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Abstract

In this paper, we introduce a first order low-regularity integrator for the quadratic

nonlinear Schrödinger equation. The scheme is explicit and efficient to implement.

In particular, our scheme does not cost any additional derivative for the first order

convergence. By rigorous error analysis, we show that the scheme provides first order

accuracy in Hγ(T) for rough initial data in Hγ(T) with γ > 1
2
.
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1. Úó

3�©·��Äeã�g��5Schrödinger�§

iut + ∂xxu = |u|2, (t, x) ∈ (R+,T). (1)

Ù¥T = (0, 2π), u(t, x)´(R+,T)þ�E�¼ê, u0(x) ∈ Hγ(T)(γ ≥ 0)��½Ð�. T�§�·½

5!½5!�»5��¡�2�ïÄ. Tao�[1]y²
�g��5Schrödinger�§3Hs(R)�m,

�s ≥ −1�´ÛÜ·½�; 3s < −1 �´Ø·½�. Ù¦a.�Schrödinger�§��2�ïÄ, X

²;���5Schrödinger�§�ë�[2–5]�. �ê��5Schrödinger�§�ë�[6–11]�. ©ê�

��5Schrödinger�§�ë�[12–15] �.

·�Ø=�±lêÆnØþ�ïÄ��5Schrödinger�§, Ù¢, ·���±^ê��{�&

?��5Schrödinger�§, ~Xk��©�{[16] [17], k���{[18] [19], ©�{[20] [21], Ì�

{[22] [23], ØëYGalerkin�{[24] [25], �êÈ©ì{[26] [27]�.
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ê�Âñ5ïÄ�8I´¦�°()u(tn)Úê�)un÷veªµ

‖u(tn)− un‖Hγ ≤ Cτα,

Ù¥, τL«�mÚ�, αL«Âñ�ê, Ð�u0(x) = u(0, x)áu,�Hγ+s�m. ·�F"s¦þ�,

=Ð©�¦�Uk�$��K5, ¢yα��Âñ. þãê��{Ñ�¦Ð�äkép�1w5,

8c�[�'5�´$�K5�{. Ï�, 3¢S)¹¥, duD(6Ä!ÿþØ�5!�Å5��

Ï, Ð©êâÏ~Ã{÷v�p�1w5�¦. $�K�{�¡, éu²;���5Schrödinger�

§, Lubich [28]|^Strange Splitting�{, �Ð�áuHγ+2�, ��
T�§3Hγ¥���Âñ.

�5, OstermannÚSchratz [29]|^#.�ê.�{, �Ð�áuHγ+1�, ��
3Hγ¥���Â

ñ. �C, WuÚYao [30]�Ñ
�«FourierÈ©�{, �Ð�áuHγ�, y²
3Hγ¥���Âñ,

T�{ØI���?Û�ê.

�©ïÄ�´�g��5Schrödinger�§(1)�$�K�{±����Âñ, �©�ï��{

�µ

un = eiτ∆un−1 +
1

2
∂−1
x

[
eiτ∆∂−1

x un−1 · eiτ∆un−1
]
− 1

2
∂−1
x

[
∂−1
x un−1 · un−1

]
. (2)

·��Ì�½n�

½n 1. �un��g��5Schrödinger�§(1)÷v(2)�ª�ê�), �½T > 0. é?¿�γ > 1
2
,

b�u0(x) ∈ Hγ+3(T), �3~êτ0, C > 0¦�é?¿�0 < τ ≤ τ0, k

‖u(tn)− un‖Hγ ≤ Cτ, n = 0, 1, 2, ...,
T

τ
, (3)

Ù¥τ0ÚC > 0=�6uTÚ‖u‖L∞((0,T );Hγ).

�©SüXe. 31 2!¥, ·��Ñ
�
ÎÒÚ�
k^�Ún. 31 3!¥, ·��Ñ�

�ê��ª�Ì��EL§. 31 4!¥, ·�y²½n1.

2. ý��£

3�!¥, ·�0��
½Â!5�Ú���O. �
�BPÒ, ·�¦^A . B½öB & A

5L«Xe¹Âµ�3,ýé~êC > 0, ¦�A ≤ CB, ¿¦^A ∼ B5L«A . B . A.

3±ÏTþ, ·�½Â¼êf�FourierC��

f̂ξ =
1

(2π)d

∫
Td
e−iξ·xf(x) dx,

ÙFourier_C��f(x) =
∑

ξ∈Z e
−iξ·xf̂ξ.

