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Abstract

This paper studies a kind of piecewise continuous network virus model with anti-virus

software installation and system reinstallation strategy. Considering the control cost,

we will consider whether to start the control strategies according to the number of

network users. The global dynamics of the model are analyzed by using Bendixson-

Dulac criterion, Green’s formula, Ω limit set and Poincaré map and so on. In the end,

numerical simulations are carried out.
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�òa/O�Å=z��¼O�Å, ïá²;� SIRO�Å¾Ó�.Xe:
dS
dt

= −βSI,
dI
dt

= βSI − γI,
dR
dt

= γI,

(1.1)

ùp β �L´aÅÚa/Å�m�¾ÓDÂÇ, γ ´£ØÇ. ��, Ren [8]�Ä��äXÚ¥XJv

k	ÜO�Å�ë\´Øy¢�, ÏdJÑ±e� SIRO�Å¾Ó�.:
dS
dt

= b− λSI − dS,
dI
dt

= λSI − εI − dI,
dR
dt

= εI − dR,
(1.2)

Ù¥ b�L�ä¥O�Å�Ñ\Ç, ε�L�¾Ó�¡EÇ, d�L�äämÇ, λ�L�ä�¾Óa

/Ç. éukO�Å?ua/G��E?udÏÏ��¹, �ÄÙ6�´ØäkD/5, Gan [9]�

JÑ SIRS�.. Mishra [10]�é SIRO�Å¾Ó�.?1
U?, O\
dÏG�,JÑ
 SEIR

�.. Yang [11]�ÆöJÑ
äk�¢�O�Å¾Ó�., 3 SIR�.¥\\
�¢, �Ñ
²ï

:�½5�¹, Ó�ò�¢��©|ëê, ?Ø
©|�ÄåÆ�¹. d	?ïI [12]JÑ
�a

äk�½�¢�O�Å¾Ó�., Q�Ä
¾Ó�uäk�½�dÏÏ, Ó�ò^�àÓÀ�äk

���¼, d���¼��w�äk�¢. �ây¢¥,
¾Óäk”�>u5”, Marsden [13]JÑ


äkC�¢�O�Å¾Ó�., =¾Ó��uÏ¿Ø´�½�. Mishra [14] ��âSCàÓ^�

½öæ�<����la/O�Å�üÑ, JÑ SEIQRS�.. Nyamoradi [15]JÑ
���k©

ã¡EÇ� SIRO�Å¾Ó�., du�·Üü�¾Ó�DÂ5Æ, Ïd SIR�.�3�½�Û�

5, ��ÄO�ÅØU?u[È�¼�, 6��¼��O�ÅE�´aO�Å.

¾w± [16]�Æö�ÄO�Å3�a/¾ÓcÒ¢1�¾Ó��, ÏdJÑ
SC�¾Ó^�

� SIR9 SIRS�., ¿�^ê�¢��y
éO�ÅSC�¾Ó^�U
k���¾Ó�DÂ.

�¡� [17]3dÄ:þ, @�^r´ÄýkSCàÓ^�, �ûu^r�Å¿£, �Å¿£qda/

Å�êþû½. �a/Å�êþ���, ÌÄSCàÓ^��O�Ç¿Ø²w, ����~ê, �a

/Åêþ�õ�, O�ÇB¬O�, u´Ú\
©ã£�Ç¼ê.�
���ä¾Ó3�DÂ, ·�

ò3©z [11]�Ä:þ, �ÄSCàÓ^�±9CXÚüÑ.

�©�SüÌ�Xe: 1 2Ü©��.�ïá�O�, 1 3Ü©��ÛÄåÆ, ���Ñ�.�

ê��[.

2. �.ïá�O�

duO�ÅÚÃÅ¾ÓDÂ�ª��q5, �Ä SIRO�Å¾Ó�. [11]�SC�¾Ó^�Ú

?ïI [12]�CXÚüÑ. XJØ�Äa/Å±9´aÅ�²LK�, ¢1ëY���üÑ¬E

¤]�L¤±9²L��. Ïd�©�Ä¢1ØëY��üÑ,¿�´Ä¢�ØëY��üÑ, �

ûu�äé¾Ó�´ú§Ý, ´ú§Ýda/O�ÅÚ´aÅ�êþL�.òë\�ä¥���©
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�: ´aÅ(S),a/Å(I),�¼Å(R),ïá�.Xe:
dS
dt

= b− λSI − dS − ϕ1 (S, I)µ1S,
dI
dt

= λSI − dI − ϕ1 (S, I)µ1I − ϕ2 (S, I)µ2I,
dR
dt

= ϕ1 (S, I)µ1S + ϕ1 (S, I)µ1I + ϕ2 (S, I)µ2I − dR,

(2.1)

ùp b > 0����²þÑ\Ç, λ > 0��ä¾Ó�a/Ç, d ≥ 0��äämÇ, µ1 > 0�´aÅ

Úa/ÅSCàÓ^���¼Ç, µ2 > 0�a/ÅCXÚ��¼Ç, Ù¥

(ϕ1 (S, I) , ϕ2 (S, I)) =


(0, 0) , I < IT ,

(1, 0) , I > IT , S < ST ,

(1, 1) , I > IT , S > ST ,

���¼ê, IT > 0�a/Å��K�, ST > 0�´aÅ��K�.du (2.1)c 2��ªÕáu R,

���ÄXe�.: {
dS
dt

= b− λSI − dS − ϕ1 (S, I)µ1S,
dI
dt

= λSI − dI − ϕ1 (S, I)µ1I − ϕ2 (S, I)µ2I,
(2.2)

�ÄåÆ1�.

