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Abstract

By introducing the nonlinear capture function in the predator-prey model, a kind of

predator-prey model with planting phase is studied. The conditions for the existence

and local stability of the equilibrium point of the model are obtained. The global

stability around the positive equilibrium point is judged by constructing Lyapunov

function, the ecological and economic equilibrium point under nonlinear harvesting

is determined, and the optimal harvesting strategy is obtained by using Pontryagin

maximum principle, which reveals that while ensuring the non extinction of plankton

population, the utilization and development of fishery resources not only provides

fishermen with the maximum economic profit, but also maintains the balance of marine

ecosystem.
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1. Úó

2i)Ô´)¹3°�, à6Ú�Ñ¥�¤6)Ô. �âE�'X, §©�2i�ÔÚ2iÄ

Ô. 2i�Ô´Y) Ôó¥�Ä��E��, ´°��¸¥�Ä�� Ô5. 2iÄÔ´²LY

�ÄÔ, ´¥þ�Y�¥~aÚÙ¦²LÄÔ����, é���uÐäk�¿Â. �XÄåÆ

XÚ�uÐ, Nõ)�ó�ö5¿,
Y)«+U�)�
zÆÔ�, ù
zÆÔ�éÙ¦Y)«

+©Oke-Ú³�)���^ [1].<�Ï~re-)��zÆÔ�¡�-�, r³�)��zÆ

Ô�¡�Ó�, ¿�r�«Ô��)Ó�³�Ù§Ô�)��y����z�� [2].

Maynard− SmithÄgJÑ
£ãü�Ô«m�z���^�êÆ�. [3]. ¯¢þ, ��Ô«

êþ�O\�U¬ÏL�)�z���^½öe-Ô��)5K�,��Ô«½Ù¦A�Ô«�

)�, lK�G!üO [4].8c'u2i)Ô�z���ïÄ®²��
�
�¤J [5–8]. (
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�ä·

ÜMaynard− Smith [3] ��.JÑ
±e2i)Ô�z���Ó �.
dx
dt

= rx(1− x
k
)− β

1 + αx
xy − γx2y,

dy
dt

= −δy + aβxy
1+αx

,
(1.1)

Ù¥ xL«2i�Ô, ´ �«+��Ý, y L«2iÄÔ, ´Ó ö«+��Ý. γ L«2iÄÔé

2i�Ô�Ó�³�Ç. γx2 ´ y Ô«é x Ô«�Ý��«õU�A. §´ÏL2iÄÔ�)��

«kÓÔ�5{�2i�Ô¦^�Ó]. ëê r �LS�O�Ç. φ(x) = β
1+αx

´ HollingΠ.õ

U�A¼ê [9], �LÓ ö�Ó Ç. δ �Ó ö«+�g,k�Ç. a �=zÇ. k ��¸NBþ.

3Â¼�Ae, ·�b��. (1.1) ¥�2i�ÔØäkû��5, Ó öØä/�Â¼,

¤±Â¼¼ê±���ãå¼����²L|d. 8c2�A^�Â¼¼ê, Ì�k±en«a

. [10] :

(i)~êÂ¼¼ê, éÓ¼é�±~êÂ¼Ç?1ÓM, ¡��½��ÓMüÑ;

(ii)'~Â¼¼ê, ¡��½ãåþÓMüÑ, =b½ü �mS�Â¼þ�ÓMãåþ9«+��

�¦È¤�', ��P� H(y,E) = qEy;

(iii)��5Â¼¼ê, = H(y,E) = qEy
d1E+d2y

, Ù¥ q L«�Ó¼Xê, E L«éÓ ö«+�

Â¼ãå, d1, d2 ´�~ê. ØJuy, ~êÂ¼¼ê�ÅÏé�Ô, '~Â¼¼ê´éu�

½ E, H(y,E) ¬� y �Ã.�5O\. ��5Â¼¼ê�Ø
þãØy¢�A�, ¿�÷

v lim
E→+∞

qEy
d1E+d2y

= qE
d2
, lim
y→+∞

qEy
d1E+d2y

= qy
d1

.=��5Â¼¼êéÂ¼�ãåY²Ú«+´ÝþLy

Ñ�Ú�A, lL²��5Â¼�y¢. Ïd, 3�3��5Â¼¼ê��¹e, �. (1.1) ?U

�: 
dx
dt

= rx(1− x
k
)− β

1 + αx
xy − γx2y,

dy
dt

= −δy +
aβ

1 + αx
xy − qEy

d1E+d2y
.