é¼êf ∈ L2(T), ·�½Âf(x)�FourierÐmª�

f(x) =
∑
ξ∈Z

f̂ξ e
iξ·x.
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FourierC�~^5�

‖f‖2L2 = (2π)
∑
ξ∈Z

|f̂ξ|2,

Ú

f̂g(ξ) =
∑
ξ,ξ1∈Z

f̂ξ−ξ1 ĝξ1

½ÂSobolev�mHγ , γ > 0��ê�

∥∥f∥∥2

Hγ(T)
=
∑
ξ∈Z

(1 + |ξ|)2γ |f̂ξ|2.

y3, ·��Ñ�^���
���O.

Ún 2. (�å5�) éf ∈ Hγ , t ∈ R k

‖e−i∆tf‖Hγ = ‖f‖Hγ .

Proof. �âHγ�ê�½Â, ��

‖e−i∆tf‖Hγ =
∑
ξ∈Z

(1 + |ξ|)2γ |ê−i∆tf ξ|2

=
∑
ξ∈Z

(1 + |ξ|)2γ |e−i|ξ|
2tf̂ξ|2

=
∑
ξ∈Z

(1 + |ξ|)2γ |f̂ξ|2

= ‖f‖Hγ .

Ún 3. (Kato-PonceØ�ª) é?¿�γ > 1
2
, f, g ∈ Hγ , ke¡Ø�ª¤á

‖fg‖Hγ ≤ ‖f‖Hγ‖g‖Hγ .

Proof. TÚn�y²�ë�©z[31].

3. ê��ª��E

3�!¥, ·�0�ê��ª��EL§. �
{zÎÒ, ·�ò�Ñ¤�9����'¼ê¥

��mCþx, Xu(t) = u(t, x). ,	, ·�^τ > 0L«�mÚ�, tn = nτL«�m��. �g��

5Schrödinger�§(1), ÏLDuhamelúª, ��

u(t, x) = eit∆u0 − i
∫ t

0

ei(t−s)∆|u(s, x)|2ds.
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Ú\Û=Cþ

v(t, x) = e−it∆u(t, x), (4)

k

v(t, x) = v0 − i
∫ t

0

e−is∆|eis∆v(s, x)|2ds. (5)

d	, Û=Cþ÷v

∂tv = −ie−it∆|eit∆v(t, x)|2.

Ï�·��I�����Âñ, ¤±�±^v(tn + s) ≈ v(tn){zþã�ª, �

v(tn + τ) = v(tn) + Φ(v(tn)) + Ln,

Ù¥

Φn(v(tn)) = −i
∫ τ

0

e−i(tn+s)∆|ei(tn+s)∆v(tn, x)|2ds,

Ú

Ln = −i
∫ τ

0

e−i(tn+s)∆
[
|ei(tn+s)∆v(tn + s, x)|2 − |ei(tn+s)∆v(tn, x)|2

]
ds. (6)

Ù¥, Ln�±w¤��p��, �±3�{�E¥�ï, ùpØ¬���	��K5.

e¡, ·�UYéΦ(v(tn))?1©Û, |^FourierÐm��

Φn(v(tn)) =− i
∑

ξ=ξ1+ξ2

ˆ̄v1v̂2e
iξ·xeitn(|ξ|2+|ξ1|2−|ξ2|2)

∫ τ

0

eis(|ξ|
2+|ξ1|2−|ξ2|2)ds,

Ù¥·�{P¯̂v1 = ¯̂vξ1(tn)Úv̂2 = v̂ξ2(tn).

�âξ = ξ1 + ξ2, Kk|ξ|2 + |ξ1|2 − |ξ2|2 = 2ξξ1. Ïd, Φ(v(tn))¥�È©��±�¤∫ τ

0

eis(|ξ|
2+|ξ1|2−|ξ2|2)ds =

∫ τ

0

eis2ξξ1ds =
eiτ2ξξ1 − 1

2iξξ1

.

Ïd, Φ(v(tn))�±w«��£Ôn�m

Φn(v(tn)) =− i
∑

ξ=ξ1+ξ2

ˆ̄v1v̂2e
iξ·xeitn(|ξ|2+|ξ1|2−|ξ2|2) e

iτ2ξξ1 − 1

2iξξ1

=
1

2
e−i(tn+τ)∆∂−1

x

[
ei(tn+τ)∆∂−1

x v(tn) · ei(tn+τ)∆v(tn)
]

− 1

2
e−itn∆∂−1

x

[
eitn∆∂−1

x v(tn) · eitn∆v(tn)
]
.
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¤±, ·��±ò�{½Â¤

vn+1 = vn +
1

2
e−i(tn+τ)∆∂−1

x

[
ei(tn+τ)∆∂−1

x vn · ei(tn+τ)∆vn
]

− 1

2
e−itn∆∂−1

x

[
eitn∆∂−1

x vn · eitn∆vn
]
, (7)

ùp�n ≥ 0, v0 = u0, ¿�vn = vn(x).

òÛ=Cþ(4)�L5�\�(7), =���VNÚ��5Schrödinger�§(1)���Âñê��

{(2).

