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Abstract

In this paper, an adaptive difference method based on the arc-length equal distribution principle
and its error analysis for non conservative linear singularly perturbed two-point boundary value
problems are discussed. The adjoint operator of the corresponding linear operator is introduced.
By using the properties of the Green’s function of the adjoint operator, the stability of the linear
operator is proved. By introducing the quadratic interpolation function, the posterior error esti-
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mates of the difference schemes proposed on arbitrary grids can be obtained. On the adaptive grid
with uniform arc length, the introduced adjoint linear operator is discretized, and the bounded-
ness of the arc length of the numerical solution of the original problem is proved by using the
properties of the discrete Green’s function. From the conclusion of a posteriori error estimation,
the first-order uniform convergence of the adaptive difference scheme for the original problem
based on the principle of equal arc length distribution with respect to small perturbation para-
meters can be proved. Finally, numerical experiments are carried out. The numerical results show
that the error analysis is correct and the method is feasible.

Keywords

Non-Conservative Linear Two-Point Boundary Value Problem, Singular Perturbation, Adaptive
Mesh, Quadratic Interpolation Function, Arc Length Equal Distribution Principle

Copyright © 2022 by author(s) and Hans Publishers Inc.
This work is licensed under the Creative Commons Attribution International License (CC BY 4.0).
http://creativecommons.org/licenses/by/4.0/

1. 518
LR, — AN TR E R, A EEIRNNIES e, HENREAfE
) FHCY & I TN HIMAESARPR, X TR N wr R i&sh i1, MOS8, AR is)
i) 50 BT R R TR 1) 25 o0 S sz A, Bl anie] K B ASTHEL IR . K Péclet BOMm A& In &, iz
BN R R S ) R T A S A AR R RS B O R DA e A TR A B 1) R £ e TR T AR
Navier-Stokes 7 2. [KlUt, & 55a) nl @ i EUE ML O T R ACEE R T 22 R — AN E B IR
e JA1FE & T A B AE 7R B 2 A e R 3 W R )
{Tu(x) =—¢eu"(x)—-p(x)u’'(x)+q(x)u(x)= f(x), xe(0,1),

u(0)=0, u(1)=0.

o))

Hrh0<e <12 MRS NIIERSIRE, p Mg ZASCHEPMEE, HWERExe[01], ueR 7%
RO0<B<p(X)<p> |p'(x)| <C,, Ho=q(x)<y", |q’(x)| <C,.» Hi, p.pg .y #HAEREHEE, C,,
C, H—RIEHWH, HEARFMRERAR MM, 2 Lk &, Q)R EaE—Fu, HufEx=04
FAE—ANREOA FZ L[] [2] [3])-

LinR 7E[4]H 070 T — 2537 SRl I M LB I 3, S T —Fhads S8 ) R A3 ) 3E B T
1%, T T HUE R . Kumar A1 Srinivasan 7E[5] R B0 ZE 045 ,  FEH T R R AR R
AR B AT S A e A 3 S RS 732, Kumar AT Srinivasan £E[6]7 T 5T T —FliEr ) B 3 N kA%
Femg, TR EA BN 52 B O R SO A R R sl A . R N RS
BANGE U mT DA — AR A & R AR LA, X [B]H AV — MR JE o 0 TR e s fE AL
2 —su" ()= p(xu(x)) u+a(xu(x))=0, xe(0,1), u(0)=0, u(0)=0. KK, HHAFHLE7]HRAILL
IR bR B Sy o) o BT i T S 0 AR BRI FUE R T VE, 4530 T — Bl iR 2 il ik TR RS E
BIJ7RE —eu” (X) - p(x)u'(x)=0, xe(0,1), u(0)=0, u(0)=1. ¥4kI, Wik 1E[8] K 3h M
Jiid, A3 T —BrUS SR ZE Al TE e X T ER ] R R T [9] AR T AR (1 I S 43 AT A5 1 R HOA
TSGR . 5 DLRTR 5E A B U TR I — S TR ], 12 ) A T A ) AR S T

DOI: 10.12677/aam.2022.117491 4659 A H ik


https://doi.org/10.12677/aam.2022.117491
http://creativecommons.org/licenses/by/4.0/

ZW G, AR

ASCHRIE T G R 5 — il )k %, P S A KU RIS AR P M, 32 b e AR 23 A1 KL
R B DX R AR < R e O RE(L), P T 2 2 — B BRSO S iE T
B RN (i
2. REMMA

HE (Tu,v) = (U Tv) . AR Tu(x) = —2u”(x)— p(x)u'(x)+a(x)u(x) HHEBEESHT
Tu=—eu"(x)+(p(x)u(x)) +a(x)u(x) - FEBESET T" BB HRBEE G (x, &) W