P��>.d Σ1 =
{

(S, I) ∈ R2
+ : S < ST , I = IT

}
, Σ2 =

{
(S, I) ∈ R2

+ : S > ST , I > IT
}

,Ú

Σ3 =
{

(S, I) ∈ R2
+ : S = ST , I > IT

}
�¤, u´ R2

+ = {(S, I) ∈ R2 : S ≥ 0, I ≥ 0}����y©�
±e 3 f�«�:

G1 =
{

(S, I) ∈ R2
+ : I < IT

}
,

G2 =
{

(S, I) ∈ R2
+ : S < ST , I > IT

}
,

G3 =
{

(S, I) ∈ R2
+ : S > ST , I > IT

}
.

- x = (S, I),u´

dx

dt
=


F1(x), x ∈ G1,

F2(x), x ∈ G2,

F3(x), x ∈ G3.

XÚ(2.2)3 G1S�XÚ� {
dS
dt

= b− λSI − dS,
dI
dt

= λSI − dI,
(2.3)

��Ã¾²ï: E1
0 = (S1

0 , 0) = ( b
d
, 0), /�¾²ï: E1 = (S1, I1) = ( d

λ
, b
d
− d

λ
), ²L{üO��

Ä�2)ê R1 = bλ
d2

.

XÚ(2.2)3 G2S�XÚ� {
dS
dt

= b− λSI − dS − µ1S,
dI
dt

= λSI − dI − µ1I.
(2.4)
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Ã¾²ï: E2
0 = (S2

0 , 0) =
(

b
µ1+d

, 0
)

, /�¾²ï: E2 = (S2, I2) =
(
µ1+d
λ
, bλ−(µ1+d)2

λ(µ1+d)

)
, Ä�2)

ê R2 = bλ
(µ1+d)2

.

XÚ(2.2)3 G3S�XÚ� {
dS
dt

= b− λSI − dS − µ1S,
dI
dt

= λSI − dI − µ1I − µ2I.
(2.5)

Ã¾²ï:E3
0 = (S3

0 , 0) =
(

b
µ1+d

, 0
)

,/�¾²ï:E3 = (S3, I3) =
(
µ1+µ2+d

λ
, bλ−(µ1+µ2+d)(µ1+d)

λ(µ1+µ2+d)

)
,

Ä�2)ê R3 = bλ
(µ1+µ2+d)(µ1+d)

.

éufXÚ�ÄåÆ, ·�ò±·K�/ª�Ñ, y²�{�ë�©z [18].

·K2.1. éufXÚ, � Ri ≤ 1 �, i = 1, 2, 3, Ã¾²ï: Ei
0 3 R2

+ S´�ÛìC½�; �

Ri > 1�, i = 1, 2, 3,/�¾²ï: Ei 3 R2
+ ´�ÛìC½�.

du���NC�ÄåÆ1�éØëYÄåXÚ��ÛÄåÆ©Ûäk��^, ¤±I�©

ÛXÚ (2.2)3���þ«� Σ1, Σ2 Ú Σ3 �ÄåÆ1�,���Ü©©�B�«�Úw�«�. é

u Σ1Ü©,�H = I − IT ,K∇H = (0, 1),XJo�ê [19] LF1H > 0, LF2H < 0,@o Σ1þ�3w

�«�,O��� LF1H = (λS − d) IT , LF2H = (λS − d− µ1) IT ,u´w�«��

ΣS1
= {(S, I) ∈ Σ1 |S1 < S < min {S2, ST}} ,

� S < S1 ½ S > min {S2, ST}� Σ1 þØ�3w�«�, Σ1 �B�«�.d Filippovà�{ [20]½

��O�{ [18], w��§� {
dS
dt

= −λS2 − λITS + b = f(S),

I = IT ,
(2.6)

¼ê f(S) = 0�3�����, Sp1 =
−B1−

√
B1

2−4A1C1

2A1
, Ù¥ A1 = −λ, B1 = −λIT , C1 = b,�

EP1
= (SP1

, IT ) ∈ ΣS1
�,3w�«� ΣS1

þ�3�²ï: EP1
.