4. ½n1�y²

�!·�ÏLÛÜØ�©ÛÚ½5©Ûé��Âñ(J�Ñ��î��y². dÚn2��,

Û=Cþ(4)3Sobolev�m´�å�, Kk

‖u(tn)− un‖Hγ = ‖eitn∆v(tn)− eitn∆vn‖Hγ = ‖v(tn)− vn‖Hγ .

Ïd, ·��I�y²év(tn)Úvn���Âñ½n.

£�1 3!¥�°()(5)

v(tn+1) = v(tn) + Φn(v(tn)) + Ln,

Úê�)(7)

vn+1 = vn + Φn(vn).

Ïd, ��ü�)�Ø�

v(tn+1)− vn+1 = Ln + Sn,

Ù¥

Sn = v(tn)− vn + Φn(v(tn))− Φn(vn).

e¡, ·�ò�OÛÜØ�LnÚ½5Sn.

Ún 4. (ÛÜØ�) �γ > 1
2
. b�u0 ∈ Hγ , K�3~êτ0ÚC > 0, ¦�éu?¿�0 < τ ≤ τ0, k

e�Ø�ª¤á

‖Ln‖Hγ ≤ Cτ2, (8)

Ù¥τ0ÚC > 0=�6uTÚ‖v‖L∞((0,T );Hγ).
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Proof. �âLn�½Â, 2(ÜÚn2ÚÚn3, ��

‖Ln‖Hγ .
∫ τ

0

‖
[
|ei(tn+s)∆v(tn + s)|2 − |ei(tn+s)∆v(tn)|2

]
‖Hγds

.
∫ τ

0

‖v(tn + s)− v(tn)‖Hγ (‖v(tn + s)‖Hγ + ‖v(tn)‖Hγ )ds.

5¿�∂tv = −ie−it∆|eit∆v(t, x)|2, K��

‖v(tn + s)− v(tn)‖Hγ .
∫ s

0

‖∂tv(tn + t)‖Hγdt

.
∫ s

0

‖ − ie−it∆|eit∆v(t)|2‖Hγdt

.
∫ s

0

‖v‖2L∞((0,T );Hγ)dt

.Cs‖v‖2L∞((0,T );Hγ).

nþ��,

‖Ln‖Hγ ≤ Cτ2,

Ù¥C=�6u‖v‖L∞((0,T );Hγ). �d, ·��¤
Ún4�y².

Ún 5. (½5) �γ > 1
2
. b�u0 ∈ Hγ , K�3~êτ0ÚC > 0, ¦�éu?¿�0 < τ ≤ τ0, ke

�Ø�ª¤á

‖Sn‖Hγ ≤ (1 + Cτ)‖v(tn)− vn‖Hγ + Cτ‖v(tn)− vn‖2Hγ ,

Ù¥τ0ÚC > 0=�6uTÚ‖v‖L∞((0,T );Hγ).

Proof. dSn�½Â��,

‖Sn‖Hγ ≤ ‖v(tn)− vn‖Hγ + ‖Φn(v(tn))− Φn(vn)‖Hγ .

£�Φn½Â, (ÜÚn2ÚÚn3, ��

‖Φn(v(tn))− Φn(vn)‖Hγ = ‖ − i
∫ τ

0

e−i(tn+s)∆
[
|ei(tn+s)∆v(tn, x)|2 − |ei(tn+s)∆vn|2

]
ds‖Hγ

.
∫ τ

0

‖v(tn)− vn‖Hγ‖v(tn) + vn‖Hγds

. Cτ‖v(tn)− vn‖Hγ + Cτ‖v(tn)− vn‖2Hγ .
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Ïd, ��

‖Sn‖Hγ ≤ (1 + Cτ)‖v(tn)− vn‖Hγ + Cτ‖v(tn)− vn‖2Hγ ,

Ù¥C=�6u‖v‖L∞((0,T );Hγ). Ïd, ·��±��Ún5�y².

e¡, (ÜÛÜØ��OÚ½5(J, ·��Ñ½n1�y².

Proof. �âÚn4ÚÚn5, ��

‖v(tn+1)− vn+1‖Hγ ≤ Cτ2 + (1 + Cτ)‖v(tn)− vn‖Hγ + Cτ‖v(tn)− vn‖2Hγ ,

Ù¥n = 0, 1, 2, ..., T
τ
− 1ÚC=�6uTÚ‖v‖L∞((0,T );Hγ).

|^S�{ÚGronwall’sØ�ª, ·���

‖v(tn+1)− vn+1‖Hγ ≤ Cτ2

n∑
j=0

(1 + Cτ)j ≤ Cτ, n = 0, 1, 2, ...,
T

τ
− 1.

ùÒ�¤
��Âñ½n�y².
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