Advances in Applied Mathematics BIF #1238, 2022, 11(7), 4268-4277 Hans X
Published Online July 2022 in Hans. http://www.hanspub.org/journal/aam
https://doi.org/10.12677/aam.2022.117453

TRBEAELM —Mrin@ B A FourieritigEian

S
SUMNITTE R A8 R 22 B, ST SERH

ks HiH: 20224F6 H4H; FHHEM: 20224F6 H29H; KA HM: 20224F7H6H

B

A0k R AL T E M TR RBEARLAE B R H T —ME MK Fourieri 7i%. H5E, MRIBLFFM4
5IAN T EZHISobolevZ [A] X FIBIL ], FRIL T AR R FARLR M — By il A b 55 78 AR LK) B B K
ETRXIELENEER R, BRIV T~ RER, HEH 7T EEMEMIMatlabBF i, &
Ja, BAIGEH T HEES], BESRRPBRNE N BRI B R .

XA
ZMraRRE R RE, ARG %, Fourieriink, BFBRIH, HUELR

Efficient Fourier Spectral Approximation for
Nonlinear Second-Order Problems with
Variable Coefficients

Tingting Jiang

School of Mathematical Sciences, Guizhou Normal University, Guiyang Guizhou

Received: Jun. 4™, 2022; accepted: Jun. 29", 2022; published: Jul. 6™, 2022

Abstract

In this paper, an efficient Fourier spectral method is proposed for nonlinear second-order prob-
lems with variable coefficients under periodic boundary conditions. Firstly, an appropriate Sobo-
lev space and its approximation space are introduced according to the boundary conditions, and
the weak form and the corresponding discrete scheme of the nonlinear second-order problem
with variable coefficients are established. Based on the nonlinear discrete scheme, we establish a
linear iterative algorithm and its Matlab program design. Finally, we give a numerical example,
and the numerical results show that our proposed algorithm is convergent and highly accurate.
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1. 518

IRZRHA A TR N BB AR G5 SRR AR M i oy 7 7R, S B A EE ., JER e, Bokik
MR R K IRTE SR P A 5 DL E AR N B 6 - 2 DRI R 1) 30 0 2 ml i AR e v e e 1
JiFERFAR[L] [2] [3] [4] [5]s TEAPRIEBRE AR SN )25 o 1 VF 22 52 4% 4112 3l J 1 1] @ 0] B Allen-Cahn
Cahn-Hilliard 75 24 IA[6] [7] [8] [9] [10]. [RIik, $H —FiE RCRMEIELE AR T oY 77 FE (0 =k B 50l 77
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FHAT 1L, CHRZHUE T RARAEL MR 7R [11]-[18]0 (HE AT E B & T-F FR o 7 il
GRS J57, BEARG ER FE B MR R EAE R 2 U R R A7 25 . 7E[19], JARLRMERRAE E 7] 2
TEFETE WG — 5 A, IEB 7 OGRS SRS B . SRERATAT A, AR T R S0 N AR R AR M
W) Fourier WE ARG . R, AT H A B T AR R ECELE  1 R
TP 0 Fourier #5775, B4, MRIBLASIETIN TIE M) Sobolev 23 [A] & HE i 2% (a], @ 1A%
RBCIEL A W o) B 55 T SORIAR DL A B R a0 JE T I ARZe Mk i B Bl o, BRATEE ST 7 — Rk i AR
R, R T ZAEEA R Matlab FEF T, BE, BATS I T EUESG], BUE LSRR WIRAIR T
SRR SRR SR B

ARSCRIRE S ZHW R (RS, FRATHES 7 AR KBRSt i i R 55 77 35 L o
TESE =T, FRATVELIREA T Bk S R S AR P it 7ESBDUATH, FRATA I T —LesE 5

2. B REBEHEN
VER—AMEEAY, FRATE BT 78 REERZNM: i ) L
—AU+V (X, y)u+h(u2)u= f, (xy)eQ, (2.1)

u(x,y)=u(x+2my), u(x,y)=u(xy+2n), (2.2)

v (x,y) HERAE RS h(u®) HARERMET, Q= (0,2m)x(0,2r) Mit B K.
AT HE S (2.1)~(2.2) 135 X H B B G, H H (Q) %R s Bir Sobolev 1], |||, %R H* (Q)
HRTE R, R, BATH

