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Abstract

Given ω,Ω ∈ R, for 1 < q < p < ∞, we characterize those symbols f for which the
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induced Hankel operators Hf , Hf are both bounded (compact) from weighted Bergman

space Apω to Lebesgue space LqΩ.
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1. có

� D ´E²¡þ�ü ��. é 1 ≤ p < ∞, �½ D þ��K�ÿ¼ê ω, �m Lpω (½P�

Lp(ωdA)) ´ D þ¤k÷v

‖f‖Lpω =

(∫
D
|f(z)|pω(z)dA(z)

) 1
p

<∞,

� Lebesgue �ÿ¼ê��N, Ù¥ dA ´ D þ�IO¡ÈÿÝ. ·�^ÎÒ Lp L«²;� p g

Lebesgue �m, Ù�ê� ‖ · ‖Lp =
(∫

D | · |
pdA

) 1
p . ·�^ H(D) L« D þ�X¼ê��N. \�

Bergman �m½Â� Apω = Lpω ∩H(D). w, Apω ´ Lpω �4f�m, A2
ω ´�� Hilbert �m.

e��»��¼ê ω ÷ve�n�^�µ(1) ω ∈ L1[0, 1); (2) ¼ê ω̂(z) =
∫ 1

|z| ω(s)ds ÷v

V�^�, =é¤k� 0 ≤ r < 1, k ω̂(r) ≤ Kω̂( 1+r
2

), Ù¥ K ´� r Ã'�~ê; (3)é¤k�

0 ≤ r < 1, k

ω(r) '
∫ 1

r
ω(s)ds

1− r
.

K¡ ω ´���5�, P� ω ∈ R. �©z [1]. �½��»�� ω, ·��±ÏL- ω(z) = ω(|z|)
ù«�ªò ω ½Â� D þ. d�5�p�� Bergman �m�éõÆö\±ïÄ, �©z [1–4]�.

�½ ω ∈ R, éz�� z ∈ D, N� f 7→ f(z) ´ A2
ω þ�ëY�5�¼. d Riesz L«½n�

�, �3���¼ê Bz ∈ A2
ω, ¦�é��� f ∈ A2

ω, Ñk f(z) = 〈f,Bz〉ω, Ù¥

〈f, g〉ω =

∫
D
f(z)g(z)ω(z)dA(z), f, g ∈ A2

ω.
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Ù¥ Bz¡� A2
ω� Bergman Ø. l L2

ω� A2
ω���ÝK Pω �L«�

Pω(g)(z) =

∫
D
g(ζ)Bz(ζ)ω(ζ)dA(ζ).

é?¿�1 ≤ p <∞, Pω�´ Lpω � Apω �k.�5�f. e¡·��±½Â Apω þ� Hankel�f.

dÎÒ f p�� Hankel�f½Â�

Hω
f (g) = (Id− Pω)(fg),

Ù¥ Id ´ð��f.

é Hankel �f�ïÄ©u [5],T©ÙïÄ
d�Ý)Û¼êp�� Hankel�f�k.5Ú;

5A�. éu����¼ê, [6]�k�Ñ Hankel�fÚ BergmanÝþeÎÒ¼ê�²þ���m

�éX. Ù�ù�g��$^uk.é¡�Úr[à�þ Hankel �f�ïÄ¥�, � [7, 8]. 3 n

�E�m¥ü ¥þ, �� 1 < p ≤ q < ∞, Pau�< [9]ïÄ Hf Ú Hf Ó�l\� Bergman �m

Ap(1−|·|2)α ��A Lebesgue �m Lq
(1−|·|2)β

�k.½;�f�¿�^�. é 1 < q < p < ∞ �/e,

�A�(JÙ��®²�Ñ, � [10]. �5, é¤k� 1 < p, q <∞, Hu �<��/�x
 Hankel

�f´d�5� ω p�� Bergman �m Apω � Lqω �k.½;�f����x. �C, þã(J�

í2� Apω � LqΩ �/, Ù¥ 1 < p, q <∞, ¿�� 1 < p ≤ q <∞ �, Hf , Hf : Apω → LqΩ Ó�k.

½;�A��Ó���x, � [11].

�©�Ì�8�´�x� 1 < q < p < ∞ �, d÷v�½^��ÎÒ¼ê¤p�� Hankel �

f Hf , Hf l Apω � LqΩ Ó�k.½;�A�. °(/`, �½ ω,Ω ∈ R, ·��Äd¼ê F ∈ L1
Ω

p�� Hf , Hf : Apω → LqΩ Ó�k.½;�¿�^�. �©ò [10]¥�Ì�(Øí2��5�p�

� Bergman �m�/.

