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Abstract

With an important physical background, the fractional Choquard equation has at-

tracted great attention from the field of nonlinear analysis in recent years. In this

paper, we study the following fractional Choquard equation

(−∆)su+ V (x)u = (|x|−µ ∗ |u|p)|u|p−2u, in RN , (P)

where s ∈ (0, 1), N ≥ 3, µ ∈ (0, N), 2 < p < 2N−µ
N−2s

, “∗” stands for the convolution and (−∆)s

is the fractional Laplacian operator. By combining the Ekeland variational principle

with the implicit function theorem, we prove that the problem (P ) possesses one least

energy sign-changing solution w. Moreover, we show that the energy of w is strictly

larger than the ground state energy and less than twice the ground state energy.
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1. ÚóÚÌ�(J

Schrödinger�§Ï~^5£ãâf3�m��m¥�$Ä5Æ, ´þfåÆ¥�Ä��., 3

zÆ!và�Ôn!��51Æ�+�¥�k2�A^. Schrödinger�§

i~
∂Ψ

∂t
= − ~2

2m
∆Ψ + Ṽ (x)Ψ− |Ψ|p−1Ψ, x ∈ RN × R,

2�Ñy3và�ÔnÚ��51Æ�¯K�ïÄ¥, Ù¥ ~ ´ Planck ~þ, i ´Jêü , e

N ≥ 2, K 1 < p ≤ N+2
N−2

; eN = 1, 2, K 1 < p <∞. 3Ôn¯K¥, ��Ñy�´ p = 3��/, d

�T�§��¡� Gross-Pitaevskii�§.
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l�§/ª5w, Choquard�§�À��k�ÛÜ�� Schrödinger�§. �©�8I=´�

ïÄXe�k©ê�.Ê.d�f� Choquard�§�CÒ)��35

(−∆)su+ V (x)u = (|x|−µ ∗ |u|p)|u|p−2u, x ∈ RN , (1.1)

Ù¥ N ≥ 3, µ ∈ (0, N), 2 < p < 2N−µ
N−2s

, “∗”L«òÈ�f, (−∆)s ´ s ∈ (0, 1)��©ê.Ê.d

�f, §�±£ã� (−∆)s = F−1(|ξ|2sFu), Ù¥ F L« RN ¥�Fp�C�.

du�3�ÛÜ� (−∆)suÚ (|x|−µ ∗ |u|p), ù`²�§ (1.1)Ø´��Å:¤á��§, Ïd

ù��¯KÏ~�¡��ÛÜ¯K.

� s = 1, N = 3� µ = p = 2�, (1.1)=z�e� Choquard-Pekar�§

−∆u+ u = (I2 ∗ |u|2)u, x ∈ R3, (1.2)

ù��§®²Ñy3�«Ôn�.��µ¥, d Choquardu 1976c3ü|©�lfN�©Ù¥J

Ñ (ë� [1], [2]). I��Ñ, �§ (1.2)�)�à��mCz� Hartree�§

i
∂ψ

∂t
+ ∆ψ = −(I2 ∗ |ψ|2)ϕ, ψ ∈ R+ × RN

�7Å) ψ(t, x) = eitu(x)k'.

1996c, Penrose [3]JÑò (1.2)��gÚåÔ���.. d�, Bahrami [4]ò�§ (1.2)�

Schrödinger�§ÍÜ��.¡���5� Schrödinger-Newton�§. Giulini [5]�Ñ, �§ (1.2)

��±l Einstein-Klein-GordonÚ Einstein-DiracXÚí�Ñ. �õ�Ôn�µ�ë� [6]9Ù¥

�ë�©z.

Choquard�§kXe����/ª, =

−∆u+ V (x)u = (|x|−µ ∗ |u|p)|u|p−2u, x ∈ RN . (1.3)

3L��A�c¥, <�é�§ (1.3))��35Úõ­5ïÄ��
�X�ïÄ¤J. ~X, ©

z [7] [8] [9]±9Ù¥�ë�©z. AO/, Alves, NóbregaÚ Yang [7]y²
� V (x) = λa(x) + 1

�, �§ (1.3)��k (2k − 1)�õ�), ¿�3 λ¿©��ïÄ
)�ìC1�. MorozÚ Van

Schaftingen [8]ïÄ
� V (x) = 1�, �§ (1.3)Ä�)��35!�K5Ú�5, ±9Ä�)��


½þ5�. �C, GaoÚ Yang [10]3k.«�þïÄ
��aqu (1.3)��§��.�ê�¯

K.

CÏ, <�m©'5�§ (1.3)�CÒ)½!:)��35Úõ­5. X3 [11]¥, ClappÚ

Salazar3��é¡�	«�þïÄ
�§ (1.3)�)��35±9äk4�Uþ�CÒ)�õ­

5, Ù¥ V ´¥é¡�, �3Ã¡�?�34�. Ye [12]��
 (1.3)�4�UþCÒ) (¤kCÒ

)¥äk�$Uþö)��35, ¿y²
CÒ)�Uþî��uÄ�Uþ, �î��uÄ�Uþ�

ü�. � V = 1�, 3 [13]¥, Äu4�Uþ!:)�4�4��xÚCÒ Palais-SmaleS��;

5©Û, GhimentiÚ Van Schaftingenïá
e�¯K!:)�½5©Û

−∆u+ V (x)u = (Iµ ∗ |u|p)|u|p−2u, x ∈ RN ,
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Ù¥ Iµ : RN → RL« Riesz ³, ½ÂXe:

Iµ(x) =
Γ(N−µ

2
)

Γ(µ
2
)πN/22µ|x|N−µ

Ù¥ x ∈ RN \ {0}. 3 [14] ¥, Ghimenti, Moroz Ú Van Schaftingen �Ä±þ¯K¿ïá


p > 2� p → 2+�/e4�Uþ!:)��35. éu�õ�'(J·��ë� MorozÚ Van

Schaftingen [6]9Ùë�©z.