H(Q)=L1*(Q)= {u : _[Q|u|2 dxdy < oo},
AL N FR RIS 000 oA -

1
(u,v) = [ uvdxdy, [u]| = (J'Q|u|2 dxdy)2
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7€ X Sobolev =5 [f]
H;(Q)z{u e H'(Q):u(x,y)=u(x+2my),u(x, y)=u(x,y+2n)},
FH R ) P AR FTE 5373 A

(u, v) Zj D*uD“*Vdxdy,

laf=0

L
bk =[Sl ||
Pl
Hrph D = va=(a,,) |al=a+a,-
ox“oy*?
IR AR R A P AT, A (2.0)~(2.2) 89BN HueHL(Q), 75
a(u,v)=F(v), YWeH;(Q), (2.3)
Hrp
a(u,v)= IQ VuVvvdxdy + IQVquxdy + jﬂ h (u2 )quxdy,
v)= [ fvdxdy.

SE I T 7 ] :

Xy (Q)= Span{e"xe'qy:|t|=0,1,--~,M;|q|=0,1,--~,M}.
g5 Q23BN B R N Kuy e X, (Q), 75
a(uy,vy )=F(vy), v, € Xy, (Q). (2.4)
3. HESEMEAERF T
3.1. BIERISKH

FEIX 7, BATR AR FA M SCHUE R, Jh e i BAMIN RORE P Bt BT it X(2.4) 2
LR, FATRIEIL Picard IEATEIEAT KA TATHE 2. 4L Lk ) (KA A I, BD: 4K
Up € Xy (Q), fE13

(VU Vv, )N + (Vg vy )N =(F.vy )y Yy € Xy (Q), (3.1)
Hor(u,v), o8 u 5 v EEOA R, W ATEESE(2.4) ) —Fh Picard AU #Ruf) € X, (Q), 15
(Vuh”,‘, Vv, )N +(Vu$ Vi )N +(h((u3’1)2)u{j} WV jN =(f.vy)y» YV € Xy (Q), (3.2)

Horbruy B1@1)R M. FHEFEAE D MR G)MEB.2) MR, 4

M M o
=3 uge™e, (3.3)
= o
Z Z uge™e . (3.4)
lt}=01gl=0
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m m m

u—M,—M uinO uiMyM
m _ m m m
u" = uO,—M u0,0 uO,M
m m m
uM,—M uM,O UM,M

B AT O™ 27 i U B0 R K B (2M 41 BB . 4 g (x)=e™ o, (x)=e®,
£ow, (= 0Loons N =1) 55 B 1 0 B4 35 0 5 R, 95 B3 FRAB0), FFH v, = e |
(|k|=0,1,"',M;|I|:0'1""’M)’ A

itx iy ) v (e—ikxe—ily ))

Il
0=
0=

c
g o
—_—

<
—_—

[¢]

(Vuf,, Vv, )N )

SSY S 00(0)0 ()00 (8)a (&) ww,

&iut% Y 0(¢.)0,0,(S) 0 (S4)0,0 (S, )w,w,,

= i i U Z V(¢ <))o (8o (C)a (S, )ww,,

(2.3) AT LA 8 T AU 2
(A+B+C)U° =F, (3.5)

Hof
B = Y 0,0 (£.)00(£,)0:0 (S0 (£, )w,w,

u1,0=0

baa = ¥ 2(8,)0,0,()0 (€)0,0 (£, )w,w,,

#,0=0

G = 3 V(08 ) (S) 00 (8o (E, )W,

#,0=0

N-1

fo= 2 1(Gnd)o () () wmw,

o=
2M+1 2M+1 2M+1 f 2M +1
( kI )k,I:O '

AZ(aqu' )t,q,k,I:O' B :(b‘qk' )t,q,k,I:O' ¢ :(thk' )t,q,k,I:O' F=

ZUs, K (34N (3.2) 1
(vug v, ), = S un(v(eve), v (e e )

0/am0
=HZHZ Y 0,0(¢.)00 (80,0 () (S, ) w,w,
t|=0q|=0 u,0=0

+ 2 U Z 2(£,)0,0,(¢.) 0 (£,)0,0 (S, ) w,w, .,
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z
KN

PP (RS T (AT (A CICALICAIAR
(o) oo ) =22 > () e e e |

=3 Sz (e (606 )) a6 ) €)n (€)a (E ) wn,
RI(2.4)T By T 91 AR T 2

(A+B+C+D,)U" =F, (3.6)