(1.2)

Nõ;[ÚÆöïÄ
�«���«+ÄåXÚ�Â¼¯K, 3��]+n!¾Á³���

+���
�þ¤J. Lv � [11]ïÄ
��é ��k�o«�n«+�., ém�«� �ÚÓ

 ö?1�ÓÓMãåþÓ¼, �Ñ
Äu��²LÂÃ�ÛÉ�`��. Manna � [12]ïÄ
^

�ÓÓ¼ãåþÓ�Â¼ü«+��`Â¼üÑ.oäz� [13]A^ Pontryagin 4���n?Ø


��9DÂ�.��`nÜ��.

�©Äk©Û�. (1.2)²ï:�35Ú½5, ,�?Ø�`Â¼��üÑ, ��)º�A�

(Ø.

2. ²ï:�½5

�
{üå�, ·�Ú\ÃþjCþ: u = 1
k
x, v = β

r
y, t = τ

λ
,Ãþjëê�:

m = αk, η =
γk

β
, s =

δ

r
, b =

aβk

r
, h =

qEd2
β

, d =
βEd1
d2r

.
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�ä·

2g^ tL« τ , �. (1.2) C�Xe/ª:
du
dt

= u(1− u)− uv

1 +mu
− ηu2v,

dv
dt
− sv +

buv

1 +mu
− hv

d+v
,

(2.1)

d�. (2.1) ���²ï:k²�²ï: E0 = (0, 0), �²�²ï: E1 = (1, 0), �²ï:

E∗ = (u∗, v∗), v∗ = (1−u∗)(1+mu∗)
1+mu∗+ηu∗

, Ù¥ u∗÷v��ng�§

Au3∗ + Bu2∗ + Cu∗ + D = 0, (2.2)

A = m(ms− b) > 0, B = m(2s+ b+ bd− ηds− ηh)−m2(s+ ds+ h) + b(ηd− 1) > 0,

C = bd+ b+ s− (4ms+ 2mh+ ηds+ ηh) > 0, D = −(s+ sd+ h) < 0.

3ùp- f(u) = Au3 + Bu2 + Cu + D. Ï� f(0) = D = −(s + sd + h) < 0, ¤±��ng�§

(2.2) ª��k����. 2|^(k�ÎÒ{K, � (H0) : 3ms+ 3m2s+ hbd > m2 + ηhm+ b÷

v�, §k���� E∗ = (u∗, v∗).

2.1. ²ï:�ÛÜ½5

½n 1�. (2.1) 3z�²ï:±��ÛÜ½5

(i)²�²ï: E0 = (0, 0)o´Ø½�;

(ii)� b
1+m

< s+ hd
d2
�, �²�²ï: E1 = (1, 0)´ìC½�;

(iii)� hv∗
(d+v∗)2

< b(d+v∗)
2

h(1+mu∗)2
( u∗
1+mu∗

+ ηu2∗)�, �²ï: E∗ = (u∗, v∗)´ìC½�, ��´Ø

½�.

y²�. (2.1) 3?¿: (u, v)� Jacobi Ý
�

J =

(
1− 2u− v

(1+mu)2
− 2ηuv − u

1+mu
− ηu2

bv
(1+mu)2

−s+ bu
1+mu

− hd
(d+v)2

)
. (2.3)

(i) �. (2.1) 3²�²ï: E0 = (0, 0)?� Jacobi Ý
�

JE0
=


1 0

0 −s− hd
d2

 , (2.4)
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�ä·

Ý
 (2.4) �A��� 1Ú −(s+ hd
d2

) < 0,Ïd²�²ï: E0o´Ø½�.