Cc5, ©ê� Choquard�§Úå
�5�õ�'5. 3 [15]Ú [16]¥, d’Avenia, Siciliano

Ú SquassinaïÄ
±e©ê� Choquard�§)��K5!�35!��35!é¡5ÚP~5

(−∆)su+ ωu = (Ks ∗ |u|p)|u|p−2u, x ∈ RN , (1.4)

Ù¥ Ks = |x|s−N , s ∈ (0, N), ω ��ëê. �5, ChenÚ Liu [17]ïÄ
� ω = 1���5��

(1 + a(x))(Ks ∗ |u|p)|u|p−2u�, �§ (1.4)Ä�)��35, Ù¥ a(x)3Ã¡�?��. Shen, Gao

Ú Yang [18]ïÄ
 Berestycki-Lions.b�e©ê� Choquard�§�Ä�)��35.

É©z [12]Ú [19]éu, 3�©¥·�ïÄ
�§ (1.1)�4�UþCÒ)��35. ·�|^

©ê�.Ê.d�f� s−NÚòÿ�{, EkelandC©�n±9Û¼ê½n, ÏL3 Nehari6/¥

¤kCÒ¼ê�¤�f8þ¦�å, y²
4�UþCÒ)��35.

3�©¥, Lp(RN )¥��êL«� ‖ · ‖p, 1 ≤ p <∞; C ½ Ci(i = 1, 2, · · · )L«Å1Cz��
~ê. y3, ·�£� Hardy-Littlewood-SobolevØ�ª.

·K1. [20](Hardy-Littlewood-SobolevØ�ª)� θ, r > 1, 0 < µ < N ÷v 1
θ

+ µ
N

+ 1
r

= 2. e

g ∈ Lθ(RN ), h ∈ Lr(RN ), K�3��� g, hÃ'�~ê C(θ, µ, r,N), ¦�∫∫
RN×RN

g(x)h(y)

|x− y|µ
dxdy ≤ C(θ, µ, r,N)‖g‖θ‖h‖r.

51. éu F (u) = |u|p, u ∈ Hs(RN ), F (u) ∈ L1(RN ), d Hardy-Littlewood-SobolevØ�ª, �

2N − µ
N

≤ p ≤ 2N − µ
N − 2s

�, ∫∫
RN×RN

F (u(x)F (u(y))

|x− y|µ
dxdy

k½Â, Ù¥ θ = 2N
2N−µ .

·�b�³¼ê V (x)÷v

(V1) V (x) ∈ C(RN ,R)� inf V (x) ≥ a1 > 0.

(V2) é?¿M > 0, kmeas{x ∈ RN |V (x) ≤M} <∞.
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Äk, ·�£�©ê� Sobolev�m. éu s ∈ (0, 1), ©ê� Sobolev�m Hs(RN )½Â�

Hs(RN ) =

{
u ∈ L2(RN ) :

|u(x)− u(y)|
|x− y|N+2s

2

∈ L2(RN × RN )

}
,

Ù�ê½Â�

‖u‖Hs = [u]Hs + ‖u‖2,

Ù¥

[u]Hs = (

∫∫
RN×RN

|u(x)− u(y)|2

|x− y|N+2s
dxdy)

1
2

L« u� Gagliardo��ê. d [21]��, ©ê�.Ê.d�f (−∆)s�½ÂXe:

(−∆)su = −CN,s
2

∫
RN

u(x+ y) + u(x− y)− 2u(x)

|y|N+2s
dy (1.5)

�

‖(−∆)
s
2u‖22 =

1

2
CN,s

∫∫
RN×RN

|u(x)− u(y)|2

|x− y|N+2s
dxdy,

Ù¥

CN,s =

(∫
RN

1− cosξ1

|ξ|N+2s
dξ

)−1

, ξ = (ξ1, ξ2, · · · , ξN ).

�?n�§ (1.1)¥©ê��f��ÛÜ5, ·�ò¦^ [22]¥ CaffarelliÚ SilvestreuÐ�

s−NÚòÿ�{5ïÄ�A�òÿ¯K, ù4·�U^²;�ÛÜ¯K�C©�{5ïÄ¯K

(1.1). éu u ∈ Hs(RN ),  −div(y1−2s∇w) = 0, x ∈ RN+1
+ ,

w = u , x ∈ RN × {0},
(1.6)

�) w ∈ Xs(RN+1
+ )¡� u� s−NÚòÿ, P� w = Es(u). 3 [22]¥®²y²

(−∆)su = − 1

ks
lim
y→0+

y1−2s ∂w

∂y
(x, y),

Ù¥

ks = 21−2sΓ(1− s)
Γ(s)

,

ùp Γ´³ê¼ê. ùp, �mXs(RN+1
+ )ÚHs(RN )��À� C∞0 (RN+1

+ )Ú C∞0 (RN )���z�

m, 3 [23]¥, �ê

‖w‖Xs :=

(∫
RN+1

+

ks|∇w|2dxdy
) 1

2

,

‖w‖Hs(RN ) :=

(∫
RN
|2πξ|2s|F(u(ξ))|2dξ

) 1
2

=

(∫
RN
|(−∆)

s
2u|2dx

) 1
2

.

DOI: 10.12677/aam.2022.117437 4093 A^êÆ?Ð

https://doi.org/10.12677/aam.2022.117437


p7u

I��Ñ�´, i\ Xs(RN+1
+ ) ↪→ L2∗s (RN )´ëY� (ë� [23]). Äuþã�{, ·�òïÄ±e

¯K�4�Uþ (CÒ))��35 −div(y1−2s∇w) = 0, x ∈ RN+1
+ ,

∂w
∂ν

= −V (x)w + (|x|−µ ∗ |w|p)|w|p−2w, x ∈ RN × {0},
(1.7)

Ù¥
∂w

∂ν
= − 1

ks
lim
y→0+

y1−2s ∂w

∂y
(x, y).

