divided into 2k

groups with no intersection by the method of inverse proof, all possible cases are discussed, and
the lower bound of CR;, (1,3,9) of chordal ring graph is proved. It is thus proved that:

cr (CRy (1,3,9)) =2k (k 2 2).
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1. RZXHHRREHER
1.1. iaFE
EaSENINER T AL B H, L IR T RT H, 3SR A
cr(Hp,)=(m=-2)n.

Pz [2]Hi8 SC RAUEW] T
cr(H,,)=2n(n>2).
1.2. Knodal EW, ,
X e [3TUE B T Knodal W, | 1932 LECA -

or (Wyg ) =0;cr (W0 ) =1;

Cr(WS’”):PJJF nmodé -1,

6 2
1.3. Chordal Ring B CR (x,y,2)
Javaid % N[4[IEW] T CR, (1,3,5) FIZE X HL:
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HSCHE A[SIER T or (CRy (L3.7)) =1, or(CR, (L3,7))= M (nmod6)/2 (n>12 FL n HfEH).
Muhammad Imran %5 A\ [6]#2 1 CR, (1,3,9) KI_EF(n>12 H n AE£D):

[2J+(n mod4),n=0,6(mod8);

cr(CR, (1,3,9))< g+3,n = 4(mod8);

[2—‘+(n mod4),n=2(mod8).

[+ Muhammad Imran %5 AEW] T cr (CRy (1,3,9)) =1, cr(CR,(13,9))=2, cr(cR14 (13,9))=1
CR,(139)=4, cr(CR,(L39))=4, cr(CR,(L39))=4, cr(CR,(139))=5, 4tH T CRy (13, 9)13’1
BF IR, WE T HAE B R A, or(CRy, (1,3,9)) <2k s WEWI T cr(CRy, (1,3,9)) =2k (k 2 2) . fHEK
IR BLSCHR BL CRy, (1,3,9) IUE T AE /b i i — 64T, A7 48 JLARIRIR . BRIHEA SR W]
or (CRy (1.3,9)) =2k (k 22) .

2. Chordal Ring & CRy, (1,3,9) XX #
2.1. Chordal Ring BICR;, (1,3,9)
N TET S, T30 Chordal Ring B CRy, (1,3,9) 184 G, » G, ITISAERIALLER: V (G, )=V UU ,
HrtV = {vy, 11 e Zo FLURMBEL) U = {v ), 00 Zo HIRAH]
E(Gk):Uiikol{Vlul Vlul+l V|u|+4}
¥ G, MBI 4k AN EAMZ M T, MTF0<i<dk-1, 4 E ={vu, v, ViU, } . WEEA
ARG, FATUSE T 8k X T 0<i<dk-1, ®ADE 2 E(G,) M—%, WA LIGE

E(G)=UYS'E . ENE =0, HA0<izj<4k-1. 4 D &G M— I uFmmik, M ()
(0<i <4k -1)E/NIHEAEEE D F5 E HILMAE XS5 H 1k %L,

fo (E;)=cr(E,E(G,)-E)/2

cr(D):Zi‘glfD(Ei)_
X T Gy B —MFIEE D, iBIF%?P%EZ';;f (E..;) 205l FIBNERS, Hbo<i<ak-1. 4
i<jif, H, =, E - O<i<4k-1.
4C, —vquleuHZszuHsv,+3u,+4v, 0<i<dk-1. 2B ={J. (Ui} o Q=uvu,,, BC P
N intC; il extC; PIANEEH X 35K
22. G, ZXXHHLF

51 21 % Fk>2, cr(G)<2k.
EW: WP 1R, 45T G AN R 2k AN X HU A .
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Figure 1. A good drawing of Gy
1. G —"MFHIESE

23. G, XXHHTH

231 G,%X#%

51322 cr(G,)=4.

e B G, 5 H, , [, anl 2 A&l 3 s, & A f s, f(v,)=a,, f(u,)=a, f(v)=a,:
f(u)=a,, f(us)=hy» f(v,)=b, f(u)=b,, f(v)=by, f(vs)=c,, f(u,)=c, f(v,)=c,,

fus)=Cyr F(u)=dys F(v3)=dys fuy)=d,, f(v;)=d, - EFE[2IMCE S, WEW T er(H,,)=4,
Hiter(G,)=4-

O O O O
MO V4 MS V5 u6 V6
u4 VO ul V1 u2 VZ

Figure 2. A good drawing of G,
E 2. G, B — N FESE

Figure 3. A good drawing of H,,
3. H,, —"NFHIESE
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232. G XXHHTFIER
518 2.3 Ber(G, ,)>2(k-1), DZG, B~ MFHIEL, cr(D)<2k, k>3, 1

cry (B,)+cr, (BLE(G,)-B )<1, 0<i<d4k-1.