(T°G(x))(£)=6(£-x), T £€(0,1),6(x.0)=G(x1)=0, @)
Horb 6 EAKILTC 6 RAL. SRJE BATTAT A2 LR B 3R i -
y(x)=[,G(x&)(Ty)(£)de, ®

Hry(0)=y(1)=0.
JE I LR A TR U FRAT T T DATS 2K R 1) -«

OSG(xf)S%H(xf)emJ}{Qﬂ. @
wm=gﬁwu»wmamgwum.
RANFEER . Ay W~ (01), BHBIEEY L, (01) /L. Y/ =Ty . Mits#EsR
fTAT LA
y() ==, G (x.£)Y (£)de. (5)
NG 2>09FH G (2) LI Tt oAt AT LIS 2]
G‘f(x,O)zO&Gg(x,l)SO. (6)

M), FRATATAA F]
T'G=-¢G,. + pG, + p,G+qG =0, £e(x1).

WHE[2]h81.1.2, FAI1¥:
q>0,q+p' 20 )

i (7) RIRATAT LA )
gGéf_pG«f:(pg"'q)GZO- ©)

P
Fibl: G, —pG, >0, B4R, € =" >0, FHRAITT:

J.gfﬂdﬁ jé—Bdlf
G.e’ - Pge 20
&

{Géejggdéj (£)20

%G, (x1) <O, L3E[¢1] EIBULN =

DOI: 10.12677/aam.2022.117491 4660 IR Esid


https://doi.org/10.12677/aam.2022.117491

LW, ARk

1P c P
Qibas o gitas

G(1) G.e

) >0

§-Py 1By
G.e = <6(1)e" " <o,

JITAG, <0, RI: G(x,-) fE[0,x] L i
Xt &Ee(0,x), £E[0,&] EXFQR)aN LRy, FHEBAGE: G(x,-) £ [0,x] EH PN,
TR LR R R (4) 1 L, TR G, 1 L Ju L.
B, BATAE:

[6: (), = s ©: (x&)dé =[G (x.€)dé = 26 (x,x) < ©)

h_l N

HI(5)F1(9), Hif:
Y ()| < [;G, (x &)Y (x)|dé < [[G, (x. )Y (x)|d& - .G, (x. &)Y (x)|d&
[y <] 6. (x&)dz - [ (&) Iy (),

Iyl < min¥ (0, = 2yl

YY'=y
aﬁmmnm@="yumwg%mwxm,am

[yColl, =cry (.. (10)
HF L Bv,we HY(0,0) B V(0)=w(0), v(1)=w(1), T4,

[v—wl, <C[Tv-Tw..
WE: H(10) A4

lv-wl, <cr(v-w)..
M T RN T A 15:

[v—wl, <C[Tv—Tw..
IEEE,
3. REREMT

3 1] R (L) 9 22 e oK
{T’“uiN :—gD*(D’uiN )— p,D*uM +qu = f,, w
uy =0,uy =0.

BIA U, *ETAA xe 1, = (5.%)

a" (x):%D*D’uiN (x—xi)(x—xm)+i[uﬂl(x—xi)+uiN (xi_l—x)]. (12)
AT I AT 1 5 K
Ta" (x)=—F'(x),xel;,1<i<N. (13)

DOI: 10.12677/aam.2022.117491 4661 IR Esid


https://doi.org/10.12677/aam.2022.117491

ZW G, AR

HALE T tel,,
Ta" (t)=Ta" (t)-T"u} + f,.

MNTERtel;, H(1), (12"

10 015,900 0015, [0t

" (14)
~p,D'Du [t—xj+1j+q(t)(l]” (t)-u} )+u} (a(t)-q;)
oy b &
jlj(TGN (t)—f;)dt :flj(pj - p(t)){D*DuJ’.“ [t—xj+;]+ D*u}“} .
+q(t)(a" (t)-u}')+uj (a(t)-a; )t
H1(13), (15)%1, % T xel,,
F(x)= i {L (pJ —p(t)){D*DuJN (t—xJ l}LD uf‘}
+q(t)(a" (t)-u] )+ujN (q(t)—qj)dt}
(16)
+[ {( p, - p(t)){D*Du]N (t—xj+lj+D u;“}
~p,D'Du (t—xj+;J+q(t)(U(t)—uT)+u}“(q(t)—qj)}dt.
F(x) 8 £ () FOBIRIE 1 IO B T ()= 1,0 xel,.
MEH 1, (1), (13)k(16), MAEMIE X, w4
Ja(x)—u(0), < Cufra(e)-Tu(x)], < |-F (x)=[[(F (1)~ f (1))de]
Sclomixl{ijulpi - p(t)|{ D*D*u]N|. t—x |+ D*uj“‘@
R G 2 a7
+q(t)-|ﬁ(t)—ujN|+|u}“|~|q(t)—qj|dt
+[, Py D*D’uiN|-t—x‘ . dt+hj+1}
H1 51 & A
t—xj+1 <h, p(t)' SCP,|uJ“|sCu, q(t)' <C, (18)