Hr

2M +1

A = Nil h((ur\mnil(@'é’a))z)(ﬂt (é’#)% (é’o’)wk (Cy)% (é’o‘)wywa" D, :(dtqkl )t,q,k,I:O'

u,0=0

3.2. BENERFRT

ik Picard IS AR RARLAETT 12
A M ORI RE AL
N: R 305 o LIk bR B 5 4

Errorbound: %2 it fc /N R 1«

1 x=zeros(N,1);
2 y=zeros(N,1);

3 for j=1:N

4 x(@)=2*pi*(G-1)/N;
5 y@)=2*pi*(g-1)/N;
6 end

7 Al=zeros(2*M+1,2*M+1); A2=zeros(2*M+1,2*M+1); a=[-M:M];
8 for i=1:length(Al)
9 for j=1:length(Al)

10 if a(i)==aQ)

1 AL(i,J)=2*pi; A2(i,j)=2*pi*a(d)*a();
12 end
13 end
14 end

15 e=zeros(2*M+1,N); el=zeros(2*M+1,N);
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Continued

16 for i=1:2*M+1

17 e(i, D=exp@i*a(i)*x); el(i,:)=exp(-li*a(i)*x);
18 end

19 w=2*pi/N; A3=zeros((2*M+1)"2, (2*M+1)"2); m=0;

20 for k=1:2*M+1

21 for 1=1:2*M+1

22 m=m+1;

23 A3(m, )=(kron(A2(l, ) ,Al1(k, :))+kron(A1(l,:),A2(k,:)));
24 end

25 end

26 V1=(x."2)*ones(1,N)+ones(N,1)*(x-"2)";

27 A2=zeros((2*M+1)"2, (2*M+1)"2);

28 for i=1:2*M+1

29 for j=1:2*M+1

30 for m=1:2*M+1

31 for n=1:2*M+1

A2(j+(2*M+1)*(i-1) ,m+(2*M+1)*(n-1))

32 =sum(sum(V1.*(transpose(w*el(i, ) -*e(m,))*(w*el(d,:)-*e(n,:)))));
33 end
34 end
35 end
36 end

37 A=A3+(1\2)*A2;

38 F=zeros((2*M+1)"2,1);

39 m=0;

40 for 1=1:2*M+1

41 for k=1:2*M+1

42 m=m+1;

43 for i=1:N

44 for j=1:N
F(m,1)=F(m,1)+(exp(3*cos(x(i)+y(F)))+2*exp(cos(x(i)+y(F)))*cos(x(i)+y())+

45 exp(cos(x(1)+y(1)))*(2*x(i)"2+2*y(j)"2)-2*exp(cos(x(1)+y(1)))*sin(x(i)+y(
N72)y*exp(-lira(ky*x(i))*exp(-1i*a(l)*y(@))*w*w;

=
il
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Continued
46 end
47 end
48 end
49 end
50 U=A\F; Ul=reshape(U,2*M+1,2*M+1); U2=0;
51 for i=1:2*M+1
52 for j=1:2*M+1
53 U2=U2+U1(i,j)*transpose(e(,:))*e(i,:);
54 end
55 end
56 iterations=0; [x1,yl]=meshgrid(x,y); u2=exp(cos(xl+yl));
57 errorl=1; surfc(xl,yl,u2);
58 while errorl>errorbound
59 C=zeros((2*M+1)"2, (2*M+1)"2);
60 for i1=1:2*M+1
61 for j=1:2*M+1
62 for m=1:2*M+1
63 for n=1:2*M+1
64 C(j+(2*M+l)*(i—l),m+(2*M+1)*(n—l?) i
=sum(sum(U2.72_*(transpose(w*el(i, ) .-*e(m,:))*(w*el(J,:)-*e(n,:)))));
65 end
66 end
67 end
68 end
69 A=A3+(1\2)*A2+C; F1=F; U5=A\F1l; U3=reshape(U5,2*M+1,2*M+1);
70 U2=0;
71 for i=1:2*M+1
72 for j=1:2*M+1
73 U2=U2+U3(i,j)*transpose(e((,:))*e(i,:);
74 end
75 end
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Continued

76 errorl=(sum(sum(((real (U2)-u2).72) . *w.*w)))™(1/2);

77 iterations=iterations+1;
78 end
o
4. W{EXE

N T RYIFIEA R, BATRK AT HE LY . FAT/E MATLAB2018b 1 & L4 fE it 5. & GEi
fi SRS T KR Z2 0 T

e(u(xy)us (x ) =[u(x y)-u (% y)||L2(Q),
Horp K RRis k.
il 1 FA T U=, v (x,y) =%(x2 +y?) s h(u?)=|ul’ s BAR u LA REL AR v, h(u?)

