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Abstract

In this paper, the qualitative properties of the predator-prey model with constant

investment rate are studied. The sufficient conditions for the stability of equilibrium

points are obtained by linearization method; and the conclusion for no limit cycle

is proved by Dulac function; by constructing boundary lines, the condition for the

existence of a limit cycle is gained. Finally, numerical simulation is used to verify the

correctness of the conclusion.
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1. Úó

éu �äk~êÝ�Ç� �-Ó XÚ�ïÄ, �@Ï�ó�k [1, 2], ©z [1]�[?Ø


�. {
ẋ = bx2(1− x

k
)− βxy + h,

ẏ = −cy + dxy.

��²ï:94����35Ú5�. ¿é�����.��
©|�3�^�. ©z [2]éÓ ö

kÝ�Ç�XÚ?1
½5©Û. ©z [3–5]©O?ØØÓ�.e �äk~êÝ�Ç��Û5�.

Ù¥©z [3]�Ä �«+äk~êÝ�Ç�k�Ý����holling-IV.Ó XÚ{
ẋ = x(g(x)− y

β+x2 ) + h,

ẏ = y(−a− by + cx
β+x2 ).

�½51�. ©z [6–8]?Øü«+©Ok~Ý�ÇÚ~Â¼Ç� �-Ó XÚ�½55�. þã

ó�§�.mà¼ê�Ñ´´�²¡)Û½z{��´)ÛXÚ§�©ïÄ��.z{�±�

Ø´�²¡)Û�. ?Ø�(J3u�.�z{Úp�Û:a.�©Û, �XÚÑy"¢Ü½"A

���, Ù½5ØUd�5CqXÚ�½5�Ñ. I�?�Ú�C��ä.
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�©�ÄäkõU�A� �äk~êÝ�Ç� �-Ó �.
ẋ = x(a− bx 1

2 )− ycx 1
2 + h,

ẏ = y(−d+ cex
1
2 ).

(1)

Ù¥ a, b, c, d, e, hÑ´�u0�~ê.

æ�C�x̄ = x
1
2 , ȳ = c

a
y, τ = a

2
t (��Bå�§·�Eæ^ÎÒx, y, t), �.(1)�z�
ẋ = x(1− b

a
x)− y + h

ax
,

ẏ = r̄y(x− m̄),
(2)

Ù¥r̄ = 2ce
a
, m̄ = d

ce
.

�~�ëê§2-x̃ = b
a
x, ỹ = b

a
y, C��§·�E,^ÎÒx, yL«x̃, ỹ. �.(2)�±{z�

Xe�dXÚ 
ẋ = x(1− x)− y + I

x
= P (x, y),

ẏ = ry(x−m) = Q(x, y),
(3)

Ù¥I = bh
a3

, r = ar̄
b

, m = bm̄
a

.

�Ä¢S)�¿Â,=3R+
2 = {(x, y)|x > 0, y > 0} S?Ø,¿PR∗2 = {(x, y)|x > 0, y ≥ 0}. �

©�©¤n�Ü©µ1�Ü©^�5Cq��{?Ø²ï:9Ù5�¶1�Ü©^�²¡©Û{

�Ñ4����35ÚØ�35�^�¶1nÜ©ê��[, �y(Ø��(5.

2. ²ï:9Ù5�

)�§| 
P (x, y) = 0,

Q(x, y) = 0,
(4)

d Q(x, y) = 0, � y = 0 ½ x = m. r y = 0 �\ P (x, y) = 0, � x2(x − 1) = I,  x2(x − 1) = I

�k����,�� k, K k > 1. r x = m �\ P (x, y) = 0, � y = m(1 −m) + I
m

, P� y∗. PX

Ú(3)�²ï:�E1(k, 0), E2(m, y∗).

lP (x, y) ¥)Ñ y, P�F (x): F (x) = x(1 − x) + I
x
, F ′(x) = x2−2x3−I

x2

H1(x)
x2 . dH ′1(x) =

−6x(x− 1
3
), x = 1

3
� H1(x)����7:. H1( 1

3
) = 1

27
− I, ©Û��:

�I > 1
27
�, F (x)î�üN4~.