·K2.2. � EP1
= (SP1

, IT ) ∈ ΣS1
�,�²ï: EP1

´½�.

y². � EP1
= (SP1

, IT ) ∈ ΣS1
,d¼ê f(S)�5�,� S1 < S < SP1

, f(S) > 0,� SP1
< S <

min{S2, ST}�, f(S) < 0,u´�²ï: EP1
3w�«� ΣS1

þ´½�. 2

éu Σ2Ü©,XJ LF1H > 0, LF3H < 0,@o Σ2 þ�3w�«�,ùp

LF3H = (λS − d− µ1 − µ2) IT ,u´w�«��

ΣS2
= {(S, I) ∈ Σ2 |max {S1, ST} < S < S3 } ,

� S < max {S1, ST} ½ S > S3 � Σ2 þØ�3w�«�, Σ2 �B�«�. d Filippov à�

{FilippovAF1988½�����{ [18], w��§�{
dS
dt

= − λµ1

µ1+µ2
S2 + ( dµ1

µ1+µ2
− d− λIT )S + b = g(S),

I = IT ,
(2.7)
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¼ê g(S) = 0�3�����,Sp2 =
−B2−

√
B2

2−4A2C2

2A2
,ùpA2 = − λµ1

µ1+µ2
, B2 =

(
dµ1

µ1+µ2
− d− λIT

)
,

C2 = b,� EP2
= (SP2

, IT ) ∈ ΣS2
�,3w�«� ΣS2

þ�3�²ï: EP2
.

·K2.3. � EP2
= (SP2

, IT ) ∈ ΣS2
�,�²ï: EP2

´½�.

y². � EP2
= (SP2

, IT ) ∈ ΣS2
, d¼ê g(S) �5�, � max{S1, ST} < S < SP2

, g(S) > 0, �

SP2
< S < S3 �, g(S) < 0, u´�²ï: EP2

3w�«� ΣS2
þ´½�. 2

éu Σ3Ü©,�G = S−ST , Kk∇G = (1, 0),XJ LF2G > 0, LF3G < 0, Σ3þ�3w�«�,

²LO�d�Ñygñ,u´ Σ3þ��B�«�.

3. �ÛÄåÆ

3�©, ·��?Ø Ri0 > 1, i = 1, 2, 3,��¹±(���f«��/�¾²ï:�3,u´Ã

Ø IT > 0�?Û�, Ã¾²ï: E1
0 Ñ´Q:, E2

0 , E3
0 Ñ´J²ï:.d S1 < S2 < S3, Ïd�â´

aöK� ST � S1, S2, S3��é��'X,�ÛÄåÆ©�o«�¹?1?Ø.

�/1µST < S1

ùpk�yw�«���35,du ST < S1, ¤± Σ1 þØ�3w�«�. Σ2þ�w�«��

ΣS2
=
{

(S, I) ∈ R2
+ |S1 < S < S3, I = IT

}
w��§� (2.7).

·K3.1. � ST < S1, I3 < IT < I1 �,�²ï: Ep2 ∈ ΣS2
�´½�.

y². � S1 < SP2
< S3 �,�3�²ï: EP2

= (SP2
, IT ).d	dëY¼ê":�3½n�, �

g (S1) > 0, �÷v g (S3) < 0�, =� I3 < IT < I1 �,�²ï: EP2
�3. �Ò´ EP2

�3,�d

u I3 < IT < I1.,	d·K 2.3�²ï: EP2
�3�´½�. 2

du ST < S1 < S2 < S3, �éu?¿� IT , /�¾²ï: E2 Ñ´J²ï:. q I3 < I1, �©

�n«�/.

�/1.a: IT < I3 < I1

d�/�¾²ï: E1 �J²ï:,/�¾²ï: E3 �¢²ï:.�â·K 2.1®²üØ


Gi(i = 1, 2, 3)S�4;���35, �e5üØXÚ (2.2)�w�4����35.

Ún3.2. � ST < S1 � IT < I3 < I1 �,XÚ (2.2)Ø�3ã 1(a)�w�4��.

y². |^�y{ [21], Ø���5, éuã 1(a), b��3�¹²ï: E3 ���w�4�� Γ, K

;� Γ²L�: (S3, IT )¿�2g�� ΣS2
.du E3 3 G3 S��ÛìC½5, G3 S�);�ò

ªu E3,u´4; Γ	Ü�;�òªu E3, ù�)���5gñ, ¤±l (S3, IT )Ñu�;�Ø¬

2g�� ΣS2
, =Ø�3w�4��. ã 1(b), ã 1(c)üØw�4����¹aq, Ø2Kã. 2

�e5üØB�4����35, �U�3�B�4��Xã 1(d)∼(f)¤«.

Ún3.3. � ST < S1 � IT < I3 < I1 �,XÚ (2.2)Ø�3ã 1(d)�B�4��.

y². Ø���5, b��3��B�4�� Γ, Xã 2¤«, - Γ = Γ1 + Γ2 + Γ3, Ù¥ Γi =

Γ ∩ Gi, i = 1, 2, 3, - U � Γ .½�«�, ¿� Ui = U ∩ Gi, i = 1, 2, 3. �: D1 = (D11, IT ),
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Figure 1. Nonexistence of limit cycles in Case 1.a

ã 1. �¹1.a4���Ø�35

D2 = (D21, IT ), D3 = (ST , D32), �ãM21M22, � Γ1�¤�«�� Ū1, M11M32, M32M31 � Γ2 �

¤�«�� Ū2, M41M42, M42M12� Γ3�¤�«�� Ū3, ��M11M12 = IT +ε, M21M22 = IT −ε,
M31M32 = ST − ε, M42M42 = ST + ε, � Dulac¼ê B(S, I) = 1

