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Abstract

To solve unconstrained stochastic optimization problems, a stochastic three-term con-

jugate gradient method with variance reduction (STCGVR) is proposed, which can

be used to solve nonconvex stochastic problems. At the beginning of each inner loop

iteration, the three conjugate gradient directions restart the iteration in the steepest

descent direction, which effectively improves the convergence speed. The properties

and convergence of the algorithm are discussed under appropriate conditions. The

numerical results demonstrate that our method has dramatical potential for machine

learning problems.
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1. Úó

·��Ä±e�Å`z¯K

min
x∈Rd

f(x) = E[F (x, ξ)], (1)

ùpF : Rn × Rd → R ´ëY���§¿��U�à"ξ´���ÅCþ"E[·] L«éξ�Ï"§
f(x) = E[F (x, ξ)] �¡�²þ¼ê"du3Nõ¢S�¹e§©Ù¼êP��½¼êF (·, ξ)�²(
�Ñ§ÙVÇ©ÙP 3| 8Θ ⊆ Rdþ"�
��8I¼ê����'�Ð��O§3¢S¯K

¥  |^ξ�²�©Ù5�O¢S©Ù"·�)¤�Å��ξ1, ξ2, ..., ξn§-fi(x) = F (x, ξi)(i =

1, ..., n)§��²~Ñy3ÅìÆS¥�²�ºx4�z¯K

min
x∈Rd

f(x) =
1

n

n∑
i=1

fi(x), (2)
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Ù¥fi(x)L«�1i�êâ��éA���¼ê§nL«êâ��ê"¯K(2)²~Ñy3ÅìÆ

S [1–6]±9Ã�XÚ¥��Z]©� [7, 8] ¥"

¦)¯K(2)�§�3��]Ô§=n�U�~�"du°(��FÝ&EØN´¼�§ÏdÄ

u°(FÝ��{´Ø�¢S�"�
�Ñù�(J§·�|^Äu���êâ�FÝCq�{§

JÑ
�ÅFÝeü(SGD) [9]�{§d�{�À�¦)�5�Ã�å`z¯K�Ì��{"3p

�¯K¥§Cq�`ëê¤I�S�gê�U�~
�§�SGD �{�¢SáÚåE,k�"Ï

d§��1SGD�\��{�JÑ"~X§�Å²þFÝ(SAG) [10,11]ÚSAGA [12]�{ÏL\\

�cFÝ��PÁ5¢y�¯�Âñ�Ý§ù
�{Ï~`uyk�SGD �{"�Å�� ~F

Ý(SVRG) �{ [13–15]kü�Ì�§3	Ì�¥O��FÝ(z�	S�¡���{�)§3SÌ

�¥O�������ÅFÝ"S2GD [16, 17]�âAÛ½Æ§3z�{�¥$1�Åê��ÅF

Ý"d	§�
���{§XAdaGrad [18]!RMSprop [19]ÚAdam [20] ��y²3�Å�¸¥´

k��"

�
)û8I¼êÇ�¯K§Nõ����Å�{�JÑ§AO´BFGS�{"éurà

¯K§Mokhtari ÚRibeiro [21]JÑ
�«�Kz�ÅBFGS(RES)�{§¿�Ñ
ÙÂñ5©Û"

3 [22]¥§Byrd �<JÑ
�«Äu�Å%C��Åk�PÁBFGS (L-BFGS) [23]�{§¿y²


Ùérà¯K�Âñ5"Moritz �< [24]Ú\
L-BFGS ��«�ÅCþ§§(Ü
�� ~

�g�§Ïdéurà¯K§§äk�5Âñ�Ý"3 [25]¥§Gower!GoldfarbÚRichtarikJÑ


�«éà¼ê�5Âñ��� ~¬L-BFGS�{",§3k�PÁ�Å[Úî�{¥§²~

I�m ��þé5k�/O�¦ÈH∇f (H´Hessian)"3S�k���¹e§éu�5�ÅìÆ

S¯K�U´�~(J�"

�ÝFÝ(CG)�{(�{ü§S��¦$§Ïd�2�^u)û�5�`z¯K [26–28]"

FletcherÚReeves(FR) [26]ÄkJÑ
XÛò�5�ÝFÝ{*Ð���5¼ê§¡�FR�{"

3 [29] ¥§Dai ÚLiaoJÑ
Dai-Liaon��ÝFÝ{§¿ò[ÚîEâ��Ý5��(Ü§¼�


�Ð�Âñ(J"d	§Äu[Úî^�§Babaie, Kafaki ÚGhanbari [30]§Andrei [31]¼�


�X�n��ÝFÝ�{§ù
�{éurà¼ê´�ÛÂñ�"3©z [32]¥§Yao JÑ
�«

U?�Dai-Liaon��ÝFÝ{"�©3©z [32]�Ä:þ§JÑ
�«���~���Ån��

ÝFÝ{(STCGVR)§§òU?�Dai-Liao n��ÝFÝ��Å�� ~�(Ü§^u¦)Ã�

å�Å`z¯K"