�I = 1
27
�, F (x)üN4~; �0 < I < 1

27
�, F (x)kü�7:, P�m1,m2, Kk0 < m1 <

1
3
< m2. 3«m (0,m1)S, F (x)î�üN4~§3«m (m1,m2)S, F (x)î�üN4O§3«m

(m2 +∞)S, F (x)üN4~. ÛÜ4��F (m1) > 0, limx→0+ F (x) = +∞, limx→+∞ F (x) = −∞.

nþ��§� 0 < m < k�, E2(m, y∗)´�����²ï:. XÚ(3)�Jacobi Ý
�
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J =

 1− 2x− I
x2 −1

ry r(x−m)

 . (5)

½n 1 (i) �m > k�, E1(k, 0) ´½�(:¶0 < m < k�, E1(k, 0) ´Q:, m = k �,

E1(k, 0) ´Q(:.

(ii) � 0 < m < k�, E2(m, y∗)´�����²ï:.

�/1 � I ≥ 1
27
�, E2(m, y∗) ´½��:½(:.

�/2 3 0 < I < 1
27
^�e§e m2(1 − 2m) < I, K E2(m, y∗) ´½�:½(:. e

m2(1− 2m) = I, K E2(m, y∗)´¥%. em2(1− 2m) > I, K E2(m, y∗)´Ø½�:½(:.

y² (i) k©Û²ï:E1(k, 0) �Û:a.9½5

�Ä� k2(k − 1) = I, E1(k, 0)éA�Jacobi Ý


JE1(k,0) =

 1− 2k − I
k2

−1

0 r(k −m)

 =

 2− 3k −1

0 r(k −m)


� m > k �, Jacobi Ý
kü�K�A��, ¤± E1(k, 0) ´½�(:¶0 < m < k �, Jacobi

Ý
kü�ÉÒ�A��, ÏdE1(k, 0) ´Q:.

m = k�, k��KA��, k��"A��, rXÚ(3)²ï: E1(k, 0)²£��I�:?, �

XÚ  ẋ = (2− 3k)x− y + (−1 + I
k3

)x2 + p3(x, y),

ẏ = rxy,
(6)

Ù¥ p3(x, y)´gêØ$ung�)Û¼ê. æ^�òz��5O�
x = ξ + η,

y = (2− 3k)ξ,

2- dτ = −(3k − 2)dt, Ò�±rXÚ(7)=z¤©z [9]½n7.1 �/ª
ξ̇ = − r

3k−2
ξ2 − r

3k−2
ξη = ψ(ξ, η),

η̇ = η + 1
3k−2

(1− I
k3

+ r)ξ2 + 1
3k−2

(2− 2I
k3

+ r)ξη

+ 1
3k−2

(1− I
k3

+ r)η2 + p3(ξ, η) = Φ(ξ, η),

(7)

�
l Φ(ξ, η)¥)Ñ η, - η = b2ξ
2 + b3ξ

3 + · · ·, '�Óg�Xê§� b2 = − 1
3k−2

(r + 1
k
), �\

ψ(ξ, η), )�m = 2, am = − r
3k−2

< 0, d½n7.1 �/(iii)�, E1(k, 0) ´Q(:.

(ii)©Û²ï: E2(m, y∗)�Û:a.9½5
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5¿� y∗ = m(1−m) + I
m

, ÙéA�Jacobi Ý
�

JE1(k,0) =

(
1− 2m− I

m2 −1

ry∗ 0

)
=

(
1− 2m− I

m2 −1

r[m(1−m) + I
m

] 0

)

�ÙA��� λ1, λ2, K λ1 + λ2 = 1− 2m− I
m2 = F ′(m), λ1 · λ2 = r[m(1−m) + I

m
] > 0.

�/1 d½n1c¡�©Û��§� I ≥ 1
27
�§ðkF ′(m) < 0, �kü�K�¢A��§½

ü�¢Ü�u"��ÝE�§cö=´½�(:§�öÒ´½��:.

�/2 �0 < I < 1
27
� F ′(m) > 0�, =m2(1− 2m) > I �, kü���¢A��§½ü�¢

Ü�u"��ÝE�§cö=´Ø½�(:§�öÒ´Ø½��:.

�0 < I < 1
27
� F ′(m) < 0�, = m2(1 − 2m) < I �, kü�K�¢A��§½ü�¢Ü�

u"��ÝE�§cö=´½�(:§�öÒ´½��:. �0 < I < 1
27
� F ′(m) = 0�, =

m2(1− 2m) = I �, ü�¢Ü�"��ÝE�, éA�Û:a.�¥%.

3. 4����35

½n 2 (i) �m > k�, XÚ (3)31���SÃ4��, E1(k, 0) ´½��´�Û½�.