WD LR Rl 4 org (Bo)+ory (Bo,E(G,) ~By) 22 BAE Ik D il B i 5k
D, M er(D7)<cr(D)-2 . HiF D' Gy, Ity — /M4 B F 0 %, 1 or(G,.,) 2 2(k-1) 74
cr(D7)22(k-1), FiLLF or(D)zcr(D')+222k , FHAEFIE. Hitor, (B)+cr, (B, E(G,)-B ) <17
i

315 2.4 % C A CRE G, FIKIPANE, R ZE G A I—% LAy, Ml v, N sif# 42, D2 G, i—4
IFfE N, BV (C)NV(C)=@, V(C)NV(R) =2 . # C A CHAZ, Wery (E(C),E(C'))=2k, k=1.
EME D T, # P15 CHIZ, Wy, filv, AT D(C) M X, Wer, (E(C),E(R))=2k, k=1:
Hv, My, 62 F D(C) AR X, Wer, (E(C).E(R))=1.

517 25 #cr(G,)22(k-1), D &G M —MFIIEE, cr(D)<2k, k>3. % f,(E)=0,
CrD(Hi,i+3)=1Huilui+5lui+e’ui+7r£D(Hi,i+3)5/‘37ﬁﬁlziﬁz'zp, )I_![J|iDS4, 0<i<4k-1.,

UEWT: SUEE. ANR—ME, 8% £, (E,) =0, cry(Hy,)=1, uo,u5,u6,u7Z;'ED(H03)E@Kﬁ[ziﬂi,
4 Q =V, UgVsUgVst; U P, (Uy, Vg ) UV oUy UP, (v, up) « V(Q)NV (Ho,s) = {Up, Ug, Ug, Uy | »
E(Q)NE(Hy;)=2, M5IHE 2.4 %1, cr, (E(Q).E(H,s))=2, Hery(Hys)=1, BULIY <4.

517 26 ¥or(G,,)22(k-1), D &G I —MFME%, cr(D)<2k, k>3. # f,(E)=0,
cry (B Eip) =1, M2 <5, 0<i<4k-1.

E: RUEZE. AR, B f,(E))=0, crp(E,E,)=1, Ig >5. HI5IH 2.5 %1, R
F D(HO,S) WAFAE\FIATBE RS, A&l 4 Fos

Figure 4. cr,(E,E,)=1
4. CrD(El'EZ):l

%IIE 27 -&Cr(kal)Zz(k_l)’ D /—wEéGk E‘J#/I\Q}Eg@‘i%! Cr(D)<2k ’ k23o %‘A fD(Ei):o’
cry (Eiyp Eig) =1, M2 <8, 0<i<4k-1.
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W] RAEWE. Rk Mtk B8y (Ey) =0, oy (B, E)=1, IP>8. Mi3I¥ 25 &1, Y
T D(H,, ) RAETE\Fh T e, Wl 5 B,

®)
Figure 5. cr,(E,,E,)=1
E 5. cr,(E,E)=1

51H 2.8 Ber(G,)>2(k-1), D ZG M~ MiFimEi%, cr(D)<2k, k>3. # f,(E)=0,
cry (B Eig) =1, MIP <12, 0<i<dk-1.

UEW: RUEVER. NR—ME, i £, (E))=0, crp (B Ey)=1, Ip >12. H51H 2.5 1, [AH=E X
T D(Hyz) RAEAE /AT RE A, Wl 6 FiR.

b
®)

Figure 6. cr,(E,E;)=1

Ee6. cr,(E,Ey)=1
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SIEE 29 #er(G,)=2(k-1), D &G, M—MNUFMmE%, cr(D)<2k, k>3. # fy(E)=
Oy (Hijs) =0 EL Uy, Uy g, Uy g, Uy, PIAITE N, , P ASTE extC )r!JIiDSS, 0<i<4k-1.

UEBH: B NR—RYE, % fy (Ey)=0, cry(Hos)=0, 19 >5. Hug,us,ug,u, HAFEINtC,
P R AE extC, , AR SUT D(Hy 5 ) RAFTE =Rl R MO EE, W 7 fis.