HN@I)FTHH fo FATBUEAKELK =50, X TARK M AN, FATER 1 oIl i ig 5
Z IR ZEE SR

Table 1. The error results between the approximate solution and the exact solution for different M and N at the time K = 50
F 1 HK=500, HFAREHMFN, ELRSHEHBEZBIRESER

N M =5 M =10 M =15 M =20
20 2.0062e-04 6.9522e—09 5.6890e—04 0.0148
25 2.0061e-04 1.1924e-10 2.5305e-09 3.5227e-04
30 2.0061e-04 1.1112e-10 4.4999e-12 1.7210e-09
35 2.0061e-04 1.1112e-10 4.9326e-13 6.3780e—13
40 2.0061e-04 1.1112e-10 1.0410e—13 1.2146e-13

N T BE— RIS S E A SRS B, JRATEAE ] 1 rhoy o) i 7 RS A A I 1 R, A2 K]
2 oy TR S N =30, M =10FIN=40, M =20 i [1)i&E I fif 2 8 iR 2 B

OO0 /) XAXANR)
it

AKX/
o

A

00 00

Figure 1. Images of the exact solution (left) and the approximate solution (right) for N = 40 and M = 20
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Figure 2. Error image between the exact solution and the approximated solution for N = 30, M = 10 (left) and N = 40, M =
20 (right)
[# 2. #®f25 N =30, M =10 (Z)F1 N = 40, M = 20 ()BT EIEIR iR 2 B RYIR E= E

MWL L TR, SERBK =50, N =35, M 215K, @I u (x,y)ik38 7 KE 10 1

R 5350, B 1, ] 2 320 U B BA T S22 W S A A L 11

SEEk

[1] Griffiths, D.J. and Schroeter, D.F. (2018) Introduction to Quantum Mechanics. Cambridge University Press, Cam-
bridge. https://doi.org/10.1017/9781316995433

[2] Hasegawa, A. and Matsumoto, M. (2003) Optical Solitons in Fibers. In: Hasegawa, A. and Matsumoto, M., Eds., Opt-
ical Solitons in Fibers, Springer, Berlin, 41-59. https://doi.org/10.1007/978-3-540-46064-0_5

[3] Menyuk, C.R. (1987) Stability of Solitons in Birefringent Optical Fibers. I: Equal Propagation Amplitudes. Optics Let-
ters, 12, 614-616. https://doi.org/10.1364/0L.12.000614

[4] Menyuk, C.R. (1988) Stability of Solitons in Birefringent Optical Fibers. Il. Arbitrary Amplitudes. Journal of the Opt-
ical Society of America B, 5, 392-402. https://doi.org/10.1364/JOSAB.5.000392

[5] Sulem, C. and Sulem, P.L. (2007) The Nonlinear Schrddinger Equation: Self-Focusing and Wave Collapse. Springer
Science & Business Media, Berlin.

[6] Lowengrub, J. and Truskinovsky, L. (1998) Quasi-Incompressible Cahn-Hilliard Fluids and Topological Transitions.
Proceedings of the Royal Society of London. Series A: Mathematical, Physical and Engineering Sciences, 454, 2617-2654.
https://doi.org/10.1098/rspa.1998.0273

[7] Chen, L.Q. and Shen, J. (1998) Applications of Semi-Implicit Fourier-Spectral Method to Phase Field Equations. Com-
puter Physics Communications, 108, 147-158. https://doi.org/10.1016/S0010-4655(97)00115-X

[8] Anderson, D.M., McFadden, G.B. and Wheeler, A.A. (1998) Diffuse-Interface Methods in Fluid Mechanics. Annual
Review of Fluid Mechanics, 30, 139-165. https://doi.org/10.1146/annurev.fluid.30.1.139

[9] Chen, L.Q. (2002) Phase-Field Models for Microstructure Evolution. Annual Review of Materials Research, 32,
113-140. https://doi.org/10.1146/annurev.matsci.32.112001.132041