(ii) 3 0 < m < k�^�e, � I ≥ 1
27
�, XÚ (3)31���SÃ4��, E2(m, y∗) ´½

��´�Û½�.

y² (i) �m > k�, XÚ (3)31���SÃ��²ï:, dy
dt
|x=0= −rym < 0, ¤±l y

¶?Ñu�;�´��e�, y¶´Ã��ã, �ÙþÃ²ï:. x¶´;�§¤±31���SÃ

ÛÉ4;Ú4;�. ²¡þ�;�� w 4�8�U´²ï:!4;�!ÛÉ4;�. Ïdl R∗2

SÑu�;�� w4�8�U´Û:. d½n 1�/(i)�, E1(k, 0) ´ R∗2 S���²ï:, �´

½�, ¤±´�Û½�.

(ii) �EDulac¼êB(x, y) = y−1, KD ∂(BP )
∂x

+ ∂(BQ)
∂Y

= 1
y
F ′(x) ≤ 0, �=3x = 1

3
�, D = 0,

dBendixson-Dulac�O{ [10]�§31���S§Ã4��. (Ü½n1�, E2(m, y∗) ´½�,

Ïd´�Û½�.

�k���Ý�Ç, �Ó «+�g,k�Ç�u,��ê��, ü«+�Ï½3 E2(m, y∗)

NC, vk±Ï��y�.

½n 3 3 0 < m < k�^�e, � 0 < I < 1
27
�m2(1− 2m) > I �, XÚ (3)31���S

�3½�4��.

y² E2(m, y∗) ´Ø½��:½(:, �������¸.�.

e¡�E���	¸.�.

� α = maxm≤x≤k{F (x)}, � x = ε0, Ù¥ ε0 ´¿©���ê§'X��� 0.0001§x¶, �

� x = k, � L1: ẋ = α− y, ẏ = ry(x−m)�;�§Ð©:�A(k, α), ª:� B(m,β)��ã, Ù

¥ β �;����x = m��:�p�I¶� L2: y = β, P L2 � x = ε0 ��:� C(ε0, β). �

�	¸.�=� OE1ABCO.
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Ï dx
dt
|x=ε0> 0, dy

dt
|x=ε0= −ry(ε0 −m) < 0, ¤±l x = ε0 ?Ñu�;�´��me?\��

�¶ x¶´;�; Ï dx
dt
|x=k= −y < 0, dy

dt
|x=k= ry(k −m) > 0, g�� x = kÑu�;�, ´lm

e�?\«��; Ï ẋ |(3)< ẋ |L1
< 0, ẏ |(3)= ẋ |L1

> 0. �l L1 Ñu�;�´lme�?\�þ�

�¶Ï ẏ |L2
< 0, Ïdg L2Ñu�;�´gþe?\���. dpoincare-Bendixson½n�, 3�

�SÜk½�4��.

4. ê��[

·�©Oé½n2Ú½n3¥�ëê�äNê�, ÏLmatlab^�5u�(Ø��(5.

ã 1(a):m > k��/§�I = 4, r = 1,m = 3, ²O� k = 2, éA�R∗2 �²ï:�kE1(2, 0)§

d� E1(2, 0)´�Û½�(:. Ã4��. éA½n2¥��/ (i).

ã 1(b):3 0 < m < k �^�e§0 < I < 1
27
� m2(1 − 2m) > I ��/§�I = 0.02, r =

1,m = 0.25, éA�²ï: E1(1.0193, 0)´Q:§E2(0.25, 0.2675)´Ø½��:½(:. �34

��. éA½n3¥��/.

Figure 1. Trajectory with different parameter values

ã 1. ØÓëê�e�;�

lã 1(a)�±wÑ, �Ó ö�g,k�Ç�u��ê��, �ª¬«ý.  ��ª½3ê

� kNC. ù��.�)ÔÆ¿Â��.

lã 1(b)�±wÑ, �Ó ö�g,k�ÇÚ ��Ý�Ç3��Ün���S�(=½n3¥

�^�÷v),  ��Ó ö�êþ½34���¿©���S§�)±Ï��.

5. (Ø

ïÄäkÝ�½Â¼� �-Ó ö�.é)�XÚ��oÚ±YuÐäk��nØd�Ú

¢S��¿Â. Ïd�©é �äk~êÝ�Ç�ü«+�.?1©Û, A^�5z�{, ?Ø²ï
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:�a.9Ù½5, éu"A����/, æ^?êÐmr²ï:£��I�:?1?Ø, ¿æ^

·��C�©ÛÙa.. éu4��, �©æ^�E��¸.���ª�äÙ�35, 4���3�

^��Ò´ü«+XÚ�)±Ï���^�. ÏL·�À�ëêÚ��Ð©^�, $^Matlab ±�
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