�
�B, ·��Ñ~ê ks. ´�, e w ∈ Xs(RN+1
+ )´�§ (1.7)�), K u(x) = w(x, 0)´ (1.1)

�).

du ³¼ê V (x)�Ñy, ·�Ú\Xef�m

H := {w ∈ Xs(RN+1
+ ) |

∫
RN

V (x)|w(x, 0)|2dx <∞}

Ù¥

(w, v) =

∫
RN+1

+

y1−2s∇w∇vdxdy +

∫
RN

V (x)w(x, 0)v(x, 0)dx

�ê½Â�

‖w‖ =

(∫
RN+1

+

y1−2s|∇w|2dxdy +

∫
RN

V (x)|w(x, 0)|2dx
) 1

2

.

(Ü (1.7), Uþ�¼ J : H → R½ÂXe

J(w) =
1

2

∫
RN+1

+

y1−2s|∇w|2dxdy +
1

2

∫
RN

V (x)|w(x, 0)|2dx

− 1

2p

∫
RN

(|x|−µ ∗ |w(x, 0)|p)|w(x, 0)|pdx.

(1.8)

|^ Hardy-Littlewood-SobolevØ�ª, ^IO��{�y² J ∈ C1(H,R) (ë� [8], [9])�éu?

¿ w, ϕ ∈ H,

〈J ′(w), ϕ〉 =

∫
RN+1

+

y1−2s∇w∇ϕdxdy +

∫
RN

V (x)w(x, 0)ϕ(x, 0)dx

−
∫
RN

(|x|−µ ∗ |w(x, 0)|p)|w(x, 0)|p−2w(x, 0)ϕ(x, 0)dx,

(1.9)

ù`²Uþ�¼ J ��.:´ (1.1)�f).

e w ∈ H ´ (1.1)���)� w± 6= 0, �÷v

J(w) = inf{J(v)|v± 6= 0, J ′(v) = 0} (1.10)
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Ù¥

w+(x, 0) = max{w(x, 0), 0}, w−(x, 0) = min{w(x, 0), 0}.

K·�¡ w ∈ H � (1.1)�4�UþCÒ). ·�½Â
 J �A� Nehari6/

N = {w ∈ H \ {0} : 〈J ′(w), w〉 = 0}, (1.11)

�½Â

c := inf
w∈N

J(w). (1.12)

4·�£Á��5¯K��
²;(J −∆u = f(x, u) x ∈ Ω,

u = 0 x ∈ ∂Ω.
(1.13)

3 [24]¥, Castro, CossioÚ Neubergery²
 (1.13)�3��CÒ), �§TÐ�UC�gÎÒ,

�ù���CÒgê�CÒ)�¡�!:). Bartsch, WethÚWillem [25]y²
TÐCÒ�g�

4�Uþ!:)��35. d	, 3 [26]¥�uy
Uþ�Oy�. ,
, ù
J��'u (1.13)�

(J�6uXeü«©), =éu u ∈ H1
0 (Ω), k

I(u) = I(u+) + I(u−), (1.14)

〈I ′(u), u+〉 = 〈I ′(u+), u+〉, 〈I ′(u), u−〉 = 〈I ′(u−), u−〉, (1.15)

Ù¥ I : H1
0 (Ω)→ R

I(u) =
1

2

∫
Ω

|∇u|2dx−
∫

Ω

F (x, u)dx, F (x, u) =

∫ u

0

f(x, τ)dτ

� (1.13)éA�Uþ�¼. ,
, d (1.8)½Â�C©�¼ J Ø2k� (1.14)Ú (1.15)�Ó�©).

¯¢þ,

J(w) = J(w+) + J(w−)− 1

p

∫
RN

(|x|−µ ∗ |w(x, 0)+|p)|w(x, 0)−|pdx,

〈J ′(w), w+〉 = 〈J ′(w+), w+〉 −
∫
RN

(|x|−µ ∗ |w(x, 0)−|p)|w(x, 0)+|pdx,

�

〈J ′(w), w−〉 = 〈J ′(w−), w−〉 −
∫
RN

(|x|−µ ∗ |w(x, 0)+|p)|w(x, 0)−|pdx.

Ïd, 3 [24] (��ë� [25] [26])¥��{q�Ø·^u·��¯K (1.1). �
�� (1.1)�4�U
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þCÒ), aqu [27], ·�Äk}Á3±e�å6/þÏéUþ�¼ J ����

M = {w ∈ H|w± 6= 0, 〈J ′(w), w±〉 = 0}. (1.16)

w,, e inf
u∈M

J(u)��, K4��´ (1.1)���CÒ). ,
, 3·��¯K (1.1)¥, �X·�þ

¡J��, �¼ J Ø2äk5� (1.14), (1.15), éJ^Ï~��ª5y²M 6= ∅. Ïd, �
y²

8ÜM��, ·�/^
 [7]JÑ��«� Ye [12]Ú Shuai [19]ØÓ��{. ·�y²
éu÷v

w± 6= 0� w ∈ H, �3���é (d, t) ∈ R+ ×R+, ¦� dw+ + tw− ∈M, �e©Ún 7. �
y²

�å¯K�4��´��CÒ), aqu [12]Ú [19], ·�æ^ EkelandC©�n [28]ÚÛ¼ê½

n.

·��1��Ì�(JLãXe:

½n1. � µ ∈ (0, N), 2 < p < 2N−µ
N−2s

. K (1.1)�34�UþCÒ) w.