(ii) �. (2.1) 3�²�²ï: E1 = (1, 0)?� Jacobi Ý
�

JE1
=


−1 − 1

m+1
− η

0 −s+ b
1+m
− hd

d2

 , (2.5)

Ý
 (2.5) �A��� −1Ú −s+ b
1+m
− hd

d2
.� b

1+m
< s+ hd

d2
�, �²�²ï: E1 = (1, 0)´ìC

½�.

(iii) �. (2.1) 3�²ï: E∗ = (u∗, v∗)?� Jacobi Ý
�

JE∗ =


a11 a12

a21 a22

 , (2.6)

a11 = 1− 2u∗ −
v∗

(1 +mu∗)2
− 2ηu∗v∗, a12 = − u∗

1 +mu∗
− ηu2∗,

a21 =
bv∗

(1 +mu∗)2
, a22 = −s+

bu∗
1 +mu∗

− hd

(d+ v∗)2
.

Ý
 (2.6) �A��§�

λ2 −Θλ+ Λ = 0, (2.7)

Ù¥

Θ = tr[J(E∗)] = a11 + a22,

Λ = det[J(E∗)] = a11a22 − a12a21,

l, �²ï:�½5d ΘÚ Λ�ÎÒ¤û½. Ïd, � hv∗
(d+v∗)2

< b(d+v∗)
2

h(1+mu∗)2
( u∗
1+mu∗

+ ηu2∗), �.

(2.1) ��²ï: E∗´ÛÜìC½�. ��,�²ï: E∗´Ø½�.

2.2. ²ï:��Û½5

3ù��!¥, ·�ÏL�EÜ·� Lyapunov¼ê5ïÄ�. (2.1) �²ï: E∗ ��Û½

5.

½n 2b� (H0)¤á, �mv∗ < 1 +mu∗�, �. (2.1) ��²ï: E∗ ´�ÛìC½�.

y²�E Lyapunov¼ê

V(u, v) = [(u− u∗)− u∗ln
u

u∗
]− ϕ[(v − v∗)− v∗ln

v

v∗
],
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Ù¥ ϕ��½��~ê. ÷X�. (2.1) ��)é V(u, v)¦�k

dV(u, v)

dt
=
u− u∗
u

du

dt
− ϕv − v∗

v

dv

dt

=(u− u∗)[1− u−
v

1 +mu
− ηuv]− ϕ(v − v∗)[−s+

bu

1 +mu
− h

d+ v
]. (2.8)

éu²ï: E∗ = (u∗, v∗),·�k�|²ï�§
1− u∗ − v∗

1+mu∗
− ηu∗v∗ = 0,

−s+ bu∗
1+mu∗

− h
d+v∗

= 0,
(2.9)

·�ò (2.8) ªÚ (2.9) ª(Ü3�åk

dV(u, v)

dt
=(u− u∗)[−u−

v

1 +mu
− ηuv + u∗ +

v∗
1 +mu∗

+ ηu∗v∗)]

− ϕ(v − v∗)[
bu

1 +mu
− h

d+ v
− bu∗

1 +mu∗
+

h

d+ v∗
],

� ϕ = (1+mu∗)(ηu∗(1+mu)+1)
b

,·���

dV(u, v)

dt
=(u− u∗)2[−1 +

mv∗
(1 +mu)(1 +mu∗)

− ηv]− (1 +mu∗)(ηu∗(1 +mu) + 1)

b
(v − v∗)2

=− [(u− u∗)2(1−
mv∗

(1 +mu)(1 +mu∗)
+ ηv) +

(1 +mu∗)(ηu∗(1 +mu) + 1)

b
(v − v∗)2] ≤ 0.

Ïd, �â Lyapunov − LasalleØC�n [14], �²ï: E∗´�ÛìC½�.