11(18). Xt |p; — p ()| HEATAE TN jlj |p; - p ()| AT At

DOI: 10.12677/aam.2022.117491 4662 IR Esid


https://doi.org/10.12677/aam.2022.117491

LT, AR

[p, =P (0] =" p(t)

J, oy (O]t <Co [ (x ~t)at =Cp (1

<G, (xj —t)

2|+

1.
:Cp 'Ehj+l

i

D'D”

3 1 (18), (19)% ZLL] |p; - p(t)|-|:

+ D*u}“@dt HEAF A

1 -l oo

+|D'uj @dt

Du} H

<= max [h
2 ogjenaal 1t

D'DUY |h

j+l J+1

[ 18), YT [ a(t)-|a(t)—u)|deikir it

N

lel q(t)-[a(t)-u} [dt <= Lc, max [h,.:

D*Du|h

Duj H

i 2 9 o< <N-1 j+l J+1

H(18), NZLIH |ujN|-|q(t)—qj|dt HEAT Ak T

) N c,-C
;Lj|“j”|'|q(t)—q,-|dt3§cu -G, hfﬂ max ()

2  I<isN

H1(18), *f [ pi|D* dtﬁmaﬁ
f P, Jt—x : dt <Cphf,, D*D’uiN|
H(17), (19), (20), (21), (22), (23)%0:
Ja* (x)-u(x), <C, max [b2,[D D uf[+hy DUl +h;, ]

DDy :i(Dmi“ - D‘uiN) 3

i+1

D'Du|-hy,; =

Du} —Du}'| <2max{D"u}'}.
H(24), (25)4:

Jo* (x)- (), <5 e [y,

0<j<N-1

D*u N|+hj+1]

(19)

(20)

1)

(22)

(23)

(24)

(25)

(26)

SERL2: B u R RIHERAE, u R R A (L) TR A L ST R B AR,

4, AFHEHEELC, 15
o —u], scmex{n.yi o |

ER]: ETTREROE 3 K (26)75:

DOI: 10.12677/aam.2022.117491 4663


https://doi.org/10.12677/aam.2022.117491

ZW G, AR

|u(xi)—uiN|s||ﬁN (x)—u(x)"w <C, max [h”l

0<isN-1

+ N 2
scsozpsahxl[himlh Dy, | +hj+1}
+, N 2
<2C, max | h.,\[1+[D'u}[ |
0<i<N-1

Dy |+ hi+1:|

.
4. BiE MM —Mr—BesE
BTN JOR TV I AP () B R OB ST o R4

N-1
(T Nut N ) => h,v'T"u!
i=1

= Nz_l:lh”l I:—(C;D+ (D*uiN )_ D D+UiN + quiN :IViN

- Nzllh”l I:D+ (_SD_ViN + iniN )+ quiN JUiN

N-1
=> hu TN = (0, TN
i+170 i
i=1

i,
TN =D (-eDu + pul )+ qu'. (27)
5 SCBS U MR G (X, % ) T
T*NG, =8N, i=12-,N-1,

] ]

E‘GO,j:GN,j:O’ j:1,2,"‘,N—17 /E;‘EF‘

[EnN

B BB, BATTLEE0<G (%, )<=, 1=0L-N; j=12-N-1.

=

XFTARMT R RS R, BATE T 432 LT R &
u =Nz_1hj+lei,jTNuj“. (28)
j=1
Dk, fEi=12,, j0, G & i WRFEEEREL Ei=j j+1- NI, G & i fFRIHEN %L
LA jell, - N-1}, BATE:
N 2
;|GLj -Gy | =26, <5
P LAFRA 145 3]

7 :ihi,lh(D’ui’“ )2 SZN:hi [1+|D’uiN|] =1+ i|ui’“ —ul, (29)
i=1 i=1 i=1

St N BB (U] ) ALK

DOI: 10.12677/aam.2022.117491 4664 IR Esid


https://doi.org/10.12677/aam.2022.117491

LW, ARk

$ti=12- N-14:
TV =T" (U =0) =T M -T"0=—~(T"0) , u} =u =0. (30)