,
, du�ÛÜ� (−∆)suÚ |x|−µ ∗ |u|p �Ñy, ·�Ø��4�UþCÒ) w´Ä�UC

�gÎÒ, Ï�éu÷v supp(w1) ∩ supp(w2) = ∅�ü�¼ê w1Ú w2
ó, È©∫
RN

(−∆)
s
2w1(−∆)

s
2w2dx−

∫
RN

(|x|−µ ∗ |w1|p)|w2|pdx

�7�".

�©�,��8I´ïá (1.1)4�UþCÒ)�Uþ�O. ¯¢þ, éu�§ (1.13), ?Û

CÒ)�UþÑ�uÄ�Uþ�ü�, ù«A53 [26]¥�Weth¡�Uþ�O. ,
, éu¯K

(1.1), ·��(JL²d�Uþ�Oy�¿Øu), d�CÒ)�Uþî��uÄ�Uþ, �î��

uÄ�Uþ�ü�. =kXe(J:

½n2. 3½n 1b�e, c > 0d,�)½K)��, �

c < J(w) < 2c,

Ù¥ w�½n 1¥�Ñ�4�UþCÒ).

�©�(�Xe: 31 2!¥, ·�y²
A�ý�5Ún, §�éy²·��Ì�(J�'­

�. 31 3!¥, (Ü EkelandC©�nÚÛ¼ê½n, ·�y²
Ì�(J.

2. ý�Ún

±e´©ê� Sobolev�m�i\(J, ë� [21].

Ún3. � t ∈ [2, 2∗s], (V1) ¤á. Ki\ H ↪→ Hs(RN ) ↪→ Lt(RN ) ´ëY�. AO/, �3~ê

Ct > 0, ¦�éu¤k u ∈ H,

‖u‖t ≤ Ct‖u‖.

d	, e t ∈ [1, 2∗s), Ki\ Hs(RN ) ↪→ Ltloc(RN )´;�, Ù¥ 2∗s = 2N
N−2s

. e (V1)− (V2)¤á, K

DOI: 10.12677/aam.2022.117437 4096 A^êÆ?Ð

https://doi.org/10.12677/aam.2022.117437


p7u

éu t ∈ [2, 2∗s), H ↪→ Lt(RN )´;�. AO/, k

éuz� 2 ≤ t < 2∗s, H ↪→ Lt(RN )´;�. (2.1)

�e5, ·�ïá�¼ J �;5(J, =:

Ún4. � V (x)÷v^� (V1)Ú (V2). Kéu?¿ c ∈ R, J ÷v (PS)c ^�.

y²: � c ∈ R¿� {wj}j∈N´ H ¥���S�, ¦�� j →∞�,

J(wj)→ c, J ′(wj)→ 0.

·�k

c+ 1 + ‖wj‖ = J(wj)−
1

2p
〈J ′(wj), wj〉

= (
1

2
− 1

2p
)

(∫
RN+1

+

y1−2s|∇wj |2dxdy +

∫
RN

V (x)|wj(x, 0)|2dx
)

≥ 1

4
‖wj‖2.

(2.2)

Ïd, S� {wj}j∈N3 H ¥k.. �â (2.1), 3f�¿Âe, ·�Ø�b�

3 H þ, wj ⇀ w0,

3 Lp(RN )þ, wj(x, 0)→ w0(x, 0),

wj(x, 0)→ w0(x, 0) a.e. x ∈ RN .

Ød�	, �â [28], �3 g(x, 0) ∈ Lp(RN )¦�

|wj(x, 0)| ≤ g(x, 0) a.e. x ∈ RN , ∀j ∈ N.

�âV����Âñ½n, ·���∫
RN

(|x|−µ ∗ |wj(x, 0)|p)|wj(x, 0)|pdx

→
∫
RN

(|x|−µ ∗ |w0(x, 0)|p)|w0(x, 0)|pdx,
(2.3)

�� j →∞�, ∫
RN

(|x|−µ ∗ |wj(x, 0)|p)|wj(x, 0)|p−2wj(x, 0)w0(x, 0)dx

→
∫
RN

(|x|−µ ∗ |w0(x, 0)|p)|w0(x, 0)|pdx.
(2.4)
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Ïd, �â 〈J ′(wj), wj〉 → 0Ú (2.3), � j →∞�,∫
RN+1

+

y1−2s|∇wj |2dxdy +

∫
RN

(V (x)|wj(x, 0)|2)dx→
∫
RN

(|x|−µ ∗ |w0(x, 0)|p)|w0(x, 0)|pdx. (2.5)

d	, �â {wj}Ú (2.4)�fÂñ5, � j →∞�,∫
RN+1

+

y1−2s|∇w0|2 +

∫
RN

V (x)|w0(x, 0)|2dx =

∫
RN

(|x|−µ ∗ |w0(x, 0)|p)|w0(x, 0)|pdx, (2.6)

Ïd, � j →∞�,

‖wj‖ → ‖w0‖, (2.7)

ùL²3 H ¥ {wj}j∈NrÂñ, ù�Ò�¤
Ún 4�y².

w,, ù��¼ J äkì´(�, =�3 ρ, r > 0 ¦� inf J(∂Br) ≥ ρ �éu?¿ w 6= 0,

lim
t→∞

J(tw) = −∞. Ïd, ·�k

Ún5. � µ ∈ (0, N), 2 < p < 2N−µ
N−2s

. K�§ (1.1)k��Ä�).

·�y3y²Ä�)ØCÒ (ë� [8], [9]).