·�3�©¥��zXeµ

1. ÄuSVRG��#?Ð§JÑ
¦)�Å`z¯K(2)�STCGVR�{§¿y²
Ùérà

1w¼ê��5Âñ5"

2. 3STCGVR�zgSÌ�m©�§#éÄ��eü�S���§k�/Jp
Âñ�

Ý"

3. éA�ÅìÆS¯K�ê�¢�L²§�SVRG�{�'§STCGVR�{´�~k��"

�©��{Ü©|�Xe"12!0�
^u)û�Å`z¯K�U?�Dai-Liaon��ÝF

Ý{!SVRG�{Ú��� ~��Ån��ÝFÝ{"313!¥§3·��^�ey²
#�

{�Âñ5"314!¥§�w
�
ÐÚ�ê�(J"��§15!�Ñ�
(Ø"
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2. ^uÃ�å`z�STCGVR��{

2.1. n��ÝFÝ

�ÝFÝ{ÏÙ{ü��;þ$�2�^u)û�5�`z¯K§§¬)¤�X�S�µ

xk+1 = xk + αkdk, (3)

ùpÚ�αk d±eWolfe �|¢(½:

f(xk + αkdk) ≤ f(xk) + c1αkg
T
k dk, (4)

gTk+1dk ≥ c2gTk dk, (5)

ùp0 < c1 < c2 < 1, |¢��dk d±eúª(½µ

dk =

 − g0, k = 0.

− gk + βkdk−1, k ≥ 1.
(6)

Ù¥§βk´��ëê§gk = ∇f(xk)´8I¼êf(x)3xk ?�FÝ"�ÝFÝ{�;.�A�´

�Ý5§=(6))¤�|¢��Aäk±e�Ý^�µ

dk+1yk = 0, k ≥ 1, (7)

Ù¥§yk = gk+1 − gk"Cc5§�Ý^���´ïÄö'5��:"Dai ÚLiao ¼�
��wÍ

�(J [29]"3 [29]¥§¦^IO���§µ

Bk+1sk = yk, (8)

Ù¥sk = xk+1−xk§Bk+1´f(x)Hessian
�Cqé¡Ý
",�ò�Ý^�(7)í2�Dai-Liao�

Ý^�

dTk+1yk = −t1gTk+1sk, (9)

Ù¥t1��Këê"ÄuDai-Liao�Ý^�(9)Ú[ÚîEâ§Yao�<JÑ
�«é¡?��Dai-

LiaoÝ


QMP
t+1 = I + ηkQ

k+1
2 +Qk+1

1 , (10)

Ù¥

Qk+1
2 = −sky

T
k − yksTk
sTk yk

, Qk+1
1 =

sks
T
k

sTk yk
, (11)
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Ù¥ηk´�(½��ëê"|¢��d±eúª)¤

dk+1 = −QMP
k+1gk+1, k ≥ 1, (12)

�âQMP
k+1�½Â§d(12))¤�|¢���ûuzgS���ëêηk"duT�{��n´

d(12))¤�|¢��A÷vDai-Liao �Ý^�(9)"�âT�n§(Ü(10)!(11)Ú(12)§·��

�

ηk =
gTk+1yk + (1− t1)gTk+1sk

gTk+1yk −
||yk||2
sTk yk

gTk+1sk
, (13)

Ù¥§ëêt1´(9)¥�Dai-Liaoëêt1"

,��¡§lηk�½Â5w§ηk���U�~�§$�ªuÃ¡�"�
¼��{��ÛÂñ

5§ηk���Xeµ

ηk = min{|
gTk+1yk + (1− t1)gTk+1sk

gTk+1yk −
||yk||2
sTk yk

gTk+1sk
|,M1}, (14)

Ù¥M1��~ê"¢Sþ§d(10)− (12))¤����±��;.�n��ÝFÝ��µ

dk+1 = −gk+1 + βkdk + δkyk, (15)

Ù¥t1, βk, δk d

t1 =
||yk||2

sTk yk
, (16)

βk = max{
ηkg

T
k+1yk − gTk+1sk

dTk yk
, 0}, (17)

δk = −ηk
gTk+1sk

yTk sk
, (18)

)¤§Ù¥ëêηkd(14)(½"

U?�n��ÝFÝ{ò�Ý^��[ÚîEâ�(Ü§k�/Jp
DÚ�ÝFÝ{��

Ç"Ïd§T�{3¦)�5�`z¯K¥äké��uÐcµ"

2.2. �Å�� ~FÝ(SVRG)�{

3SGD¥§ü����FÝ´�N��²þFÝ���Ã �O§�FÝ���¬�XS�
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�O\Øä\\§ù¬¦�SGD�Âñ�ÝCú§Ã{���5Âñ§¤±·�Ú\
�� ~

üÑ"�� ~üÑÏL�EAÏ��ÅFÝ�Oþ§¦�zgS����k��Øä ~�þ

.§l���¯�Âñ�Ý"

·�JÑ
`z(2)�SVRG�{§¿3�{1¥éÙ?1
£ã"

Algorithm 1. SVRG

Ð©z:
�½��Ð©:x̃0 ∈ Rn, �½Ú�α§À�~ê0 < c1 < c2 < 1, M1 > 0.