SI
, Kd Bendixson-DulacOK, ·

�k ∫∫
U

(
∂BF1

∂S
+
∂BF2

∂I

)
dSdI =

3∑
i=1

∫∫
Ui

(
∂BFi1
∂S

+
∂BFi2
∂I

)
dSdI

=
3∑
i=1

∫∫
Ui

− 1

S2I
dSdI < 0,

d��úªk:∫∫
Ū1

(
∂BF11

∂S
+
∂BF12

∂I

)
dSdI =

∮
∂Ū1

BF11dI −BF12dS

= ∫
Γ1

BF11dI −BF12dS +
M21

∫
M22

BF11dI −BF12dS

= −
M21

∫
M22

BF12dS,
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Figure 2. When E3 is the real equilibrium, exclude the
crossing limit cycle in Figure 1(d)

ã 2. �E3�¢²ï:�§üØã 1(d)�B��

∫∫
Ū2

(
∂BF21

∂S
+
∂BF22

∂I

)
dSdI =

∮
∂Ū2

BF21dI−BF22dS =

M31∫
M32

BF21dI −
M32∫
M11

BF22dS,

∫∫
Ū3

(
∂BF31

∂S
+
∂BF32

∂I

)
dSdI =

∮
∂Ū3

BF31dI−BF32dS =

M32∫
M41

BF31dI −
M12∫
M42

BF32dS,

3∑
i=1

∫∫
Ui

(
∂BFi1
∂S

+
∂BFi2
∂I

)
dSdI = lim

∈→0

3∑
i=1

∫∫
Ūi

(
∂BFi1
∂S

+
∂BFi2
∂I

)
dSdI

= µ1 ln
D21

D11

+ µ2 ln
D21

ST
− µ2 ln

IT
D32

> 0.

Ñygñ. Ïd, üØ
��w�«�Ú²ï: E3 �B�4��. �e5ã 1(e), ã 1(f)�¹üØ

B��aq, Ø2`². 2

½n3.4. � ST < S1 � IT < I3 < I1 �, /�¾²ï: E3 ´�ÛìC½�.

y². � ST < S1 � IT < I3 < I1 �, E3 ´¢²ï:�´ÛÜìC½�, E1 Ú E2 �J²ï:.

d�ØëY>. Σ1 þvkw�«�, Ep2 /∈ ΣS2
.du/�¾²ï: E1, E2 3fXÚ G1, G2 S´

ìC½�, ¤±l G1, G2 Ñu�;�3������c´ªu/�¾²ï: E1 Ú E2 �. l G1

Ñu�;�½lw�«�½lB�«��� G3, l G2 Ñu�;�½lB�«����� G3 ½l

B�«�² G1 2²w�«�½öB�«��� G3, �âÚn 3.2ÚÚn 3.3��XÚ (2.2)Ø�

34��, Kd Ω4�8nØ [20], l R2
+Ñu�;��ªªu/�¾²ï: E3, = E3´�ÛìC

½�. 2
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�/1.b: I3 < IT < I1

d�/�¾²ï: E1, E2, E3��J²ï:.

½n3.5. � ST < S1 � I3 < IT < I1 �, �²ï: EP2
´�ÛìC½�.

y². d·K 3.1, d�3w�«� ΣS2
þ�²ï: EP2

�3�´½�, ÏdXÚ (2.2)Ø�3�

¹w�«� ΣS2
ã�w�4��, ÄK��²ï: EP2

3w�«�þ�ÛÜ½5gñ, �e5ü

ØB�4����35.

Figure 3. Nonexistence of crossing limit cycles in Case 1.b

ã 3. �¹1.bB���Ø�35

aqÚn 3.3 �±üØ ã 3(a), ã 3(b)�B�4��, �e5ò�ÑüØ ã 34���y

². Ø���5, |^�y{, b��3 ã 3(c)�4��. X ã 3(d)¤«, b�XÚ;�l:

B = (b, IT ) ∈ {(S, I) ∈ Σ2 |S > S3 }?Ñu, ² Q3 = (ST , a3) ∈ {(S, I) ∈ Σ3 |I > IT }�� Q2 =

(ST , a2) ∈ {(S, I) ∈ Σ3 |I > IT }, Ù¥ a3 > a2. b��3: Q1 = (ST , a1) ∈ {(S, I) ∈ Σ3 |I > IT },
¦�lù:Ñu�;��� A = (a, IT ) ∈ {(S, I) ∈ Σ2 |ST < S < S1 }. �e5·�òy² a2 > a1.

�E¼ê [22]

g1 (S, I) = V6 (S, I)− V4 (S, I) ,

Kk ∂g1(S,I)
∂I

= I2−I3
I

> 0, ?�Úk

V6 (ST , a3)− V4 (ST , a3) < V6 (ST , a2)− V4 (ST , a2) .

DOI: 10.12677/aam.2022.117441 4150 A^êÆ?Ð

https://doi.org/10.12677/aam.2022.117441


M§à

d Lyapunov¼ê�5��,

V4 (ST , a3) = V4 (ST , a2) ,

V6 (ST , a3) = V6 (ST , a1) ,

u´k V6 (ST , a1) < V6 (ST , a2).

q ∂V6(S,I)
∂I

= I−I3
I

,� a1 > IT > I3, a2 > IT > I3,u´k a1 < a2, ÏdØ�3ã 3(c)�4�

�.üØw�4��ÚB�4����,XÚ (2.2)� Ω4�8´ {EP2
},=XÚ (2.2)?Ûl R2

+ S

Ñu�)�X t�O\�ªÑ¬ªu�²ï: EP2
. 2

�/1.c: I3 < I1 < IT

d�/�¾²ï: E1�¢²ï:, /�¾²ï: E3�J²ï:.