Ún6. � µ ∈ (0, N), 2 < p < 2N−µ
N−2s

. K�§ (1.1)�?ÛÄ�) u ∈ Hs(RN )ØCÒ.

y²: e u = w(x, 0)´ (1.1)�Ä�), K w ∈ Xs(RN+1)´¯K (1.7)�). l
, |w|�´��
). Ïd, |u|�´��Ä�). §÷v�§

(−∆)s|u|+ V (x)|u| = (|x|−µ ∗ |u|p)|u|p−1, x ∈ RN .

¦^ u−�� (1.1)¥�u�¼ê, ·���

0 =

∫
RN

(−∆)
s
2u(−∆)

s
2u−dx+

∫
RN

V (x)uu−dx+

∫
RN

(|x|−µ ∗ |u|p)|u|p−2uu−dx

=

∫
RN
|(−∆)

s
2u−|2dx+

∫
RN

V (x)|u−|2dx+

∫
RN

(|x|−µ ∗ |u|p)|u−|pdx

≥
∫
RN
|(−∆)

s
2u−|2dx+

∫
RN

V (x)|u−|2dx ≥ 0.

Ïd, u− = 0. l
, u ≥ 0. d	, eéu x0 ∈ RN , u(x0) = 0, K (−∆)su(x0) = 0. 2�â (1.5),

(−∆)su(x0) = −CN,s
2

∫
RN

u(x0 + y) + u(x0 − y)− 2u(x0)

|y|N+2s
dy,

Ïd

∫
RN

u(x0 + y) + u(x0 − y)

|y|N+2s
dy = 0,
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du u´�K�, �� u ≡ 0. ù� u 6= 0�gñ. � u´��. Ïd, uØCÒ.

e¡�ÚnL²8ÜM��.

Ún7. � µ ∈ (0, N), 2 < p < 2N−µ
N−2s

. Kéu?¿÷v w± 6= 0 � w ∈ H, �3���é

(d, t) = (dw, tw) ∈ R+ × R+, ¦� dww
+ + tww

− ∈M, =M 6= ∅.

y²: ·�æ^ [7]Ú [20]¥�g�, Äk, ·�½Â¼ê

G(d1, d2) := J(d
1
p

1 w
+ + d

1
p

2 w
−).

d	, éu 0 < s′, β < N Ú 0 < s′ + β < N , l [20, íØ 5.10]�Ñ

(|x|s
′−N ∗ |x|β−N )(y) :=

∫
RN
|z|s

′−N |y − z|β−Ndz

=
CN−s′−βCs′Cβ
Cs′+βCN−s′CN−β

|y|s
′+β−N ,

(2.8)

Ù¥

Cs′ := π−
s′
2 Γ(

s′

2
).

� s′ = β = N−µ
2
�, �
�B, ·�P C(N,µ) :=

Cs′+βCN−s′CN−β
CN−s′−βCs′Cβ

, �â (2.8),

|x|−µ = C(N,µ)|x|−
N+µ

2 ∗ |x|−
N+µ

2 .

Ïd∫
RN

(
|x|−µ ∗ (|d

1
p

1 w
+(x, 0) + d

1
p

2 w
−(x, 0)|p)

)
|d

1
p

1 w
+(x, 0) + d

1
p

2 w
−(x, 0)|pdx

= C(N,µ)

∫
RN

(
|x|−

N+µ
2 ∗

(
|x|−

N+µ
2 ∗ |d

1
p

1 w
+(x, 0) + d

1
p

2 w
−(x, 0)|p

))
|d

1
p

1 w
+(x, 0)

+ d
1
p

2 w
−(x, 0)|pdx

= C(N,µ)

∫
RN

∫
RN
|x− z|−

N+µ
2

(
|z|−

N+µ
2 ∗ |d

1
p

1 w
+(z, 0) + d

1
p

2 w
−(z, 0)|p

)
dz|d

1
p

1 w
+(x, 0)

+ d
1
p

2 w
−(x, 0)|pdx

= C(N,µ)

∫
RN
|z|−

N+µ
2 ∗ |d

1
p

1 w
+(x, 0) + d

1
p

2 w
−(x, 0)|p

∫
RN
|x− z|−

N+µ
2 |d

1
p

1 w
+(z, 0)

+ d
1
p

2 w
−(z, 0)|pdxdz

= C(N,µ)

∫
RN

(
|z|−

N+µ
2 ∗ |d

1
p

1 w
+(z, 0) + d

1
p

2 w
−(z, 0)|p

)2

dz

= C(N,µ)

∫
RN

(
|z|−

N+µ
2 ∗ (d1|w+(z, 0)|p + d2|w−(z, 0)|p)

)2

dz.

(2.9)
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�â (2.9), ·�k

G(d1, d2) =
d

2
p

1

2

(∫
RN+1

+

y1−2s|∇w+|2dxdy +

∫
R
V (x)|w+(x, 0)|2dx

)

+
d

2
p

2

2

(∫
RN+1

+

y1−2s|∇w−|2dxdy +

∫
RN

V (x)|w−(x, 0)|2dx
)

− 1

2p

∫
RN

(
|x|−µ ∗ (|d

1
p

1 w
+(x, 0) + d

1
p

2 w
−(x, 0)|p)

)
|d

1
p

1 w
+(x, 0) + d

1
p

2 w
−(x, 0)|pdx

=
d

2
p

1

2
‖w+‖2 +

d
2
p

2

2
‖w−‖2 − CN,µ

2p

∫
RN

(
|x|−

N+µ
2 ∗

(
d1|w+(x, 0)|p + d2|w−(x, 0)|p

))2

dx.

du G(d1, d2)´ëY¼ê, ¿�

G(d1, d2) =
d

2
p

1

2
‖w+‖2 +

d
2
p

2

2
‖w−‖2 − d2

1

2p

∫
RN

(|x|−µ ∗ |w+(x, 0)|p)|w+(x, 0)|pdx

− d1d2

p

∫
RN

(|x|−µ ∗ |w+(x, 0)|p)|w−(x, 0)|pdx

− d2
2

2p

∫
RN

(|x|−µ ∗ |w−(x, 0)|p)|w−(x, 0)|pdx

≤ 1

2
(d2

1 + d2
2)

1
p (‖w+‖2 + ‖w−‖2)− 1

2p
min{A1, A2}(d2

1 + d2
2),

Ù¥  A1 =
∫
RN (|x|−µ ∗ |w+(x, 0)|p)|w+(x, 0)|pdx,

A2 =
∫
RN (|x|−µ ∗ |w−(x, 0)|p)|w−(x, 0)|pdx.