1: for k=0,1,2,... do
2: xk+1

0 = x̃k.   

3: O��FÝ∇f(x̃k) = 1
n

n∑
i=1

∇fi(x̃k).   

4: for t=0,1,...,m-1 do     
5: lit ⊂ {1, 2, ..., n} ¥�ÅÄ�����.     
6: O��ÅFÝ

gk+1
t = ∇fit(xk+1

t )− (∇fit(x̃k)−∇f(x̃k)).
7: O�xk+1

t+1 = xk+1
t − αgk+1

t .     
8: end for

9: x̃k+1 = 1
m

m∑
t=1

xk+1
t .

10: end for

�{1¥kü�Ì�"3	Ì�¥§�FÝ∇f(x̃k)�O�"x̃kz�m g�#����/¯ì0§

P�xk0"3SÌ�¥§·�lêâ8X ¥�ÅÀJ����^u)¤�ÅFÝ"�Ò´`§�x̃k

�1k �u�:§,�·�I�O�x̃k :?��FÝµ

∇f(x̃k) =
1

n

n∑
i=1

∇fi(x̃k). (19)

3�YS�¥§��gk+1
t ^��#��µ

gk+1
t = ∇fit(xk+1

t )− (∇fit(x̃k)−∇f(x̃k)), (20)

Ù¥it ⊂ {1, 2, ..., N} �?¿Ä�"5¿��ÅFÝgk+1
t+1 ´∇f(xk+1

t+1 )���Ã FÝ�O§=µ

E[gk+1
t+1 |xk+1

t+1 ] = ∇f(xk+1
t+1 ).

2.3. STCGVR �{

�©�8I´�O�«¦FÝ���$��{§Ó�äk$S��¦"�d§·�òSVRG

�U?�Dai-Liaon��ÝFÝ{�(Ü"�{2¥o(
STCGVR�{"3�{2¥§·�ÏL

±eS�O�|¢��dt+1:

dt+1 = −gk+1
t+1 + βtdt + δtyt, (21)
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where t1, βt, δt by

t1 =
||yt||2

sTt yt
, (22)

βt = max{
ηt(g

k+1
t+1 )T yt − (gk+1

t+1 )T st

dTt yt
, 0}, (23)

δk = −ηt
(gk+1

t+1 )T st

yTt st
, (24)

ηt = min{|
(gk+1

t+1 )T yt + (1− t1)(gk+1
t+1 )T st

(gk+1
t+1 )T yt − ||yt||2

sTt yt
(gk+1

t+1 )T st
|,M1}, (25)

Ù¥M1 ´���~ê§st = xk+1
t+1 − xk+1

t , yt = gk+1
t+1 − gk+1

t .

Algorithm 2. STCGVR

Ð©z:
�½��Ð©:x̃0, Ð©Ú�α0, �#ªÇm, S�{xk+1

t : t = 0, ...,m − 1; k = 0, 1, 2, ...}, À�~
ê0 < c1 < c2 < 1, M1 > 0.

1: h0 = ∇f(x̃0).
2: for k=0,1,2,... do

3: O��FÝ∇f(x̃k) = 1
n

n∑
i=1

∇fi(x̃k).   

4: -xk+1
0 = x̃k, gk+1

0 = hk, d0 = −gk+1
0 .   

5: for t=0,1,...,m-1 do
6: N^�|¢�{(4) and (5) O�αt.     
7: O�xk+1

t+1 = xk+1
t + αtdt.

8: �ÅÄ�it ⊂ {1, 2, ..., n}.     
9: O��ÅFÝ

gk+1
t = ∇fit(xk+1

t )− (∇fit(x̃k)−∇f(x̃k)).
10: ÏL(21)− (25)O�dt+1.     
11: end for

12: hk+1 = gk+1
m , x̃k+1 = 1

m

m∑
t=1

xk+1
t .

