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Abstract

‘We considered the fixed point problem of nonexpansive mapping in Hilbert space. We

proposed an inertial generalized Mann-Halpern algorithm. Giving certain conditions,
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we proved the strong convergence of the algorithm. Then we applied the algorithm
to solve the Fermat-Weber location problem, and gave a numerical experiment. Com-
pared with algorithms had been proposed before, our algorithm has the flexibility on

choosing parameters.
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1. 5|5

ARSCEZRFUARY SRS T (A3 m R 8L HAREE Hilbert 2508, (-, - ), || - |29 54K H LA
RRHFEFEH. W C cHAFEWNE, T : C — C RIEY KB

Mann 7E3CHR [1]FHFEH T2 HH Mann 535, X 20 € C, a € (0,1) , HERTEAN:
Tpp1 =axy, + (1 —a)Tx,, n=0,1,2,---. (1)
Reich 76 3R [2)sFHR i T — BB 3R Mann 5%, 41F 20 € C , {an} C (0,1) , HHALIHANA:
Tpy1 = Wy + (1 — )Tz, n=0,1,2,--- . (2)

TE— KM TUEA T {2, ) 350CSAE] T MG . TEILSCHER [2).
Halpern 7E3CH#R [3]F1 42 H T Halpern Hi%, T zo,u € C, {a,,} C (0,1) , HiEATEAN:

Tl = QpUu + (1 —O[n)T.IL'n, n=0,1,2,---. (3)
EMT {2, ) USRS T BIARED S L A2 lim a, = 0, o0 N

Wittmann 7£ 3CHR [4] " IE B 7 5353)h F A {,} USR] T A 3 mUH 58 23 5% 1 2

o0 o0
lima, =0, Y a, =00, H > |ant1 — an| < 00.
n—00 n=0 n=0
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T3 —J7 T, R SR AR L Y Polyak £E3CHR [5]H 52 Y Y, i SEIEAE N PRI SAcE A T T A
FUEM. N PSRl IEAe 21, B

Tnt1 = Tp + Op(Ty —xp_1), n=0,1,2,---. (4)
Hrfzg, 2y € C, {0,} C [0,1). IR, WHRPEFZEAE KEVTIT, Billn, S5 22552 (6], 15
VeSS (7], Bk Mann 5895 [8-12]4%.
Mainge 7£3CHR [8]FH#2H T HHE Mann 53%, XT 20,2, € O, {a,} € (0,1), HIEAIEAN:

{ Wy, = T, + Qn(xn - xn—l)? (5)

Tpi1 = apwy + (1 —ap)Tw,, n=0,1,2,--- .

FE—E AT, U 1 50K (5) I 998l v L STHR [8).

Tan & N7ESCHR [12]H 42 TAEIE 5 Mann-Halpern 535, X T 2o, 21,u € C, {a, }, {Bn} C
(0,1), HIEATEAN:

Wy, = Ty, + Oy (T, — Tp—1),
Yn = Bnton + (1 = Bn)Twn, (6)
Tpy1 = pu+ (1 — )y, n=0,1,2,--- .
FE—E A, AR T 50E(6) BoA RIS, v LSOk [12].
ARSCAESCHR [12]f5ERS L, 38 H5E) X Mann-Halpern 5%, i5A0EA8:

Wy = Tp + Hn(xn - xn—l);
Yn = SpWy + tnTwrm (7)

Tpy1 = aqu~+ (1 — p)yn, n=0,1,2,--- .

Hrt g, 21,u € C, {6,} C [0,1), {sn}, {tn}, {an} € (0,1). FIE(7) ESEEI EE IR TE: 24
Sp + t, = 1B IZFVFIBAEEEL(6). fE— KT, AT IR B p sm i Sk,

2. T EIR

AT FELE H— 2 BRAIE B o T B0 5| BN A
EXL. BHT:C = C, wREMEE z,yc C, #H

[Tz =Tyl < ||z - yl|,

WART 2 C LoydEy kst R AE e C, EF v =Tz, Wiz AT L, TT QTR
5 2 R A H Fix(T).
F1 AP, AR, HRIR T A Y KRBk A, JF B Fix(T) # 0.
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EX2. HoyEER H ={g: N> R|ghH LHEEEMLZHY, KaoecH, FI{z,} CH,
R EE g e H* HA lim g9(z,) = g(x), WAR {2, } 35T z, WA x, — z,(n — 00); R

lim ||z, —z|| =0,
— 00

W AR {z, } 32T oz, TR 2, — 2, (n — 00).