� |(d1, d2)| → +∞�, G(d1, d2) → −∞, � Gk���Û���: (a, b) ∈ R+ × R+. ùp·�^

�
 G�î�]5. ¯¢þ, P

F (d1, d2) =
d

2
p

1

2
‖w+‖2 +

d
2
p

2

2
‖w−‖2,

T (d1, d2) =

∫
RN

(
|x|−

N+µ
2 ∗

(
d1|w+(x, 0)|p + d2|w−(x, 0)|p

))2

dx,

K

(F ′′d1d2)2 − F ′′d1d1F
′′
d2d2

< 0.
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Ïd, F ´î�]¼ê. d	, - (d1, d2), (t1, t2) ∈ R+ × R+, λ ∈ (0, 1), K

T (λ(d1, d2) + (1− λ)(t1, t2)) = T (λd1 + (1− λ)t1, λd2 + (1− λ)t2)

=

∫
RN

(
|x|−

N+µ
2 ∗

(
(λd1 + (1− λ)t1|w+(x, 0)|p + (λd2 + (1− λ)t2)|w−(x, 0)|p

))2

dx

=

∫
RN

(
λ|x|−

N+µ
2 ∗

(
d1|w+(x, 0)|p + d2|w−(x, 0)|p

)

+ (1− λ)|x|−
N+µ

2 ∗
(
t1|w+(x, 0)|p + t2|w−(x, 0)|p

))2

dx

< λ

∫
RN

(
|x|−

N+µ
2 ∗

(
d1|w+(x, 0)|p + d2|w−(x, 0)|p

))2

dx

+ (1− λ)

∫
RN

(
|x|−

N+µ
2 ∗

(
t1|w+(x, 0)|p + t2|w−(x, 0)|p

))2

dx

= λT (d1, d2) + (1− λ)T (t1, t2),

ù`² G´î�]¼ê, dd�Ñ(Ø (a, b) ∈ R+ × R+ ´����Û4��:, ¿� ∇G(a, b) =

(0, 0), ù`²M 6= ∅.

d (2.2), e�(Ø¤á.

Ún8. J(w)3Mþe�k.�r�.

dÚn 7, ·��ÄXe�å4�¯K

m := inf{J(u) : w ∈M}. (2.10)

Ún9. m < 2c.

y²: �âÚn 5, � e´¯K (1.1)���Ä�), =

J ′(e) = 0, J(e) = c, e > 0.

� η ⊂ C∞0 (RN+1, [0, 1])���ä¼ê, ¦�

suppη ∈ B1(0) := {z = (x, y) ∈ RN+1 : |z| ≤ 1},

3 B 1
2
(0)þ η ≡ 1, 3 RN+1 \B1(0)þ η ≡ 0, ¿� |∇η| < 1. ½Â

wR(x, y) := η(
x

R
, y)e(x, 0) ≥ 0, vR(x, y) := −η(

x− xn
R

, y)e(x, 0) ≤ 0,
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Ù¥ R > 0, xn = (0, 0, · · · , 0, 3R). Ïd, ·��±y²

suppwR(x, y) ∩ suppvR(x, y) = ∅,

ùL² wR(x, y) + vR(x, y) 6= 0, ¿� wR(x, y) 6= 0, vR(x, y) 6= 0. Ïd, �âÚn 7, �3���é

(dwR , tvR) ∈ R+ × R+¦� ūR := dwRwR + tvRvR ∈M��=� d2
wR
‖wR‖2 − d2p

wR
A3 − dpwRt

p
vR
B = 0,

t2vR‖vR‖
2 − t2pvRA4 − tpvR,Nd

p
wR
B = 0.

(2.11)

�
{üå�, ·�¦^±eÎÒ:
A3 =

∫
RN (|x|−µ ∗ |wR|p)|wR|pdx,

B =
∫
RN (|x|−µ ∗ |vR|p)|wR|pdx,

A4 =
∫
RN (|x|−µ ∗ |vR|p)|vR|pdx.

(2.12)

d	, �â wR Ú vR �½Â,

y1−2s|∇(wR − e)|2 + V (x)|wR − e|2

≤ C
(
|∇η(

x

R
, y)|2e2 + |η(

x

R
, y)− 1|2|∇e|2

)
∈ L1(RN ).

aq/

y1−2s|∇(vR + e)|2 + V (x)|vR(x, 0) + e(x, 0)|2 ∈ L1(RN ).