3. )�²L²ï:��35

�ÏLÑÈÓ¼�Ó öÚ �¼��oÂ\ÚÝ\ÓM¤^�¤�Ä�±²�, �±��

¤¢�)Ô²ï.3�. (1.1) ¥, ÏLÓ ö(=2iÄÔ)3û�þäk�¿Â, B\
��

5�Â¼¼ê. Ïd, ·��±��¤¢�)Ô²ï, ù¿�)�²ïÚ²L²ï, )Ô²ïd
dx
dt

= dy
dt

= 0�Ñ. 3ùp, ½Â c�zü ÓMrÝ�ð½¤�, P�zü )Ôþ�ÑÈd�, ¤

±ÀÂ\´ÑÈÂ¼�)Ôþ¤¼��oÂ\~�Â¼�ãå�o¤�. ÀÂ\�

π(x, y,E) =
PEqy

d1E + d2y
− cE = (

Pqy

d1E + d2y
− c)E,
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�ä·

@o)�²ï: A∞ = (x∞, y∞,E∞), de��§�Ñ

rx(1− x
k
)− βxy

1+αx
− γx2y = 0,

−δy + aβxy
1+αx

− qEy
d1E+d2y

= 0,

( Pqy
d1E+d2y

− c)E = 0,

(3.1)

�
�y A∞ ��3, 7L�± Pqy
d1E+d2y

> c. ²O��§ (3.1) �)�²ï: A∞ �±L«�Xe

/ª:

x∞ =
P(δd1 − q) + cd2

P(aβd1 − δαd2) + cd2α
,

y∞ =
r(k − x∞)(1 + αx∞)

βk + γx∞k(1 + αx∞)
,

E∞ =
d2y∞[δ(1 + αx∞)− aβx∞]

aβx∞d1 − (1 + αx∞)(δd1 + q)
.

½n 3� cd2
p
< q < δd1, aβd1 < δαd1 + αq�, )�²ï: A∞ = (x∞, y∞,E∞)�3.

5:XJ E > E∞,@oÓ¼�Ô�o¤�ò�Ll��¼��oÂ\, �
�¬¬;É��,

¦�g,¬òÑ��, � E > E∞ ØUÃ��±. ��, E < E∞, K���\k|�ã, Ïd, 3m

�¼����¥, §¬áÚ�5�õ��¬, ùòéÂ¼ó��)�5���K�, ��A�é�¸

Ú��]�muÚ|^Ò¬kB�^, ¤±, E < E∞�ØUÃ�/�±.

4. �`Â¼üÑ

�
(½���`�Â¼üÑ, Ú\
��ëY�Â\�m6 J��c�:

J(E) =

∫ ∞
0

e−εtπ(x, y,E)dt =

∫ ∞
0

e−εt(
Pqy

d1E + d2y
− c)Edt,

Ù¥, ε�byÇ, E(t)�Ó ö«+�Ó¼ãåþ, ÷v��� V = [0,Emax]. Emax ´ �ÚÓ 

öÂ¼��1þ�, Eε L«�`��, ¤éA�G�� xε, yε.·�� Aε = (xε, yε)��Z�²ï

:. ·��8I´3�y4XÚ«+�±YuÐ�cJe, 3��� Vþ(½#N��� E(t), ¦

��. (1.2) ²LÐ� (x(0), y(0)) = (x0, y0)�)4ëY�Â\�m6 J��c������. =

�`�� Eε÷v J(Eε) = max J(E).

y3½Â�`���M�î¼ê

H = e−εt(
PqEy

d1E + d2y
− cE) + λ1[rx(1− x

k
)− βxy

1 + αx
− γx2y] + λ2[−δy +

aβxy

1 + αx
− qEy

d1E + d2y
],

Ù¥ λ1, λ2 ´��Cþ, Ó�k ∂H
∂E

=: σ(t),�� σ(t)¦ E(t)3 0 � Emax þ5£��, ¡ σ(t)��
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�ä·

�¼ê. duM�î¼ê H3��Cþ¥´�5�, ¤±�`���9�ÛÉ��Ú bang − bang

��(3§�þ.½e.)�(Ü. Ïd, 3ù«�¹e, éA��`üÑXe:

E(t) =

Emax, σ(t) > 0⇔ λ2e
εt < P− c(d1E+d2y)

2

qd2y2
,

0, σ(t) < 0⇔ λ2e
εt > P− c(d1E+d2y)

2

qd2y2
.