½n3.6. � ST < S1 � I3 < I1 < IT �, ¢²ï: E1 ´�ÛìC½�.

y². �U�3�B�4����/ 1.a, üØ��{aq, ùpòØ2�Ñ. �U�3�w�4�

�Xã 4¤«, |^Ún 3.2��{, b��3Xã 4¤«�w�4��, @ol�: (S1, IT )Ñ

u�;�, ½² G1 �� ΣS2
,Xã 4(a)¤«, ½´² G1 «��� G2 «���2�� ΣS2

,Xã

4(b)¤«, ¢²ï: E13 G1S´�ÛìC½�, @o3 G1S�);�Ñ¬ªu¢²ï: E1,

K;�7�w�4����, �)���5gñ, u´Ø�3w�4��.üØw�4��±9B�

4����,/�¾²ï: E13 R2
+S´�ÛìC½�. 2

�e5&ÄÙ¦�/��ÛÄåÆ1�, ·��òæ^üØ4���g´, 2|^XÚ� Ω4

�8, y²�{�Ó�Ü©�¡ÒØ2Kã.

Figure 4. Nonexistence of sliding mode limit cycles in Case 1.c

ã 4. �¹1.cw���Ø�35

�/2: S1 < ST < S2

ùpk5?Øw�«��ÄåÆ,dc¡�?Ø��3ØëY>. Σ3 þØ�3w�«�,=

3��� Σ3 þÑ´B�«�, 3�Y��/¥Ø2?1`². �e5?Ø���þ Σ1 3�/

S1 < ST < S2 e�w�ÄåÆ.�â´aK� ST � S1, S2 ��é��,d� Σ1 þ�w�«�A�
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ΣS1
=
{

(S, I) ∈ R2
+ |S1 < S < ST , I = IT

}
w��§� (2.6).

·K3.7. � S1 < ST < S2, H1 < IT < I1 �,�²ï: Ep1 ∈ ΣS1
�´½�.

y². d f(S)�5�,� S1 < SP1
< ST �,�3�²ï:EP1

= (SP1
, IT ).,	,� S1 < SP1

< ST ,

k f (S1) > 0, f (ST ) < 0,-H1 = b
λST
−ST , dëY¼ê":�3½nK�²ï: EP1

�3��d

^��H1 < IT < I1.d	d·K 2.2,�ΣS1
þ��²ï:�3�´½�. 2

d 4.3 !�?Ø, �â´aK� ST � S1, S3 ��é��, d� Σ2 þw�«�� ΣS2
={

(S, I) ∈ R2
+ |ST < S < S3, I = IT

}
,d� ΣS2

þ�w��§� (2.7).

·K3.8. � S1 < ST < S2 �,�÷v I3 < IT < H2 �,k�²ï: EP2
∈ ΣS2

´½�.

y². d g(S) �5�, �â":�3½n, � g (ST ) > 0 � g (S3) < 0, �Ò´ I3 < IT <
b

λST
− 1

λ

(
dµ2

µ1+µ2
+ λµ1

µ1+µ2
ST

)
��²ï:�3, - H2 = b

λST
− 1

λ

(
dµ2

µ1+µ2
+ λµ1

µ1+µ2
ST

)
, =�²ï:

EP2
�3��=� I3 < IT < H2.d·K 2.3�ΣS2

þ��²ï:�3�´½�. 2

�
�Ð/�ä�²ï: EP1
, EP2

��35,I��ä IT , ±9 H1Ú H2�m���'X, �

e5k?Ø H1Ú H2���'X:

H1 −H2 =
1

λ

dµ2

µ1 + µ2

− µ2

µ1 + µ2

ST

< 0,

=�� ST > S1, Òk H1 < H2.

?�Ú/, � S1 < ST < S2 < S3k

I3 =
b

λS3

− S2 < H1 =
b

λST
− ST <

b

λS1

− S1 = I1,

= I3 < H1 < I1.

q� ST > S1�,

I1 −H2 =
b

d
− d

λ
− b

λST
+

1

λ

(
dµ2

µ1 + µ2

+
λµ1

µ1 + µ2

ST

)

>
b

d
− d

λ
− b

λS1

+
1

λ

(
dµ2

µ1 + µ2

+
λµ1

µ1 + µ2

S1

)
= 0,

= H2 < I1.

dud�éu?�� IT ,/�¾²ï:E2Ñ´J²ï:,¿� I3 < I1,Ïd�ÛÄåÆ�â IT

� I3, I1 ��é��©�n«�¹?Ø.�âa/K� IT �����,·�ò�Ñ� S1 < ST < S2

�, XÚ (2.2)�ÄåÆ(J.