Ïd, �âV����Âñ½n, 3 H ¥, � R→∞�,

wR → e, vR → −e. (2.13)

Ïd ∫
RN

(|x|−µ ∗ |wR|p)|wR|pdx→
∫
RN

(|x|−µ ∗ |e|p)|e|pdx, (2.14)

¿� ∫
RN

(|x|−µ ∗ |vR|p)|vR|pdx→
∫
RN

(|x|−µ ∗ |e|p)|e|pdx. (2.15)

�e5, ·�òy²� R→∞��3 (d0, t0) ∈ R+ × R+¦�

dwR → d0, tvR → t0, (d0, t0) ∈ (0, 1)× (0, 1). (2.16)

¯¢þ, - lim
R→+∞

dwR = +∞. �â (2.11)Ú (2.14)·��Ñ

0 ≤
tpvR
dpwR

B =
1

d2p−2
wR

‖wR‖2 −A3 = −
∫
RN

(|x|−µ ∗ |e|p)|e|pdx+ o(1) < 0,
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gñ. Ïd, dwR ´��k.�. aqu (2.11)Ú (2.15)�y², tvR �´��k.�. Ø���5,

·��±b��3 d0, t0 ∈ [0,∞), ¦�� R→∞�,

dwR → d0, tvR → t0.

e d0 = 0½ t0 = 0, �â (2.11)-(2.15),(∫
RN

(|x|−µ ∗ |e|p)|e|pdx
)2

+ o(1) =

(
1

d2p−2
wR

‖wR‖2 −A3

)(
1

t2p−2
vR

‖vR‖2 −A4

)
+ o(1) = +∞,

ù´Ø�U�. Ïd, ·��� (d0, t0) ∈ R+ × R+. �â (2.13)Ú (2.14), ·��±��

 d2
wR
‖e‖2 − d2p

wR

∫
RN (|x|−µ ∗ |e|p)|e|pdx− dpwRt

p
vR

∫
RN (|x|−µ ∗ |e|p)|e|pdx = 0,

t2vR‖e‖
2 − t2pvR

∫
RN (|x|−µ ∗ |e|p)|e|pdx− tpvRd

p
wR

∫
RN (|x|−µ ∗ |e|p)|e|pdx = 0.

(Ü J ′(e) = 0, ·���

1

d2p−2
wR

− 1 =
tpvR
dpwR

,
1

t2p−2
vR

− 1 =
dpwR
tpvR

.

Ïd, (d0, t0) ∈ (0, 1)× (0, 1), (2.16)�y.

Ïd, ·�d ūR ∈MÚ (2.16)��, � R→ +∞�,

m ≤ J(ūR) = (
1

2
− 1

2p
)

(∫
RN+1

+

y1−2s|∇ūR|2dxdy +

∫
RN

V (x)|ūR(x, 0)|2dx
)

= (
1

2
− 1

2p
)(d2

wR
‖wR‖2 + t2vR‖vR‖

2)

= (t20 + d2
0)(

1

2
− 1

2p
)‖e‖2 + o(1)

= (t20 + d2
0)J(e) + o(1)

= (t20 + d2
0)c+ o(1)

≤ 2c.

Ún�y.

3. CÒ)

�!�Ì�8�´y²·��Ì�(J.

½n 1�y²

y²: ·�Äky²�å4�¯K (2.10)�4�� w�(´ (1.1)���), = J ′(w) = 0.
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dÚn 8Ú EkelandC©�n, ·�Ø�b��34�zS� {wn} ⊂ M, ¦�

J(wn) ≤ m+
1

n
,

J(v) ≥ J(wn)− 1

n
‖wn − v‖. (3.1)

·��±y²S� {w±n }Ñ3 H ¥��k.. Ïd, 3f�¿Âe,

3 H ¥, w±n ⇀ w±,

3 Lt(RN )¥, éu t ∈ [2, 2∗s), w
±
n (x, 0)→ w±(x, 0),

w±n (x, 0)→ w±(x, 0) a.e. x ∈ RN .

d	, d Sobolev;i\ (2.1), ·���

w+(x, 0) ≥ 0, w−(x, 0) ≤ 0, w+(x, 0) · w−(x, 0) = 0 a.e. x ∈ RN .

Ïd, �
y²ù�½n, ·��Iy² J ′(wn)→ 0.

�e5, éu?¿ φ ∈ C∞0 (RN )Úz� n, ·�½Â T 1
n , T

2
n ∈ C1(R3,R)Xe:

T 1
n(σ, k, l) = ‖(wn + σφ+ kw+

n + lw−n )+‖2

−
∫
RN

(|x|−µ ∗ |(wn + σφ+ kw+
n + lw−n )+|p)|(wn + σφ+ kw+

n + lw−n )+|pdx

−
∫
RN

(|x|−µ ∗ |(wn + σφ+ kw+
n + lw−n )−|p)|(wn + σφ+ kw+

n + lw−n )+|pdx,

T 2
n(σ, k, l) = ‖(wn + σφ+ kw+

n + lw−n )−‖2

−
∫
RN

(|x|−µ ∗ |(wn + σφ+ kw+
n + lw−n )−|p)|(wn + σφ+ kw+

n + lw−n )−|pdx

−
∫
RN

(|x|−µ ∗ |(wn + σφ+ kw+
n + lw−n )+|p)|(wn + σφ+ kw+

n + lw−n )−|pdx,

K T 1
n(0, 0, 0) = T 2

n(0, 0, 0) = 0. d	, �âc¡�ÎÒ, e^ wnO�
 A1, A2¥� w, ^ w−n Ú w+
n

©OO� B ¥� vR Ú wR, K

∂T 1
n(σ, k, l)

∂k
|(0,0,0) = 2(1− p)A1 + (2− p)B, ∂T 2

n(σ, k, l)

∂l
|(0,0,0) = 2(1− p)A1 + (2− p)B

¿�
∂T 1

n(σ, k, l)

∂l
|(0,0,0) =

∂T 2
n(σ, k, l)

∂k
|(0,0,0) = −pB.

d	, �â [12], [20, ½n 9.8],

B2 < A1A2 ≤
A1 +A2

2
, (3.2)
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-

J (0, 0, 0) =

 ∂T 1
n(σ,k,l)

∂k

∂T 1
n(σ,k,l)

∂l

∂T 2
n(σ,k,l)

∂k

∂T 2
n(σ,k,l)

∂l

 .
d (3.2), k

detJ (0, 0, 0) = 4(1− p)2A1A2 + 2(1− p)(2− P )(A1 +A2)B + 4(1− p)B2

≥ 8(1− p)(2− p)B2 > 0.