3�©¥, ·�o´^ C L«�¤��Ä�¼êÃ'�~ê, 3ØÓ�ªf¥z? C ¤�L�

~ê�UØ��. ü�þ A,B XJ÷v A ≤ CB, KP� A . B. XJ A,B ÷v A . B . A, ·

�Ò` A,B �d, P� A ' B.

2. ý��£

3ùÜ©, ·��Ñ�
ý��£. -

β(z, ξ) =
1

2
log

1 + |ϕz(ξ)|
1− |ϕz(ξ)|

L«Dþ�Bergmanål,Ù¥ϕz(ξ) = ξ−z
1−zξ . � z ∈ D, r > 0,^D(z, r) = {w ∈ D : β(z, w) < r}

L«± z�¥:! r ��»� Bergman ��. �½ ω ∈ R, P

ω̆(z) = (1− |z|)2ω(z).

- r > 0, �3 D ¥�ê� {zj}∞j=1 ¦�

D = ∪∞j=1D(zj , r), D
(
zj ,

r

4

)
∩D

(
zk,

r

4

)
= ∅, j 6= k.
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þãê�¡� D ��� r-�. e E ´ D þ Lebesgue �ÿ8, ·�^ χE L« E �A�¼ê, P

|E| =
∫
D χEdA. �½ r-� {zj}∞j=1 Ú R > 0, �3~ê N ¦�

∞∑
j=1

χD(zj ,R) ≤ N.

� r > 0, L1
loc þ�ÛÜ²þ¼êMr ½Â�

Mr(f)(z) =
1

|D(z, r)|

∫
D(z,r)

f(ξ)dA(ξ).

?�½ r > 0, � 1 ≤ p ≤ ∞ �, Mr ´ Lpω þ�k.�5�f. � f ∈ Lploc, ½Â Gp,r(f) �

Gp,r(f)(z) = inf

{(
1

|D(z, r)|

∫
D(z,r)

|f − h|pdA
) 1
p

: h ∈ H(D(z, r))

}
.

du ω ∈ R, �k

Gp,r(f)(z) ' inf

{(
1

ω(D(z, r))

∫
D(z,r)

|f − h|pωdA
) 1
p

: h ∈ H(D(z, r))

}
.

- f ∈ Lploc, r > 0, P

MOp,r(f)(z) =

{
1

|D(z, r)|

∫
D(z,r)

|f − fD(z,r)|qdA
} 1
p

Ù¥ fD(z,r) = 1
|D(z,r)|

∫
D(z,r)

fdA. ±9

Ossr(f)(z) = sup
ξ∈D(z,r)

|f(ξ)− f(z)|.

3 [11]¥, ·�y²
Xe½nµ

½nA: � ω,Ω ∈ R, 1 < q < p <∞. Ké f ∈ L1
Ω, e�Øã�d:

(A) HΩ
f : Apω → LqΩ k.;

(B) HΩ
f : Apω → LqΩ ;;

(C) �3(�du: ?¿) 0 < r ≤ α/2, k Ω
1
qω−

1
pGq,r(f) ∈ L

pq
p−q ;

(D) f äkXe©) f = f1 + f2, Ù¥ f1 ÷v:

f1 ∈ C1(D), Ω
1
qω−

1
p (1− | · |)|∂f1| ∈ L

pq
p−q ;

f2 ÷v: �3(�du: ?¿) r > 0, k

Ω
1
qω−

1
pMr(|f2|q)

1
q ∈ L

pq
p−q .
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?k

‖HΩ
f ‖Apω→LqΩ '

∥∥∥Ω
1
qω−

1
pGq,r(f)

∥∥∥
L

pq
p−q

. (2.1)

3. Ì�(Ø

3ùÜ©, ·��Ñ�©�Ì�½n¿\±y².

½n1: � ω,Ω ∈ R, 1 < q < p <∞. Ké f ∈ L1
Ω, e�Øã�d:

(A) HΩ
f , H

Ω
f

: Apω → LqΩ �k.�f;

(B) HΩ
f , H

Ω
f

: Apω → LqΩ �;�f;

(C) �3(�du: ?¿) r > 0, k Ω
1
qω−

1
pMOq,r(f) ∈ L

pq
p−q ;

(D) f äkXe©) f = f1 + f2, Ù¥ f1 ÷v:

f1 ∈ C1(D), Ω
1
qω−

1
pOssr(f1) ∈ L

pq
p−q ;

f2 ÷v: �3(�du: ?¿) r > 0, k

Ω
1
qω−

1
pMr(|f2|q)

1
q ∈ L

pq
p−q .