½n3.9. � S1 < ST < S2 �, �â IT ØÓ���, ��Xe(Ø:

(a) � IT < I3 < I1 �,¢²ï: E3 ´�ÛìC½�.
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(b) � I3 < IT < I1 �,©�n«�¹:

(b.1) � I3 < IT < H1 � ,�²ï: EP2
´�ÛìC½�.

(b.2) � H1 < IT < H2 � ,XÚ (2.2)�;��ªªu�²ï: EP1
½ EP2

.

(b.3) � H1 < H2 < IT �,�²ï: EP1
´�ÛìC½�.

(c) � I3 < I1 < IT �,/�¾²ï: E1 ´�ÛìC½�.

y². éu�/ (a), d�/�¾²ï: E3 �¢²ï:, E1 �J²ï:. �â·K 3.7, �²ï:

EP1
/∈ ΣS1

, �â·K 3.8,�²ï: EP2
/∈ ΣS2

,d��U�3�4��Xã 5¤«,�âÚn 3.3�

�{�±üØã 5(a),ã 5(b)�B�4��.�âÚn 3.2��{�±üØã 5(c)∼(e)�w�4�

�.b��3��l�: (S2, IT )Ñu, 2g��: (S, IT ),ùp S1 ≤ S ≤ S3.du/�¾²ï:

E3 �ÛÜ½5,d�3 G3 «�4;	�);�òªu E3,�)���5gñ,u´Ø�3w�

4��.lG2«�Ñu�;�3��ØëY>.�c´ªu E2�,½��w�«�²�: (S3, IT )

ªu E3,½²«� G1 ��ØëY>. Σ2 2ªu/�¾²ï: E3.l G1 «�Ñu�;�,3��

ØëY>.�c´ªu E1�,²w�«� ΣS2
½B�«�ªu E3,u´/�¾²ï: E3´�Ûì

C½�.

Figure 5. Nonexistence of limit cycles in Case 2.a

ã 5. �¹2.a4���Ø�35

éu�/ (b.1),�²ï: EP2
∈ ΣS2

´½�.d�/�¾²ï: E2, E2, E3 ��J²ï:,

�U�3�B�4��Xã 5(a)¤«,�âÚn 3.3��{�±üØ.Ó�·���3w�«�þ,
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� S < SP2
�,�â�þ|©Û,XÚ�)3w�«�þl��mwÄ,� S > SP2

�,XÚ�)3

w�«�þlm �wÄ,¤±d�Ø�3w�4��,ÄK��²ï: EP2
3w�«�þ�ÛÜ

½5gñ.�â/�¾²ï: Ei3«� Gi�ÛÜ½5,l«� GiÑu�;�3������

c´ªu Ei �, i = 1, 2, 3,��w�«� ΣS2
�ªu�²ï: EP2

,XÚ� Ω4�8´ {EP2
}, ¤

± EP2
´�ÛìC½�. �/ (b.2), (b.3) aq�y, ùpØ2�Ñ.

éu�/ (c),d��²ï: EP1
/∈ ΣS1

,�²ï: EP2
/∈ ΣS2

,/�¾²ï: E1 �¢²ï:,

E1, E2 �J²ï:.�U�3�B�4��Xã 6¤«,�âÚn 3.3��{�±üØã 6(a)�B

�4��,éuã 5((b)∼(d))�w�4��,�âÚn 3.2,b��3��w�4����/�¾

²ï: E1,l�: (S1, IT )Ñu, ²«� G1 �� Σ2,2²«� G2 ½ G3 ����: (S, IT ),ùp

S1 ≤ S ≤ S3.du/�¾²ï: E1 �ÛÜ½5,d�3 G1«�4;	�);�òªu E1,�)

���5gñ,¤±E1´�ÛìC½�. 2

Figure 6. Nonexistence of limit cycles in Case 2.c

ã 6. �/2.c4���Ø�35

�/3: S2 < ST < S3

�â ST �����,d� Σ1 þ�w�«�� ΣS1
=
{

(S, I) ∈ R2
+ |S1 < S < S2, I = IT

}
, d

c¡�?Ø, ΣS1
þ�w��§� (2.6), �²ï: EP1

�3��=� S1 < SP1
< S2.

d� Σ2 þ�w�«�� ΣS2
=
{

(S, I) ∈ R2
+ |ST < S < S3, I = IT

}
. ΣS2

þ�w��§�

(2.7), �²ï: EP2
�3��=� ST < SP2

< S3.

du I3 < I2 < I1, Ïd�ÛÄåÆ©� 4«�¹, 3�Ñ½n�c·�k�Ñü�·KÚ��

Ún.
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·K3.10. � S2 < ST < S3 �,�÷v I2 < IT < I1 �, k EP1
∈ ΣS1

,¿��²ï: EP1
´½

�;� S2 < ST < S3 �,�÷v I3 < IT < H2 �,k EP2
∈ ΣS2

,¿��²ï: EP2
´½�.

y². dëY¼ê":�3½n, � f (S1) > 0 � f (S2) < 0 ��²ï: EP1
�3, �Ò´÷v

I2 < IT < I1 �, �²ï:�3,d·K 2.2,�²ï:EP1
3w�«�þ´½�.