Frbl, H1(29), (30)FA1A:

N [N-1 N-1
N N N N N
N <14y Z;hMGi‘jT uj = > h,G T yj
i=1] j=

- - (31)
I,

s
EFE 3. & {uiN } Fe (L) FEE XM (L) T AL I S AT (1 G R RS {x } R,

||uN —u" <CN™

oy N-1 N
<1+[7"5]. ; hj+1§|Gi’j ~G, <1+

UERA: MR4E Brouwer A3 E R, FAEKSI MK HENMEE, HXi=12 N, A
( i—l’u(xi—l)) IJ/"E“(XHU( |)) IS

I _\/(x - X u -ul =hi\/1+(D‘uiN)2.

HE 2 fi(31), wifE4.
Ju" —u], <cmaxh,[1+(Du") <ot

iFEE,
5. #¥{ESCIE

£ BakhvalovShishkin [#4% 1 Shishkin P4 A1 H & B FA% L EEEE 130 XM SR AR LA AR <38 7] 2 (1)
MR S R BB SO L i R s 5

N I ||U UN”
r- =109,
o —u[)

F15bs e RAERAE T BS WA LTSS B BB MR B R MR .y /2 BS MRS B AR 4UE
WSOk L . e, AR S A% LTS B AUE M M R KT mOR 2. M R S RIS i S E sk
. e, AR UK R & L P % b A5 B A BB AR 1O B KT iR 22 1Y o S I R A L e R B

WS
B 1. FRAVHETT T B2 75 7 38 9 s () it
Tu(x):=—eu"(x)—u'(x) =0, xe(0,1),
u(0)=0,u(1)=1,
Z ) R A

u(x)= exp (m,x)—exp(mx)
exp(m,)—exp(m,) ’

-1++v1+4e m _—1-Vl+4e

/ﬁ\:l:'jm = y =
! 2¢& 2 2¢&

BS WA AN S WA 3 B2 R0 A% b3 XUA% S BB 45 R Ik 1. 3% 2 A1 3 s

DOI: 10.12677/aam.2022.117491 4665 IR Esid


https://doi.org/10.12677/aam.2022.117491

ZW G, AR

Table 1. Maximum errors and the corresponding rate of convergence in example for & = 1072

# L 3T =107 Efl 1 PHERNSATRIRE

N €, e, e, r, r, r,
8 0.0345 0.0484 0.0242 0.8212 —0.1003 0.3945
16 0.0195 0.0519 0.0184 0.7779 0.4260 0.7952
32 0.0114 0.0386 0.0106 0.8709 0.5205 0.8578
64 0.0062 0.0269 0.0059 0.9786 0.6585 0.9332
128 0.0032 0.0170 0.0031 1.0810 0.7147 0.9621
256 0.0015 0.0104 0.0016 0.5520 0.7747 0.9805
512 0.0010 0.0061 0.0008 0.3429 0.8138 0.9902
1024 0.0008 0.0035 0.0004
Table 2. Maximum errors and the corresponding rate of convergence in example for e = 107
F2 WFe=10"°, B 1 PHERNRATHRIRE
N €y e, e, [ r r
8 0.0464 0.0471 0.0328 0.6829 -0.0751 0.5978
16 0.0289 0.0497 0.0217 0.8480 0.4155 0.8700
32 0.0161 0.0372 0.0119 0.9069 0.5195 0.8133
64 0.0086 0.0260 0.0068 0.9509 0.6534 0.8907
128 0.0044 0.0165 0.0036 0.9744 0.7134 0.9383
256 0.0023 0.0101 0.0019 0.9865 0.7715 0.9532
512 0.0011 0.0059 0.0010 0.9932 0.8117 0.9713
1024 0.0006 0.0034 0.0005
Table 3. Maximum errors and the corresponding rate of convergence in examplel for ¢ = 108
F3 WFe=10°, &1 PHERNRATRIRE
N €, e, e, [N r" r"
8 0.0464 0.0471 0.0329 0.6830 —-0.0751 0.6008
16 0.0289 0.0497 0.0217 0.8481 0.4154 0.8703
32 0.0161 0.0372 0.0119 0.9070 0.5195 0.8130
64 0.0086 0.0260 0.0068 0.9509 0.6534 0.8908
128 0.0044 0.0165 0.0036 0.9744 0.7134 0.9383
256 0.0023 0.0101 0.0019 0.9865 0.7714 0.9531
512 0.0011 0.0059 0.0010 0.9933 0.8117 0.9712
1024 0.0006 0.0034 0.0005
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