SIEEL. (OCHR [13)4184.15) W C C H2AEAHINEE, T2 C — C 23R sk, W Fix(T) A& M
£,

SIEE2. (OCHk [13]59132.37) W {x,} & H TG FFH, W {2, } AFLEFIREUR 751

SI3E3. (SCHk [14]513#2.1) SHMER 2,y € H, LA N FL L

@) [l +yll* < flz]* + 2{y, = + y);

(2) llaz + byl|* = ala+ b)|z]* + bla + b)|ly[|* — abllz — y|*, Va,b € R.
SIHB4. (SCHk [15)51HE8) $E {b.}, {ma} RAFFLES, {6,}, {60} —IHS, {7.} € (0,1), FH

bn+1 S (1 - P}/n)bn + P}/n(snv & bn+1 S bn — Nn + '5n7 n = 07 ]-7 27 Tt
t
(1) X2 4 =00, (2) lim¢, =0,
n—0 n—00

(3) {mn} AERGHZ lim 9, = O B955 {nn, } 475 limsup 6, <0,

k—o00
i nh—g)lob” =0.
SIEE5. (OCHR [13]4E184.18) % C C H 2AETWIME, T : C — C Z2IEY KBS, {z,} c C,z e H.
WHRY n — oo B, Hx, =z, H (v, — Tx,) = 0, W (I — T)z =0.
SIE86. (OCHR [16]am1.78) W C C H ZAETHIMNEE, ze H,ye C, Wy z £ C ERREHA
e
(T-9,y—9) <0, Vyel.

3. EEHER

Bk B {0,} € [0,1), {sn}, {tn}, {an} € (0,1), #HE s, +t, < 1. 5FF 29, 21,u € C, HEENK
XA
Wy = Ty, + O (T — Tp_1),
Yn = SpWy, + t,Tw,, (8)
Tpi1 = o+ (1 — )y, n=0,1,2,---.
EIL R CCHARFZMNOGER, T:C — CAIY KBS, BFix(T) # 0. 3 Faxg,z1,ueC, F7
{z,} MEEFIBER A, FEATHMHRL

(1) lim o, =0, > vy = 00,
n—00 n—0
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(2) lim Gnl\wna—"wn—lﬂ =0,

n—oo

oo

3) > (1—s,—t,) < o0,

n=0

(4) lim =22=ta =0,

W {a,, } 5BUCEE] T I p, I H p = Prixeryu.

W, F—25: SR {2, } AR W p € Fix(T), N

201 = pll = lonu + (1 — o) yn — pl|
= |lan(u —p) + (1 — an)(yn — )|l
< apllu—pll + (1 = an)llyn — pll- 9)

E

lyn = pll = lIsnwn + t,Tw, — pl|
= ||sn(wy = p) + ta(Twn — p) + (80 +t, — Dp||
< spllwn = pll + ol Twy — pl| + (1 — 50 — t) 1Pl
< spllwn = pll + tallw, = pll + (1 = 80 — L) [Pl
= (sn +ta)llwn —pll + (1 — 50 — ta) [Pl

< lwn = pll + (L = 50 = t2)[|p]l- (10)
¥ (10) = AN (9) K, 15
|41 = pll < (1 = aw)lJwn = pl| + anlu —pl| + (1 — an)(1 = 50 — ta)][|p]- (11)
b
lwn = pll = lzn + On(@n — 2p1) = p|| < |20 — pIl + Onllzn — 0]l (12)

¥ (12) 2 A (1), m 15

Zns1 — Pl
< (A =an)llzn —pll+ anllu = pll + (1 = an)lnllzn — 2p—1l + (1 — an)(1 = s — t) ||

= (1= aw)len = pll + an [Jlu = pll + (1 = a) bzl o (1= ) (1= 5, = )]

Qn
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fE LR, 2 M =2 max{Hu —pll, sup (1 — an)w}, H (1 —a,) < 1 FZEMH(2) 775
n>0 "
M < oo, N
an [Hu —pl+(1- an)L”zn*In—lll} < a, M.

[67%) -

JITEA
[2ns1 = pl < (1 = an)lzn = pl +onM + (1 = an)( = sn = t)p]-

(EEe k=g TIPS
1 = pll < max {Jla, = pll, M} + (1= ) (1 = 5, = ta)llpl.
(1 —a,) <1, 7750
1 = pll < mas { = pl, M+ (1= 50 = ta) 1]

¥ EXRT n #EATIHG, 15

n

@1 = pll < max {flao —pll, M|+ (1 =55~ 1)yl (13)
§=0

g5 AT (3) P S
Y= —t)lpl <D (1= 50— ta)]p]l < o0,
3=0 n=0

Heet (13) RV {|er — pll b A5, M {2} #57-

BE—25 A wa |l < a4+ 0nllwn — zaoall, BIEA {w,} A 55, BT SRR 3K A | Tw, —p]| <
[[wn = pll, Aifi {Tw,} A5