13: end for

�SVRG aq§�{2©�ü�Ì�"3	ÜÌ�¥§O�	ÜS�x̃k ∈ Rn Ú��F

Ý∇f(x̃k)"3SÌ�¥§¦^SVRG �#éFÝgk+1
t �O"d	§·�3z�SÜÌ�S�m©

�±��eüÚ#m©S�§~Xµ [33, 34]"#éÄò½Ïé�{¿�Ø�UÃÃ�Î&

E"Ïd§STCGVR�^u)û�5�Ã�å�Å`z¯K§äkûÐ�uÐcµ"

3. Âñ5©Û

3�!¥§·�y²�{2)¤�S�S�´�5Âñ�"

DOI: 10.12677/aam.2022.117452 4254 A^êÆ?Ð

https://doi.org/10.12677/aam.2022.117452


4Z§Åû

e¡·��Ñ�©¥�^���
b�"

b�1 b�Y²8z = {x|f(x) ≤ f(x0)}´k.�"d	§¼êf(x) 3z¥´k.�"

b�2 b�fi : Rn → R ëY��§∇f ´�ÛLipschitz ëY�§ÙLipschitz ~ê�L§=µ

éu∀x, y ∈ Rn,k±e¤áµ

||∇f(x)−∇f(y)|| ≤ L||x− y||. (26)

b�3 STCGVR�{¥�Ú�αt÷vαt ∈ [αl, αr] (0 < αl < αr).

b�4 du�ÅFÝgk+1
t ´∇f(xk+1

t )���Ã �O§=µE[gk+1
t |xk+1

t ] = ∇f(xk+1
t ), ��3

���~êH, éu¤kt = 0, 1, ...,m− 1; k = 0, 1, 2, ...§k

||∇f(xk+1
t )− gk+1

t || ≤ H. (27)

b�5 �3ü��~êκ, κ §k±e¤áµ

κI � QMP
t � κI, ∀t, (28)

Ù¥ÎÒA � B, A,B ∈ Rn×n�LA−B´��½�"

b�6 éu¤kt = 0, 1, ...,m− 1; k = 0, 1, 2, ...§�ÅFÝgk+1
t ´k.�§=µ

||gk+1
t || ≤ Λ. (29)

Ún3.1. b�dtd(21)− (25))¤§XJÚ�αt´dWolfe |¢^�(4) Ú(5))¤§K¿©e

ü5�é?Ût = 0, ...,m− 1; k = 0, 1, 2, ...¤á¶=�3���~êρ1§¦�

−(gk+1
t )Tdt ≥ ρ1||gk+1

t ||2. (30)

y²µÏ�(gk+1
0 )Td0 = −||gk+1

0 ||2, ¿©eü^�éut = 0¤á. d�ª(21)− (25), ·���

(dk+1
t+1 )T gk+1

t+1 = (−gk+1
t+1 + βtdt + δtyt)

T gk+1
t+1

= −||gk+1
t+1 ||2 + βt(g

k+1
t+1 )Tdt + δt(g

k+1
t+1 )T yt

= −||gk+1
t+1 ||2 +

ηt(g
k+1
t+1 )T yt − (gk+1

t+1 )T st

sTt yt
(gk+1

t+1 )T st − ηt
(gk+1

t+1 )T st

yTt st
(gk+1

t+1 )T yt

= −||gk+1
t+1 ||2 −

((gk+1
t+1 )T st)

2

sTt yt

(31)

d	, Wolfe�|¢^�(4) Ú(5) �±(�sTt yt > 0. ��ª(31) ¿�X¿©eü^�éuρ1 = 1¤

á"
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|¢���¿©eüA53STCGVR �Âñ5©Û¥´7Ø���"þãÚn3.1 L²�{2

)¤�|¢��3Wolfe �|¢eäkT5�"

Ún3.2. b�dtd(21)-(25))¤§XJÚ�αtäkWolfe�|¢^�(4) Ú(5)(½§f(x)÷v

b�2Úb�4, ·��µ

αt ≥
(c2 − 1)(gk+1

t )Tdt − 2H||dt||
L||dt||2

. (32)

y²µdb�2Úb�4, ·���

||yt|| = ||gk+1
t+1 − gk+1

t ||

= ||gk+1
t+1 −∇f(xk+1

t+1 ) +∇f(xk+1
t+1 )−∇f(xk+1

t ) +∇f(xk+1
t )− gk+1

t ||

≤ ||gk+1
t+1 −∇f(xk+1

t+1 )||+ ||∇f(xk+1
t+1 )−∇f(xk+1

t )||+ ||∇f(xk+1
t )− gk+1

t ||

≤ 2H + L||st||,

(33)

(ÜLipschitzØ�ª(27)ÚWolfe^�§·�UíÑ

(c2 − 1)(gk+1
t )Tdt ≤ (gk+1

t+1 − gk+1
t )Tdt

= yTt dt

≤ ||yt||||dt||

≤ (2H + L||st||)||dt||.