¿�k

∥∥HΩ
f

∥∥
Apω→LqΩ

+
∥∥∥HΩ

f

∥∥∥
Apω→LqΩ

'
∥∥∥Ω̆

1
q ω̆−

1
pMOq,r(f)

∥∥∥
L

pq
p−q

. (3.1)

y²: (B)⇒ (A) w,¤á. ey (A)⇔ (C)⇔ (D) ±9 (C)⇒ (B).

(C) ⇔ (D). b��3 r > 0 ¦� f ÷v (C). - f1 = M r
2
(f), f2 = 1 − f1. K� β(z, ξ) ≤ r

2

�, ·�k

|f1(z)− f1(ξ)| ≤ |f1(z)−Mr(f)(z)|+ |Mr(f)(z)− f1(ξ)|

≤ 1

|D(z, r/2)|

∫
D(z,r/2)

|f1(·)−Mr(f)(z)|dA

+
1

|D(ξ, r/2)|

∫
D(ξ,r/2)

|f1(·)−Mr(f)(z)|dA

≤ CMOq,r(f)(z).

¤±

Ω̆(z)
1
q ω̆(z)−

1
pOssr(f)(z) . Ω̆(z)

1
q ω̆(z)−

1
pMOq,r(f)(z). (3.2)

DOI: 10.12677/aam.2022.117471 4447 A^êÆ?Ð

https://doi.org/10.12677/aam.2022.117471


��¯§��¤

é f2, ·�k

M r
2
(|f2|q)(z)

1
q ≤ M r

2
(|f − f1(z)|q)(z)

1
q + Oss r

2
(f1)(z)

≤ CMOq, r2 (f)(z) + Oss r
2
(f1)(z).

ddÚ (3.2) �±íÑ

Ω̆(z)
1
q ω̆(z)−

1
pM r

2
(|f2|q)(z)

1
q . Ω̆(z)

1
q ω̆(z)−

1
pMOq,r(f)(z).

5¿� (D) ¥�^�� r Ã', ·��Ñ (C)⇒ (D).

��, b� f äkX (D) ¥�©): f = f1 + f2. dMOq,r(f)(z) . Ossr(f)(z), �� f1 ÷v

(C). ¿�

MOq,r(f2)(z) ≤ Mr(|f2|q)(z)
1
q +Mr(|f |)

≤ 2Mr(|f2|q)(z)
1
q

L² f2 �÷v (C). � (D) �íÑ (C).

du (D) ¥�^�� r Ã', ·��±�� Ω
1
qω−

1
pMOq,r(f) ∈ L

pq
p−q � r Ã'.

(A)⇔ (C). Ø�� 0 < r < α. e HΩ
f Ú HΩ

f
Ñk., d (2.1) ��

Ω̆(z)
1
q ω̆(z)−

1
pGq,r(f)(z) .

∥∥HΩ
f

∥∥
Apω→LqΩ

±9

Ω̆(z)
1
q ω̆(z)−

1
pGq,r(f)(z) .

∥∥∥HΩ
f

∥∥∥
Apω→LqΩ

.

aqu©z [12] ¥·K 2.5 �y²��

Ω̆(z)
1
q ω̆(z)−

1
pMOq,r(f)(z) .

∥∥HΩ
f

∥∥
Apω→LqΩ

+
∥∥∥HΩ

f

∥∥∥
Apω→LqΩ

. (3.3)

��, d Gq,r(f) �½Â´�

Gq,r(f)(z) ≤MOq,r(f)(z), Gq,r(f)(z) ≤MOq,r(f)(z). (3.4)

�d½n A ��

∥∥HΩ
f

∥∥
Apω→LqΩ

+
∥∥∥HΩ

f

∥∥∥
Apω→LqΩ

.
∥∥∥Ω̆(z)

1
q ω̆(z)−

1
pMOq,r(f)

∥∥∥
L∞

. (3.5)

(3.1) ªd (3.3) 9 (3.5) =��Ñ.

(C)⇒ (B). d (C) 9 (3.4) ��: Ω
1
qω−

1
pGq,r(f) ∈ L

pq
p−q . 2d½n A ��HΩ

f : Apω → LqΩ �

;�f; Ón, HΩ
f

: Apω → LqΩ �;�f. ½n�y.
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