(g} R 5+t < 10 ] < sl + 0l Tl < mae o, [Tl BT (3} 5
G, B T R AR KSR { Ty, ) A5
B FEY {2, ) BIHE] p = Peoiryu. B9
|zns1 = plI* = llanu + (1 = an)ys — p?
=11 = @) (¥ — p) + anlu —p)|?
< (1= an)?llyn — pII® + 2{an(u = p), 2nt1 — )

< (1= a)||yn — plI* + 200 (v — p, Tp i1 — ). (14)
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(14) R 8 A RSk i 31 B3 92 (1) /83, B

[yn = pII* = llspwn + tnTw, — p|?
= ||sn(wn = p) + ta(Twy — p) + (55 +tn — 1)p|®
< lsn(wn = p) + to(Tw, — p)||* + 2((sn + tn — 1)P, Y — p)
= 5n(5n 4 tn)wn = plI* + ta(sn + ta) | Twy — plI* = sutnllw, — Tw,|?
+2((sn +tn — 1)p, Y — p)
< spllwn = plI? + to [ Tw, — pl|* = sutullwn = Twa||* +2(sn + tn = 1)(p, Y — p)
< snllwn = pl* + tulwn = plI? = sutnllwn — Tw,||* + 2(sn + tn — 1)(p,yn — p)
= (sn + to)wn = D> = sutnllw, — Tw,||* +2(sn + tn — 1)(p,yn — )
< lwp = pl? = sutnlwn = Tw, ||* +2(sn + tn = 1)(p, yn — p).- (15)
(15) P —AMAER 5 H3HL()B R, =N h 5 #3352 (2)15 3]
¥ (15) 2 A (14) K, 7] 15
[Zn1 = pl* < (1 = an)w, = pl|* = (1 = an)sntn|[w, — Tw,|*

+2(1 — ) (s +tn — 1)(D,yn — D) + 200, (u — P, Tppy1 — D). (16)

£

[|wn, _pH2 = |lzn + On(zp — 251) —p||2 = ||z —p+ Op(z, — xnfl)Hz

= ||z —p”2 + 93||90n - mn—1||2 + 20, (Tp — P, Tp — Tn_1)- (17)
B 7)) A (16) R, AT

[Zn1 = plI* < (1 = an)llzn —pl* + (1 = )0 |20 — zpa[|* +2(1 — @) 0n (20 — P, 20 — Tp1)

— (1 = ap)sntnllw, — Twn||2 +2(1 = o) (8p +tn — 1)(D, yn — P) + 200, (¥ — P, Ty — D).
(18)

E(18)ﬁqj/7\ b = [|zn 7pH27 M = (1 = an)sptn|lw, — Twn||27 Yn = Olp,
Op = (1;7‘;‘“)9721”(%"_1%_1H2_|_2(1a;f‘")9n<xn_pv xn_xn—1>+2(1a;jn)(sn+tn_l)<p) yn_p>+2<u_pa xn+1_p>'
/7"\ gn = CVn(snv m\u

En=(1- O‘nwi”xn - xn—1||2 +2(1 = ) bp @y — P, Ty — Tp—1)
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AT (18) AT 265 %
bn+1 S (1_7n)bn+7n5na &bn+1 S bn_nn—"fna 7’1,:0,1,2,"' .
55| io: o, = oo Kl
n=0

n=0
fE €, 1 lim o, = ORE—5 4514 (o, )5, FTMA

lim 2, (u — p, £y 1 — p) = 0.

12 A (2) %0 Jim Oy [|zn — 2| =0, s

lim 02|z, — 2,_1]|* =0, lim 2(1 — )0, (zy — p, 2y — Tp_1) = 0.
n—oo n—ro0

mH2AF(3) 50 lim (1 — s, —t,,) = 0, FITLA Tgin;o(sn +t, — 1) =0, EHEHE DGR {y. VA, NI

n—oo
lim 2(1 — o) (s 4+t — 1){p,yn — p) = 0.
n—oo

LRETTA
lim &, = 0.

e |80, S IR (L), (2) DL, FACRIE 46 (3) 1 2 B .
S, M {n,) 00 FF (), 668 T o, = 0. 81 {0}, {5}, {0} © (0, 1)1, 5E S,

bl
lim [|wy,, —Tw,,| =0. (19)
k—oc0
B lim 0, ||z, — x,_1] = 0, AT %0
n—oo
||wnk - xnk” = Hxnk + enk(xnk - xnk—l) - xnk” = anHxnk — Ty ” — 07 (k - OO) (20)