(34)

Ïd§Ún�y"

Ún3.3. b�dtd(21) − (25))¤§XJÚ�αtäkWolfe�|¢^�(4) Ú(5)(½§f(x)÷

vb�1Úb�2, @o±eZoutendijk ^�¤áµ

∑
t≥1

((gk+1
t )Tdt)

2

||dt||2
<∞. (35)

y²µdWolfe^�(4)�

f(xk+1
t )− f(xk+1

t+1 ) ≥ −c1αt(g
k+1
t )Tdt, (36)

(Ü(32)§·�k

f(xk+1
t )− f(xk+1

t+1 ) ≥ −c1
(c2 − 1)(gk+1

t )Tdt − 2H||dt||
L||dt||2

(gk+1
t )Tdt

≥ c1(1− c2)((gk+1
t )Tdt)

2 + 2c1H||dt||(gk+1
t )Tdt

L||dt||2
,

(37)
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ÏLé(37)ü>�ýé�¿¦Ú§��∑
t≥1

|f(xk+1
t )− f(xk+1

t + αtdt)|

≥
∑
t≥1

|c1(1− c2)((g
k+1
t )Tdt)

2

L||dt||2
+

2c1H||dt||(gk+1
t )Tdt

L||dt||2
|

≥
∑
t≥1

(|c1(1− c2)((g
k+1
t )Tdt)

2

L||dt||2
| − |2c1H||(g

k+1
t )||

L
|).

(38)

ÏLéª(38)ü>¦Ú§¿(Üb�1Ú‖gk+1
t ‖k.§K��Zoutendijk ^�3�Å�¹e¤áµ

∑
t≥1

((gk+1
t )Tdt)

2

||dt||2
<∞. (39)

Ún3.4. b�dtd(21) − (25))¤§XJÚ�αtäkWolfe�|¢^�(4) Ú(5)(½§@oé

urà¼ê§S�dt��ê´k.�§=�3M > 0 ¦�

||dt|| ≤M, (40)

¤á"

y²µd�ª(10)− (12),b�5Úb�6§·��

||dt|| = || −QMP
t gk+1

t || ≤ κ||gk+1
t || ≤ κΛ = M. (41)

½n3.1. b�dtd(21) − (25))¤§XJÚ�αtäkWolfe�|¢^�(4) Ú(5)(½§8I¼

êf(x)´rà�¿�÷vb�1§@o·�k

lim
t→∞
||gk+1

t || = 0. (42)

y²µÄuÚn3.4§·���‖dt ≤ M‖"�â¿©eü^�µ−(gk+1
t )Tdt ≥ ρ1‖gk+1

t ‖2§2
(ÜÚn3.3§·�k

∞ >
∑
t≥1

((gk+1
t )Tdt)

2

||dt||2
≥

∑
t≥1

((gk+1
t )Tdt)

2

M2
≥ ρ21
M2

∑
t≥1

||gk+1
t ||2, (43)

líÑ(42)§½n�y"

±þ½n3.1L²·�JÑ��{éurà¼ê´�ÛÂñ�"

Ún3.5. b½b�2¤á§x∗´f(x)������:"@oéu?¿x ∈ Rn§·�k

1

2L
||∇f(x)||2 ≤ f(x)− f(x∗). (44)
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y²µdux∗´f(x)���4��:§db�2§·�k

f(x∗) ≤ f(y) ≤ f(x) +∇f(x)T (y − x) +
L

2
||y − x||2, (45)

�½x, Ï�±þúªéu?¿�yÑ¤á§�e(.�±3þãØ�ª�m>��µ

f(x∗) ≤ f(x) +∇f(x)T (y − x) +
L

2
||y − x||2

= f(x)− L

2
||∇f(x)||2.

(46)

Ïd§Ø�ª(44)¤á"

Ún3.6. b½x∗ �f(x)���4��:§b�2¤á§gk+1
t = ∇fit(xk+1

t ) − (∇fit(x̃k) −
∇f(x̃k))´��~���ÅFÝ"�éuit �Ï", ·���

E[||gk+1
t ||2] ≤ 4L(E[f(xk+1

t )− f(x∗)] + E[f(x̃k)− f(x∗)]). (47)

y²µdgk+1
t ��#úª§·���

E[||gk+1
t ||2] = E[||∇fit(xk+1

t )−∇fit(x̃k) +∇f(x̃k)||2]

= E[||∇fit(xk+1
t )−∇fit(x̃k) +∇f(x̃k) +∇fit(x∗)−∇fit(x∗)||2]

≤ 2E[||∇fit(xk+1
t )−∇fit(x∗)||2] + 2E[||∇fit(x̃k)−∇f(x̃k)−∇fit(x∗)||2].