d g(S) �5�, � g (ST ) > 0 � g (S3) < 0 ��²ï:�3, �Ò´ I3 < IT < b
λST
−

1
λ

(
dµ2

µ1+µ2
+ λµ1

µ1+µ2
ST

)
��²ï: EP2

�3, =�²ï:�3��=� I3 < IT < H2,d·K 2.3,

�²ï:EP2
3w�«�þ´½�. 2

·K3.11. � I3 < IT < I2 < I1 �, ØëY>.�: ET = (ST , IT )?��þ|, |^�©�¹½

Â [20]ØëY>.?: (ST , IT )��þ|�§�

F (ST , IT ) = l1F1 (ST , IT ) + l2F2 (ST , IT ) + l3F3 (ST , IT ) , l1, l2, l3 ∈ (0, 1) ,

�k l1 + l2 + l3 = 1. � (ST , IT )�XÚ (2.2)�²ï:�, = (0, 0) ∈ F (ST , IT ), ��
ST =

1

λ
[d+ (l2 + l3)µ1 + l3µ2] ,

IT =
1

λ

[
b

ST
− d− (l2 + l3)µ1

]
.

Ún3.12. � S2 < ST < S3,� I3 < H2 < IT �, ET Ø´XÚ (2.2)�²ï:.

y². ^�y{y², Ø���5, b� ET ´XÚ (2.2)�²ï:. � (0, 0) ∈ F (ST , IT )�, ¿�

X
1

λ

[
b

ST
− d− (l2 + l3)µ1

]
>

b

λST
− 1

λ

(
dµ2

µ1 + µ2

+
λµ1

µ1 + µ2

ST

)
,

u´k

d+ (l2 + l3)µ1 <
dµ2

µ1 + µ2

+
λµ1

µ1 + µ2

ST

= d+
µ1

µ1 + µ2

[(l2 + l3)µ1 + l3µ2] ,

?k

(l2 + l3)µ2 < l3µ2,

�)gñ,=`²ET d�Ø´XÚ (2.2)�²ï:. 2

½n3.13. � S2 < ST < S3 �, �â IT ���,��±e(Ø:

(a) � IT < I3 < I2 < I1 �,XÚ (2.2)�;��X t�O\òªu/�¾²ï: E2 ½ E3.

(b) � I3 < IT < I2 < I1 �,©�n«�¹:

(b.1) � (0, 0) /∈ F (ST , IT ),� I3 < IT < H2 < I2 �,XÚ (2.2)�)�X�m t�O\½ªu

¢²ï: E2 ½ªu�²ï: EP2
.
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(b.2) � I3 < H2 < IT < I2 �,/�¾²ï: E2 ´�ÛìC½�.

(b.3) � I3 < IT < I2 < H2 �,XÚ (2.2)�)�X�m t�O\�ªªu/�¾²ï: E2 ½

�²ï: EP2
.

(c) � I3 < I2 < IT < I1 �,©�n«�¹:

(c.1) � (0, 0) /∈ F (ST , IT ), I2 < IT < I1 �,�²ï: Ep1 ´�ÛìC½�.

(c.2) � I3 < I2 < IT < H2 < I1 �,XÚ (2.2)�)�X�m t�O\�ª½ªu�²ï:

EP1
,½ªu�²ï: EP2

.

(c.3) � I3 < I2 < H2 < IT < I1 �,�²ï: EP1
´�ÛìC½�.

y². ùp·���Ñ (b.2)Ú (c.1)�y²,Ù¦�/�y²�c¡aq.

éu�/ (b.2),d�, E3�J²ï:, E2�¢²ï:, E1�J²ï:.�â·K 3.10d��²

ï: EP1
/∈ ΣS1

, EP2
∈ ΣS2

. �âÚn 3.12,� ET Ø´XÚ (2.2)�²ï:.�U�3�4��X

ã 7¤«, |^Ún 3.2�±üØã 7(a),ã 7(b),ã 7(e)�B�4��.du�²ï: EP1
3w�

«� ΣS2
þ�ÛÜ½5,Ø�3�¹w�«� ΣS2

ã�w�4��,A^Ún 3.3��{, b��

3l�: (S2, IT ) ²«� G2 ���� ΣS1
,½² G2 �� G1 ��2��«� ΣS1

, � E2 3 G2 S

�ÛÜ½5gñ,u´�±üØXÚ (2.2) 4����35,/�¾²ï: E2 ´�ÛìC½�.

Figure 7. Nonexistence of limit cycles in Case 3.b

ã 7. �/3.b4���Ø�35

éu�/ (c.1),d�/�¾²ï: E1, E2, E3 ��J²ï:.Xãã 8¤«, �Ñ�U�3�

4��.dÚn 3.3��{�±üØB�4����35,�c¡�y²aq, ùpØ2Kã,·�
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ò�ÑüØw�4���y².� (0, 0) /∈ F (ST , IT )�, b��3Xã 8(c), ã 8(d)ü«w�4�

�, ùp·�ò|^�y{ [23]��{üØã 8(c)�w�4��, ã 8(d)�y²aq.