[10] Liu, C. and Shen, J. (2003) A Phase Field Model for the Mixture of Two Incompressible Fluids and Its Approximation
by a Fourier-Spectral Method. Physica D: Nonlinear Phenomena, 179, 211-228.
https://doi.org/10.1016/S0167-2789(03)00030-7

[11] Feng, X. and Prohl, A. (2003) Numerical Analysis of the Allen-Cahn Equation and Approximation for Mean Curvature
Flows. Numerische Mathematik, 94, 33-65. https://doi.org/10.1007/s00211-002-0413-1

[12] Feng, X. and Prohl, A. (2004) Error Analysis of a Mixed Finite Element Method for the Cahn-Hilliard Equation. Nu-
merische Mathematik, 99, 47-84. https://doi.org/10.1007/s00211-004-0546-5

[13] Ye, X. (2003) The Legendre Collocation Method for the Cahn-Hilliard Equation. Journal of Computational and Ap-
plied Mathematics, 150, 87-108. https://doi.org/10.1016/S0377-0427(02)00566-6

[14] Kessler, D., Nochetto, R.H. and Schmidt, A. (2004) A Posteriori Error Control for the Allen-Cahn Problem: Circum-

venting Gronwall’s Inequality. ESAIM: Mathematical Modelling and Numerical Analysis, 38, 129-142.

DOI: 10.12677/aam.2022.117453 4276 IR Esid


https://doi.org/10.12677/aam.2022.117453
https://doi.org/10.1017/9781316995433
https://doi.org/10.1007/978-3-540-46064-0_5
https://doi.org/10.1364/OL.12.000614
https://doi.org/10.1364/JOSAB.5.000392
https://doi.org/10.1098/rspa.1998.0273
https://doi.org/10.1016/S0010-4655(97)00115-X
https://doi.org/10.1146/annurev.fluid.30.1.139
https://doi.org/10.1146/annurev.matsci.32.112001.132041
https://doi.org/10.1016/S0167-2789(03)00030-7
https://doi.org/10.1007/s00211-002-0413-1
https://doi.org/10.1007/s00211-004-0546-5
https://doi.org/10.1016/S0377-0427(02)00566-6

AR

[15]
[16]
[17]
[18]

[19]

https://doi.org/10.1051/m2an: 2004006

Canuto, C., Hussaini, M.Y., Quarteroni, A., et al. (2007) Spectral Methods: Fundamentals in Single Domains. Springer
Science & Business Media, Berlin. https://doi.org/10.1007/978-3-540-30726-6

Zhang, J. and Du, Q. (2009) Numerical Studies of Discrete Approximations to the Allen-Cahn Equation in the Sharp
Interface Limit. SIAM Journal on Scientific Computing, 31, 3042-3063. https://doi.org/10.1137/080738398

Eyre, D.J. (1998) Unconditionally Gradient Stable Time Marching the Cahn-Hilliard Equation. MRS Online Proceed-
ings Library (OPL), 529. https://doi.org/10.1557/PROC-529-39

Du, Q. and Nicolaides, R.A. (1991) Numerical Analysis of a Continuum Model of Phase Transition. SIAM Journal on
Numerical Analysis, 28, 1310-1322. https://doi.org/10.1137/0728069

An, J., Shen, J. and Zhang, Z. (2018) The Spectral-Galerkin Approximation of Nonlinear Eigenvalue Problems. Ap-
plied Numerical Mathematics, 131, 1-15. https://doi.org/10.1016/j.apnum.2018.04.012

DOI: 10.12677/aam.2022.117453 4277 IR Esid


https://doi.org/10.12677/aam.2022.117453
https://doi.org/10.1051/m2an:2004006
https://doi.org/10.1007/978-3-540-30726-6
https://doi.org/10.1137/080738398
https://doi.org/10.1557/PROC-529-39
https://doi.org/10.1137/0728069
https://doi.org/10.1016/j.apnum.2018.04.012

	变系数非线性二阶问题有效的Fourier谱逼近
	摘  要
	关键词
	Efficient Fourier Spectral Approximation for Nonlinear Second-Order Problems with Variable Coefficients
	Abstract
	Keywords
	1. 引言
	2. 弱形式及其离散格式
	3. 算法的实现及其程序设计
	3.1. 算法的实现
	3.2. 算法的程序设计

	4. 数值实验
	参考文献