(48)

�e5§·��E��9Ï¼êµ

Φi(x) = fi(x)− fi(x∗)−∇fi(x∗)(x− x∗), (49)

5¿�Φi(x)´��à¼ê§∇f´�ÛLipschitzëY�§ÙLipschitzëY~ê�L§(Ü(44)§·

�k

1

2L
||∇Φi(x)||2 ≤ Φi(x)− Φi(x∗). (50)

A^Φi(x)Ú∇Φi(x)�L�ª§·���

||∇fi(x)− fi(x∗)||2 ≤ 2L[fi(x)− fi(x∗)−∇fi(x∗)(x− x∗)]. (51)

é(51)ü>l1�n¦Ú§¿�5¿�∇f(x∗) = 0§·���

1

n

n∑
i=1

||∇fi(x)− fi(x∗)||2 ≤ 2L[f(x)− f(x∗)],∀x. (52)
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Ïd§·�k

E[||∇fit(xk+1
t )−∇fit(x∗)||2]

= E[E[||∇fit(xk+1
t )−∇fit(x∗)||2]]

= E[
1

n

n∑
i=1

||∇fi(xk+1
t )−∇fi(x∗)||2]

≤ 2LE[f(xk+1
t )− f(x∗)],

(53)

Ú

E[||∇fit(x̃k−1)−∇fit(x∗)||2] ≤ 2LE[f(x̃k−1)− f(x∗)]. (54)

2(Ü(47), (53), (54)§·�k

E[||gk+1
t ||2] ≤ 4L(E[f(xk+1

t )− f(x∗)] + E[f(x̃k)− f(x∗)]). (55)

½n3.2. b½b�1-b�4 ¤á¿�f(x) ´rà�§Ùràëê´u, -x∗´f(x) ���4�

�§¿b�m v
�§¦�

ρ =
( 2
u

+ 4Lα2
rm)

2αlm(κ+ 2αlLκ
2)
< 1. (56)

@o§éu¤kk ≥ 0,·�k

E[f(x̃k)− f(x∗)] ≤ ρkE[f(x̃0)− f(x∗)]. (57)

y²µ½Â∆t = ‖xk+1
t − x∗‖§qd�ª(12)§b�2Úb�5§·�k

E[∆2
t+1] = E[||xk+1

t+1 − x∗||2]

= E[||xk+1
t − αtQ

MP
t gk+1

t − x∗||2]

= E[∆2
t ]− 2αtE[< QMP

t gk+1
t , xk+1

t − x∗ >] + α2
tE[||QMP

t gk+1
t ||2]

= E[∆2
t ]− 2αtE[< QMP

t ∇f(xk+1
t ), xk+1

t − x∗ >] + α2
t ||QMP

t ||2E[||gk+1
t ||2]

≤ E[∆2
t ]− 2αtκ[f(xk+1

t )− f(x∗)] + α2
tκ

2E[||gk+1
t ||2],

(58)

(Ü(47)ÚÚn3.6§·���

E[∆2
t+1] ≤ E[∆2

t ]− 2αtκ[f(xk+1
t )− f(x∗)]

+ 4α2
tκ

2L(E[f(xk+1
t )− f(x∗)] + E[f(x̃k)− f(x∗)])

= E[∆2
t ]− (2αtκ− 4α2

tLκ
2)[f(xk+1

t )− f(x∗)] + 4α2
tκ

2LE[f(x̃k)− f(x∗)].

(59)

DOI: 10.12677/aam.2022.117452 4259 A^êÆ?Ð

https://doi.org/10.12677/aam.2022.117452


4Z§Åû

étl0�m-1¦Ú§(Üxk+1
1 = x̃k−1§·�k

E[∆2
m+1] + 2αt(κ+ 2αtLκ

2)
m∑
t=1

E[f(xk+1
t )− f(x∗)]

≤ E[||x̃k−1 − x∗||2] + 4α2
tκ

2LmE[f(x̃k−1)− f(x∗)].

(60)

duf(x)´rà�§·���

E[∆2
m+1] + 2αt(κ+ 2αtLκ

2)
m∑
t=1

E[f(xk+1
t )− f(x∗)]

≤ 2

u
E[f(x̃k−1)− f(x∗)] + 4α2

tκ
2LmE[f(x̃k−1)− f(x∗)].

(61)

�âx̃k+1 = 1
m

m∑
t=1

xk+1
t §·�k

E[f(x̃k)− f(x∗)] ≤ 1

m

m∑
t=1

E[f(xk+1
t )− f(x∗)]

≤ 1

2αt(κ+ 2αtLκ
2)m

(
2

u
+ 4Lκ2mα2

t )E[f(x̃k−1)− f(x∗)]

≤ 1

2αl(κ+ 2αlLκ
2)m

(
2

u
+ 4Lκ2mα2

r)E[f(x̃k−1)− f(x∗)].