@

Figure 7. u,,Ug,Ug,U, two vertices intC, two vertices extC,
7. Uy, Ug,Ug, U, B SLFE intC, s 7E extC,

512 2.10 #er(G,)>2(k-1), D &G, M —MUFMEL, cr(D)<2k, k>3, # f,(E)=
O (Hijns) =0 H U U g, Uy g U, —SAE NG, ZAiFEextC, MIP <12,

UEWT: SE:. AR— ek, % £, (E,) =0, cry(Hos)=0, 10 >12. H ug,ug,Ug, U, — A7EINtC,
ZRAEeC,, AR ST D(Hy s ) RAFTEDUFI AT RE RIS, W 8 iR,

@)

Figure 8. u,,u,,Ug,U, one vertice intC, three vertices extC,
8. Uy, Us,Uq,U, —m 7E intC, = F7E extC,

518 211 #er(G,)>2(k-1), D &G M—MUFMEE, cr(D)<2k, k=3, 3 f,(E)=0
Cfp (Hijus) =0 Hu; Uy g, U6, Uy, 7EeXIC, IR <12

SIH 212 BB TAFER(i,j), 0<izj<dk-1, fFEREG, H@*%Qﬁ*@ﬁﬂ%%ﬁ@i,jﬁﬁﬂ
;i (Ein)=Ej,n» 0<m<4k-1. % D2 G —PNUFHETL, c 2P IEHE. X o<i<ak-1,
fo (E)<c, WFEAE—AIERSI(2<I<ak), Y7 T (6. )=lc, U”Jcr(D)>4cko

UEM]: EXPTAERMI(0<i<4k-1), A fy(E)=c, Mcr(D)=4ck fHik;

BRI (0<i<ak-1), 1843 f, (E))<c, B RIE Y7 fo (B, )2 lc i/ 1. & n RFTH n
Hi KIEG A0 AE—, MEEEATH S — A, Ak etk BB =0. TM?E’J%MIJH
E, (0 <i<4k—1) )\ E, JTURTHFHES:
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1) W E,,E,-,E, , A4

2) Ang=i, Wi RANHTEE, hFIRRAE. & f,(E)<c, WE,E,, - E,,_, NHE 4.
N4 E B SN A

3) MTHEARSAME, , IV QM H, UHHLHRE, BHEMNET—M0EE. &M
1o (B ) <c itk j(0< j<ak-1) Hg, NEHEE, MH. Hn M5E T, E ARG, TN
BB )32 ny, 2 n o S B SCRAETE). Pk, A E USR8 T— 424

Wik BT AT A, B E PR X E DR o FHEANEURT AN, Bk
cr(D) > 4ck #HiF.

EH 213 Ber(G,)>2(k-1), D &G M — MU HEL, cr(D)<2k, k>3. MEE—1
i(0<i<j<4k-1), # f,(E)<05, —EHLUTNEALE R

a) 1P <4;

b) I°<5;

c) I°<8;

d) I° <12,

UEWT: 24 £, (E) <05, #ory(H,,;)=1, M5IFE 25, 45 apior;

%oty (B Erp) =10 Oty (Hiis) =0 HLup, Uy g, Uy, Uy, PHASTE INC, , P ATE extC, , 15| 2E 2.6 F1 2.9,
i b BT

%y (g By ) =1, HIBIEL27, %5k c BT,

i (B Eg) =1+ ¢y (Hi,i+3) =0 H tj, Uy 5, Uy, Uy, — KAEINC, , = 07EeXC; v cry (Hi,i+3) =0 H.
U, U,s,U 6,U,, TEExtC, , FH5IHE 2.8, 51¥E 2,10, 5/H 211, W358 d or.

FrAEHE 2,13 £HE.

SEFE 214 k= 2H), cr(G.)=2k.

HER: BT K FIEGNIE G, 22 XU T At

k=20, HICER[2)%0, G, A XA 2;

ik —1(k 23) I, A% er (G, )=2(k-1) iz, FiEcr(G,)=2k.

ik cr (G ) <2k, G FMAES N EAMAN A A E, , X FAERTHE (i, j), 0<i<j<dk-1,
R G M — BRI &, LD, (E.y)=Ejn, ZHE0<m<4k-1,

W 1 FERI(0<i<j<4k-1), f,(E)205, Wer(G)=3""1(E)22k, SEETE, &
B BAOL, o (G )= 2k, & FAFIE,

5 2: FAAEI(0<i< j<4k-1), f,(E)<05, WHEH 213, FMRAESIH 2.12, ¢ B 05, W]
fer(G )22k, SREFE, Hitter(G)=2k, ERAHE.

3. &hig

ARSI 5y SCBRFHEUE Chordal Ring B CRy, (1,3,9)(k > 2) I3 XA, 4 AR B AF EvE, A
Al E BT SR 50 SRR IRGNE . SOIEEIE MRS U T R 2R 2k, SIRBOPE, IR
LAHf 5 Chordal Ring F CRy, (1,3,9) (k > 2) (938 XU 2k. Bl er(CRy, (13,9))=2k(k>2) .
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