λ2e
εt ´b½d�, λ2e

εt < P− c(d1E+d2y)
2

qd2y2
´Â¼�Ó ö�ÀÂ\. l²LÆ��Ýw, 1��^

�)º
���ÓMÂ\�ub½d��, �¬�3¼|��¹, ùò�y¦�u��õ�ÓMã

å. 1��^�)º
���ÓMÂ\$uÓM¤��, �¬ò¬����, �����ÓM¹ÄÊ

�. � σ(t) = 0�, ù¿�X^rzü ãåÂ¼�¤��u3�Y²eTãå��5>S|

d�by�, lk

λ2
qd2y

2

(d1E + d2y)2
= e−εt(

Pqd2y
2

(d1E + d2y)2
− c) =

∂π

∂E
e−εt. (4.1)

|^ Pontryagin4���n [15], ��Cþ7L÷v¤�Ñ����§

∂λ1

∂t
= −∂H

∂x
= −[λ1(r −

2rx

k
− βy

(1 + αx)2
− 2γxy) + λ2

aβy

(1 + αx)2
], (4.2)

∂λ2

∂t
= −∂H

∂y
= −[e−εt

Pqd1E
2

(d1E + d2y)2
+ λ1(−

βx

1 + αx
− γx2) + λ2(−δ +

aβx

1 + αx
− qd1E

2

(d1E + d2y)2
)].

(4.3)

(Ü (4.1) Ú (4.2) ª�±��
∂λ1

∂t
= −A2λ1 −A3λ2, (4.4)

Ù¥

A1 = e−εtP− c(d1E + d2y)2

qd2y2
,A2 = r − 2rx

k
− βy

(1 + αx)2
− 2γxy,A3 =

aβy

(1 + αx)2
,

¦)�5�§ (4.4) Ï), ��

λ1(t) =
A1A3e

−εt

A2 − ε
. (4.5)

�â (4.3) ª�±��
∂λ2

∂t
= −B1e

−εt + B2λ2, (4.6)

Ù¥

B1 =
Pqd1E

2

(d1E + d2y)2
+

A1A3

A2 − ε
(− βx

1 + αx
− γx2),B2 = δ − aβx

1 + αx
+

qd1E
2

(d1E + d2y)2
.

¦)�5�§ (4.6) Ï), ��

λ2(t) =
B1e

−εt

B2 + ε
, (4.7)
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�ä·

w, λ1(t), λ2(t)÷vî�5^�. d (4.1) Ú (4.7) ª�±��

c = (P− B1

B2 + ε
)

qd1E
2

(d1E + d2y)2
, (4.8)

dd���`²ï) Aε = (xε, yε,Eε),

xε =
P(δd1 − q) + cd2

P(aβd1 − δαd2) + cd2α
,

yε =
r(k − xε)(1 + αxε)

βk + γxεk(1 + αxε)
,

Eε =
d2yε[δ(1 + αxε)− aβxε]

aβxεd1 − (1 + αxε)(δd1 + q)
.

d (4.8) ª�, � ε→∞�,
Pqd1E

2

(d1E + d2y)2
− c = 0,

¤±
∂π

∂E
e−εt = 0,

ù¿�XÃ��byÇ¬���5ü ãå�|d~�. Ïd, � ε→ 0�, ÂÃ����.

5. (Ø

T©ïÄ
�a2i)Ôäk�z���^���5Ó öÓ¼�Ó �.. 3ù�a�.

¥, æ^��5Â¼¼ê, òû���¥�3�ÓMÚ«+SÓ �(Ü, ïÄäk�z���^�

Ó �.�ÄåÆÚ�`Â¼.�
�±°�)�XÚ�²ïÚ�±YuÐ, é2i)Ô«+¦^


�`Â¼��üÑ, A^ Pontryagin4���n, &?
XÚS���±Y�þ. (JL², æÂ

��b½d�÷vî�5^�, "byÇ�)��ÂÃ, l?�Ú`²
�`Â¼üÑQ�±Ü

n/muÚ¦^], q�±¢y²L�Ã, 3°�)�XÚ¥äk�¿Â.
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