(62)

ÏL8B§·�k

E[f(x̃k)− f(x∗)] ≤ ρkE[f(x̃0)− f(x∗)], (63)

Ù¥§

ρ =
( 2
u

+ 4Lα2
rm)

2αlm(κ+ 2αlLκ
2)
. (64)

XJ-ρ < 1§Kk

m ≥ 1

(αlκ+ 2α2
lLκ

2 − 2α2
rLκ

2)u
. (65)

½n3.2 ¿�XSTCGVR 3¼ê�Ï"�¿Âþéuë�:x̃k´�5Âñ�"

3UY�c§·�0�ê��ÅØ�ª�½Â(k'�[&E§�ë� [35])"

½Â3.1. (ê��ÅØ�ª) eX����K�ÅCþ§@oéu?¿�¢êa > 0§·�k

P (X ≥ a) ≤ E[X]

a
. (66)

½n3.3. b��½n3.2 Ú(57) ¥�Ó�b�¤á",�·�kf(x̃k)− f(x∗) 3k →∞ ��

DOI: 10.12677/aam.2022.117452 4260 A^êÆ?Ð

https://doi.org/10.12677/aam.2022.117452


4Z§Åû

VÇÂñ�0§=éu?Ûε ≥ 0§·�k

lim
k→∞

P (f(x̃k)− f(x∗) ≥ ε) = 0. (67)

y²µd½n3.2§·��

E[f(x̃k)− f(x∗)] ≤ ρkE[f(x̃0)− f(x∗)], (68)

Ï�ρ < 1 §�E[f(x̃0) − f(x∗)] ≤ Mf , ¤±�k → ∞ �§E[f(x̃k) − f(x∗)] → 0. qduf(x̃k) −
f(x∗) ´���K�ÅCþ§A^ê��ÅØ�ª(66), ·�k

P (f(x̃k)− f(x∗) ≥ ε) ≤ E[f(x̃k)− f(x∗)]→ 0. (69)

½n3.3 L²·��8I¼ê��3�VÇÂñ"

4. ê�¢�

3�!¥§·�)û
A�61�kiÒ�ÅìÆS?Ö§�)*£8!Ü6£8Ú|±�

þÅ¯K§ò�{STCGVR �SVRG ?1'�"w,§cü«´1w�rà�`z�.§1n«

´1w�à�`z�."�©�9��{§SÑ3Matlab R2016a ?nìþ$1"

Ï�STCGVR ÚSVRG I�O����FÝ§¤±z�epoch ÑI�¤k�êâ"�
ü$

ù
�	¤�§·��ãLw«
¼ê����éuÏLêâ�gê�'X"�Ò´`§î¶L

«êâ�k�ÏLgê§p¶L«��¼ê��"epoch �������20"3ùü«�{¥§·

���c1 = 10−4 Úc2 = 0.1§M1 = 1"

4.1. *£8¯K

3·��1��¢�¥§·�ÀJ*£8¯K5�y·���{"*£8§�¡�Tikhonov

�Kz§´ÅìÆS�.¥��þ�'��ÆS�."*£8�8I´��z¤�¼ê

min
x

1

n

n∑
i=1

(bi − aTi x)2 + λ||x||22, (70)

Ù¥ai ∈ RnÚbi ∈ {−1, 1} ©O´1i �~f�A��þÚ8I�§λ > 0 ´�Kzëê"

3¢�¥§·���
STCGVR ÚSVRG 3¦)¯K(70) ��ê�(J"·�òü«�{�

Ð©:���x1 = 5x̄1§Ù¥x̄1 ´õ�IO���þ§Ùäk��10% ��"��"·�±e�

�ª)¤Ôö8ÚÿÁ8(a, b)"·�Äk)¤���Å�þa,§l[−0.5, 0.5]n þ�þ!©Ù¥Ä

�§,���
lþ!©Ù¥Ä��a ∈ Rn��I\b ∈ {−1, 1}§b = sign(〈x̃, a〉)3[−1, 1] þ"d

	§·����Kzëêλ = 10−4§¿ÀJ�ÅFÝÚêm = n/5"

ã 1'�
SVRG ÚSTCGVR �S��Ç§Ù¥î�IL«�Ûk�S�gê§p�IL«

��¼ê�"S��Ç�N
8I¼ê����S�gê�O\¥yÑ�Czª³"lã 1�±
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wÑ§éu�{SVRG§·���Ú�α = 0.005¶éuSTCGVR§·�¦^Wolfe �|¢5ÀJ

Ü·�Ú�"�SVRG �'§STCGVR �{�I���4 g	Ì�Ò�±¯�%C¼ê����

��10−3§=��400 gS��Âñ"(JL²§STCGVR�{3�� ~�Ä:þV\
n�

�ÝFÝ§ÏdU
34��S�gêS%C�`)"

Figure 1. Training loss of SVRG and STCGVR for the ridge regression
problem

ã 1. SVRGÚSTCGVRéu*£8¯K�Ôö��

4.2. Ü6£8¯K

31��¢�¥§·��Ä`2Ü6£8(LR) ¯Kµ

min
x

1

n

n∑
i=1

ln(1 + exp(−biaTi x)) + λ||x||2, (71)

Ù¥λ > 0 ´�Kzëê§a ∈ RnL«A��þ§b ∈ {−1, 1} ´��A�I\"