�âÛ¼ê½n,�3��S� {σn} ⊂ R+Ú kn(σ), ln(σ) ∈ C1(−σn, σn)÷v kn(0) = 0, ln(0) = 0,

�

T 1
n(σ, kn(σ), ln(σ)) = 0, T 2

n(σ, kn(σ), ln(σ)) = 0.

Ïd, éu ∀σ ∈ (−σn, σn),

φn,σ := wn + σφ+ kn(σ)w+
n + ln(σ)w−n ∈M.

d	, �â (3.1),

J(φn,σ)− J(wn) ≥ − 1

n
‖σφ+ kn(σ)w+

n + ln(σ)w−n ‖. (3.3)

d (3.3), (Ü÷v 〈J ′(wn), w±n 〉 = 0��VÐmª,

σ〈J ′(wn), φ〉+ o(‖σφ+ kn(σ)w+
n + ln(σ)w−n ‖) ≥ −

1

n

‖σφ+ kn(σ)w+
n + ln(σ)w−n ‖
σ

. (3.4)

du {wn}3H ¥´��k.�� detJ (0, 0, 0) > 0, ·��� {k′n(0)}Ú {l′n(0)}Ñ´��k.�.

Ïd� σ → 0�,

o(‖σφ+ kn(σ)w+
n + ln(σ)w−n ‖)
σ

→ 0.

Ïd, �â (3.4), � σ → 0�,

|〈J ′(wn), σ〉| ≤ C

n
,

Ù¥ C ´��� n Ã'��~ê. Ïd, ·��� J ′(wn) → 0, ù`² J ′(w) = 0. d	, éu

wn ∈M, �â (2.7), ·��� ‖w±n ‖ → ‖w±‖. Ïd, 3 H ¥, � n→∞�,

w±n → w±.

d	, �â Hardy-Littlewood-SobolevØ�ªÚ 〈J ′(wn), w±n 〉 = 0,

‖w+
n ‖

2
=

∫
RN

(|x|−µ ∗ |w+
n (x, 0)|p)|w+

n (x, 0)|pdx+

∫
RN

(|x|−µ ∗ |w−n (x, 0)|p)|w+
n (x, 0)|pdx

≤ C1‖w+
n ‖

2p
+ C2‖w−n ‖

p‖w+
n ‖

p
.

(3.5)
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aq/, k

‖w−n ‖
2

=

∫
RN

(|x|−µ ∗ |w−n (x, 0)|p)|w−n (x, 0)|pdx+

∫
RN

(|x|−µ ∗ |w+
n (x, 0)|p)|w−n (x, 0)|pdx

≤ C1‖w−n ‖
2p

+ C2‖w+
n ‖

p‖w−n ‖
p
.

(3.6)

Ïd, �3��~ê % > 0, ¦�éu¤k n ∈ N, ‖w±n ‖ ≥ %. ¤± ‖w±‖ ≥ % > 0, ù`² w± 6= 0¿

� 〈J ′(w), w±〉 = 0. Ïd, w ∈ M, J(w) = m, = w´ J ����.:. Ïd, w´¯K (1.1)��

�CÒ). y..

d½n 1, ·���¯K (1.1)k��4�UþCÒ) w. ·�y3y² w�Uþî��uÄ�

Uþ, �î��uÄ�Uþ�ü�.

½n 2�y²

y²: �â½n 1�y², (1.1)�34�UþCÒ) w.

�e5, ·�äó

J(w) = m = inf{J(v) | v± 6= 0, J ′(v) = 0}. (3.7)

¯¢þ, du J(w) = m, w´ J ��.:¿� w± 6= 0, ·���

J(w) = m ≥ inf{J(v) | v± 6= 0, J ′(v) = 0}.

d	, �â {J(v) | v± 6= 0, J ′(v) = 0} ⊂ M 6= ∅, ��

inf{J(v) | v± 6= 0, J ′(v) = 0} ≥ inf
w∈M

J(w) = m,

ùÒ`² (3.7)¤á. Ïd, dM ⊂ N , ·�k J(w) = m ≥ c. �âÚn 6, ¯K (1.1)�z�Ä�

)ØCÒ, dd�Ñ(Ø J(w) = m > c. Ïd, �âÚn 9, ·�k c < m < 2c. y..

�©Ì�|^C©�{ïÄ
�a©ê� Choquard�§CÒ)��35. ·�ïÄ
�a�

k�ÛÜ���5��©ê� Choquard�§, T�§�A:´Ó�Ñy©ê��f��ÛÜ5Ú

��5���ÛÜ5. (Ü EkelandC©�nÚÛ¼ê½n, ·�y²
T�§�34�UþCÒ

) (¤kCÒ)¥äk�$Uþö), �y²
ÙUþ0uÄ�Uþ� 2�Ä�Uþ�m. ·��ï

Äòr? Choquard�§ (=�k�ÛÜ�� Schrödinger�§)�ïÄ, �þfåÆ!zÆ!và

�Ôn!��51Æ�+��uÐJønØ|±.
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https://doi.org/10.1007/BF02787822

[26] Weth, T. (2006) Energy Bounds for Entire Nodal Solutions of Autonomous Superlinear Equa-

tions. Calculus of Variations and Partial Differential Equations, 27, 421-437.

https://doi.org/10.1007/s00526-006-0015-3

[27] Bartsch, T. and Weth, T. (2005) Three Nodal Solutions of Singularly Perturbed Elliptic Equa-

tions on Domains without Topology. Annales de l’Institut Henri Poincaré C, Non Linéaire,
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