KA {zn} B, BTEA {, } A5, BTCAE 91302 RIAPALE {2, } T80 {2, } /2

Tp, — T, (j = o0) Klimsup (u—p,z,, —p) = lim (u —p,x,, —Dp).
& k— o0 J—o0 J

H1(20) VAT R, wy,,, — @, (5 — 00), FTEAH (19):UMISI 5 2 = Tz, B 2 € Fix(7T).
KA p = Prixeryu, FTLASS & SIEIRISI 6T AT (u — p, T — p) < 0. L

limsup (u —p, 2, —p) = lim (u—p,z,, —p) = (u—p,z—p) <0.

k—o00 J—=o0
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R, UEW] limsup (u — p, z,,,, —p) < 0. BN

k—o0

< tnk ||Tw”k = Wy, ” + (1 = Snp T tnk)”wnk ”

Frele(19)2, ¢, < (0,1), lim (1—s, —t,) =0 CALI {w,, } B SR 5

khm ||y"7«k - wnk” =0. (21)
—00
T g, — 0, | = 0. (22)
— 00
XA
||'r7lk+1 — Ty, H = ||a”ku + (1 - ank>ynk = Ly, || < Ay, ”u = Tny, || + (1 - a”k:)”:ynk — Ly, H
B LA lim v, = 0, {@,, } A5 (22) AT F1
klgrolo”xnk“ — Ly, ” =0.
v LA
limsup (u — p, zn,,, —p) <0.
k—o0
A EEBLARAT(2), K AF(4) M 6, E X
CIFS|
lim sup 6, <0.
k—o0
& IR 5] #RA) 21 (3)
i b, el #anTE, hm b, =0, Bl
lim x,, = p.
n—oo

I, ERGIE. O

E2. T @ iR R A0 AR RAE )

Hian:%fsn:tn:%_#f S <0n7'ﬁ:c‘j

_ ::7_7_% y Ip = Tn—1;
0, =
min {355, G ) O F Tt

DOI: 10.12677/aam.2022.118641 6095 I FH# e


https://doi.org/10.12677/aam.2022.118641

4. HETE Fermat-Weber E{\[o]#1 YN A

AT FEEEE H FU0F Fermat-Weber €07 A @ Bl G4 2 € R, K
min { /() = Y willz - aill }, (FW)
i=1
SRAR 1) BL(FW) & F B 5572 Weiszfeld 532, 125025 5 H Weiszfeld £ 3CHR [17] 42, E0
R E AL A & K ENIF T, 25U THe A, BARTT 2530k [17,18). 3¢k [18]4, 1E#

i 1B ROEREEIF AT TSR T, KT AR TR T 1 BAR S0 T

m w;Q; m a;
T . — 1 1 / 1 ,
O= 2 e/ X =al

xn+1:Txn7 n2071727”' .

TEONREBI, BATHELE R? ElE T, m = 8 MIHE, @A ={a1, a2, ,as}, K

0 10 0 10 0 10 O 10
A=10 O 10 10 0 0 10 10

0 0 0 0 10 10 10 10

HWNE w, =1, i=1,2,---,8. UH A E(FW)HR 2 R3 A, K3 1E 77 4484 fU#E 25 F1
s/ R AR, BHSLAR LT RIR 2 R0, SR fdag o = (5,5,5)7.

B ok, FIHBEIOCEAL)RIBEIZ R, s, 0, i, O, 0, S EUEFVE2, 65 KBS T
[[(23)3, #IUH1E 2o, 21 B Matlab BR%L 10 * rand(3, 1) FEHLF=A, B u = 0.5(x¢ + x1), T KIERIK
HHL 1000 K, RZHIEMENN (|20 — 20| < 1073, #E Matlab R2020b 3355 K, A15 32k [12)5
EEVEA2) M HUE XS Ee g R LA L, [&2.

Hrb, A2Z2 80k, B, = m,an: u=0.9z9, 0 <6, Se_’“

1
n+1?

n—1 _
B n+3 y Ip = Tn-1,
0, =
. n—1 10
min { nt3’ (nt1)2|[@n—2n_1] }’ Tn 7 Tn-1,
HARFAL

TERIAG AR R, 1R 22 40 52 HE AR RO R4 R, LRI DUR H, AL, A2#RICSl T B Ll =+ =
(5,5,5)". MER2RTAE H, ATHEERRE A2/, IXAREL T AV ELE B I S R AT — e i34
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Figure 1. Iteration process Figure 2. Error comparison

1. AL B 2. REX A

5. RES5RE

ek
XFEE

by

ARSCHEH T Hilbert 23 8] Hp 48 M7 S0 Mann-Halpern 592, 76— & % F FUE T 1% 5k 52
P, R SRR TSR BAR 1), A B Se g 34T 7 UERA, JF 50k [12)F ISR T T BUE
, LT 2SR BAT — B H, AT 7E S8 B B P B AT S sR AK R S . AERRIHE T, 34T
W TEZ SRS SR .
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