·�-λ = 10−4§m = n/5§�½Ú�α = 0.015§òü«�{�Ð©:���x1 = 5x̄1§Ù

¥x̄1 ´lþ!©Ù[0, 1]n �ÅÄ��"·�±e��ª)¤Ôö8ÚÿÁ8(a, b)"·�Äk)¤

���Å�þa§Ù¥5% ��"��l[0, 1]n þ�þ!©Ù¥Ä�§,���
lþ!©Ù¥Ä

��a ∈ Rn��I\b ∈ {−1, 1}§b = sign(〈x̃, a〉) 3[−1, 1] þ"

ã 2'�
SVRG ÚSTCGVR �S��Ç§Ù¥î�IL«�Ûk�S�gê§p�IL«

��¼ê�"S��Ç�N
8I¼ê����S�gê�O\¥yÑ�Czª³"�Xk�

S�gê�O\§·��±*	�SVRG ���¼ê��3��9 g�FÝO��Åì~�¿ªu

½"dum = n/5§�Ò´`§§3��900 gS��Âñ§¿�Âñ��`�:��Ýéú"

,§STCGVR�I�300 gS�=����Ó�°Ý"(JL²§3)ûÜ6£8¯K�§3
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zgSÌ�S�m©�§n��ÝFÝ��±�Íeü��#m©S�§k�/Jp
Âñ�

Ý"

Figure 2. Training loss of SVRG and STCGVR for logistic regression
problem

ã 2. SVRGÚSTCGVRéuÜ6£8¯K�Ôö��

4.3. �à|±�þÅ¯K

3·������¢�¥§·��Ä
���à|±�þÅ(SVM) ¯K"�½��äk

®�a�:�Ôö8§SVM �8I´é���U�Ð/©lÔö8��²¡"·�-S =

{(ai, bi)}ni=1´���¹n é/ª�Ôö8(ai, bi)§Ù¥ai ∈ Rn´A��þ§bi ∈ {−1, 1}´éA�
I\"8I´é���d�þx ∈ Rn|±��²¡§T�þòÔö8©m§¦�éubi = 1�¤k

:xTai > 0§éubi = −1 �¤k:xTai < 0"XJêâØ´���©l�§KT�þ�UØ�3§

½ö§XJêâ´�©l�§K�Ukõ�©l�þ"

·�ÏL¦^sigmoid��¼ê)û±e�à|±�þÅ(SVM)¯K5'�SVRGÚSTCGVR

�Âñ5U§ù®3 [35]¥?1L�Ä:

min
x∈Rn

f(x) = Ea,b[1− tanh(b〈x, a〉)] + λ||x||22, (72)

Ù¥λ > 0´���Këê"3·��¢�¥§λ ����10−4"3¢S�¹e§�ª(72)�¤

min
x∈Rn

1

n

n∑
i=1

fi(x) + λ||x||2, (73)

Ù¥fi(x) = 1− tanh(bi〈x, ai〉), i = 1, ..., n.
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·�ÏL¯K(4.73)3Ü¤êâþ�Ly��
SVRG ÚSTCGVR �ê�(J"·�òü«

�{�Ð©:���x1 = 5x̄1§Ù¥x̄1 ´lþ!©Ù[0, 1]nþ�ÅÄ��"·�±e��ª)¤Ô

ö8ÚÿÁ8(a, b)"·�Äk)¤��äk80% ��"©þ�DÕ�þa§ÙÑl[0, 1]n þ�þ!

©Ù§,�-b = sign(〈x̄, a〉)"

ã 3'�
SVRG ÚSTCGVR �S��Ç§Ù¥î�IL«�Ûk�S�gê§p�IL«

��¼ê�"S��Ç�N
8I¼ê����S�gê�O\¥yÑ�Czª³"3ØäN

�Ú��§·��ªÀJα = 5 × 10−3"d�§SVRG 3¦)�àSVM ¯K���
�Ð�Âñ

5"lã 3�±wÑ§·���{�I���200 g=�Âñ",§SVRG I���1200 gS�

âU���q�°Ý"¢�(JL²§·�JÑ��{3¦)�à|±�þÅ¯K�äk�¯�

Âñ�Ý"

Figure 3. Training loss of SVRG and STCGVR for nonconvex SVM

ã 3. SVRGÚSTCGVRéu�àSVM�Ôö��

5. o(

�©JÑ
�«^u)ûÃ�å�Å`z¯K�STCGVR �{"ù«#L��{(Ü
�Å

��~�EâÚU?�Dai-Liao n��ÝFÝ§±¼��Ð�Âñ5"d	§3zgSÌ�S�

m©�Ñ�Ä
#éÄEâ§ùò½Ïé�{¿ÞØé�{�UØ|�Î&E"3·��^

�e§k��y
STCGVR��5Âñ5"·�ÏL¦)A�ÅìÆS¯K§ù
¯K�U´à

�§��U´�à�§��
-<�Í�ê�(J"3�5�ïÄ¥§�X�{�ê�FÝ¢y§

STCGVR �±éN´/A^uØÓ�¢S¯K§~X$�Ý
¡EÚDÕi;ÆS¯K"
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