Figure 8. Nonexistence of limit cycles in Case 3.c

ã 8. �/3.c4���Ø�35

|^�y{, X ã 8(c)¤«, Ø���5, b��3��4;�l A (ST , IT ) Ñu, ��:

B (SB, IT ), Ù¥ SB > ST .�â·K 3.10, d� EP1
∈ ΣS1

,¿��²ï: EP1
´½�,¿�÷v

S1 < SP1
< S2, N´���3��: C (SC , IT ), S2 < SC < ST ,¦�l: C Ñu�;��ª��

�²ï: EP1
(SP1

, IT ), u´éu?¿: (S0, IT ),Ù¥ SC < S0 < ST Ñu�;�,²L«� G2 Ñ

¬2g�����þ�: (S, IT ),÷v SP1
< S < SB, u´�±�E�� PoincaréN�:

P (S0) = S,

·�ò�U¼ê½Â�:

d (S0) = P (S0)− S0.

N´���U¼ê3 [SC , ST ]´��ëY¼ê,�d P (SC) = SP1
, P (ST ) = SB,k d (SC) = SP1

−
SC < 0, d (ST ) = SB −ST > 0,u´�â4«mþëY¼ê�":�3½n,�3 S∗ ∈ (SC , ST ),¦

� d (S∗) = 0,=k P (S∗) = S∗,ùÒ`²XÚ�3B�4��, A^Ún 3.2��{�üØB�4

����35,�)gñ,u´üØ
ã 8(c)�w�4��.u´� (0, 0) /∈ F (ST , IT ) �, �²ï:

Ep1 ´�ÛìC½�. 2
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�/4: ST > S3

d�ÃØ IT �?Û�,/�¾²ï: E3��J²ï:,d� Σ2þvkw�«�, Σ1þ�w�

«�� ΣS1
=
{

(S, I) ∈ R2
+ |S1 < S < S2, I = IT

}
,w��§�(2.6),�²ï: EP1

�3�½��

=� I2 < IT < I1.e¡±½n�/ª�Ñ¤k�ÄåÆ�¹.

½n3.14. � ST > S3 �,�â IT ���,�d©�±en«�¹:

(a) � IT < I2 < I1 �,/�¾²ï: E2 ´�ÛìC½�.

(b) � I2 < IT < I1 �,�²ï: EP1
´�ÛìC½�.

(c) � I2 < I1 < IT �,/�¾²ï: E1 ´�ÛìC½�.

y². éu�/ (a),d�/�¾²ï:E2�¢²ï:, E1�J²ï:,�²ï:EP1 /∈ Σ1, �U�

3�4��Xã 9¤«.éuã 9(a),ã 9(b)�B�4��,�âÚn 3.3��{,$^ Bendixson-

DulacOK�±üØ.du/�¾²ï: E2 �ÛÜ½5,b��3Xã 9(c),ã 9(d)�w�4�

�,l�: (S2, IT ) Ñu�);�,²«� G2 ���� Σ̄S1
,½² G2 �� G1 ��2��«� Σ̄S1

,

K4;	G2S�);�ØUªu E2,� E2�ÛÜ½5gñ,¤±Ø�3w�4��.�â E1Ú

E3�ÛÜ½5,l«� G3«�Ñu�;�²B�«� Σ3ªu E3,l«� G1Ñu�;�½��

w�«�ΣS1
²�: (S2, IT )ªuE1,½lB�«�½öG3«�ªuE1,u´/�¾²ï:E2 ´

�ÛìC½�,�/ (b), (c)aq�y. 2

Figure 9. Nonexistence of limit cycles in Case 4.a

ã 9. �/4.a4���Ø�35
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Table 1. Parameter values

L 1. ëê��

�/

ëê
b λ d µ1 µ2 ST IT

�/1.a 5 0.2 0.4 0.15 0.8 1.8 0.6

�/1.b 5 0.2 0.4 0.2 0.8 1 8

�/1.c 6 0.2 0.4 0.4 0.8 1.8 15

�/2.a 5 0.2 0.4 0.15 0.8 2.5 0.8

�/2.b.1 5 0.2 0.4 0.15 0.8 2.5 5

�/2.b.2 6 0.3 0.2 0.6 0.8 2.5 6

�/2.b.3 6 0.3 0.2 0.6 0.8 2.5 10

�/2.c 4 0.3 0.3 0.3 0.8 1.5 15

�/3.a 6 0.3 0.4 0.4 0.6 4 1.2

�/3.b.1 6 0.3 0.4 0.4 0.6 3 3

�/3.b.2 10 0.3 0.4 0.4 0.6 3.5 9.2

�/3.b.3 6 0.3 0.4 0.4 0.6 3 4

�/3.c.1 6 0.3 0.4 0.4 0.6 3 10

�/3.c.2 9.4 0.3 0.4 0.8 0.6 3.8 5

�/3.c.3 9.4 0.3 0.4 0.8 0.6 4 6

�/3.d 6 0.3 0.4 0.4 0.6 3 15

�/4.a 5 0.2 0.4 0.2 0.8 5 4

�/4.b 5 0.2 0.4 0.2 0.8 8 8

�/4.c 5 0.2 0.4 0.2 0.8 7.5 15

4. (J?Ø

ÏL½5©Û,·�üØ
w�4��ÚB����35,Äu±þ?Ø,·�®²�Ñ
�Û

ÄåÆ�¤k�¹.3�!¥,·�òÏLäN�ëê��5�yþ�!¥½n�(Ø,äNëê�
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