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Abstract

The crossing number of graphs is an important part of graph theory. In the past 100 years, many
scholars at home and abroad have studied the problem of the crossing number of graphs. Due to
the difficulty of proof, the research progress in the field of the crossing numbers at home and
abroad is slow. This paper mainly studies the crossing number of generalized Petersen graph

P (4k, 4). The method of proof by contradiction and mathematical induction are adopted, the edge
setof P (4k, 4) is divided into 4k groups with disjoint edges, and discuss all possible situations to

prove that the lower bound of the crossing number of P (4k,4)(k >4) is atleast 2k.
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1. XXHMRIER

B YR i — AN EERE s, EEFk, B ANAME 2 235 #00 B A8 XX — ) AT 0
Fio BERIAE XA R T, AR 20 tH4d 40 EARKE T BRI, B ORI E , Turan [1]
RIS HE ZEIR R G RIS G, ZEARZE Sy TR BN A B B o At A1 b AR 380588 5 s D Bk A8 A
KFEARIA RN T, A8 BUOMES B e >k . Garey A1 Johnson [2]3E ] 1 7 & — AN B I AE CHE NP-584
)RR, TR RO, N A 5T I A8 U AT 7Tt R 2208 o T 90 A AR 4R T 1 5 Ak Pl
PAorIS, BUR T —ReRF SRR, T FRENA T 5w AR, e LK) S Petersen B4 0F 7L AL
2.

11. 5e2HE
1960 4F, R. K. Guy [3]XF n AN 58 42 B K 28 SCEAHR HY R T 5 A8

er(K, ) 1[nJ[n—lﬂn—2J[n—3J.
HARHMERIE X, | x| BRI x B RAE.

1969 £, R. K. Guy [4]7ESCHRH X 584 B A8 HGHE— 0090, B0AE T 4 n <10 B, FHAEMGT,
1970 4F, Kieitman [517ECHRH 45 H 724 n B KR, e K, 32 X T3

cr(K,)=n(n-1)(n-2)(n-3)/80.

2002 £, Alcholzer, Aurenhammer I Krasserl [61H TH5EAL ST %5 77V T Ky F K, [958 SCEU3 il 72
100 #1150, JF&ath 1 K, M52 X & T 229,

12. 25 E

1954 4, Zarankiewicz [7]45 11 1 584 I K| | 52 SRS AE

B2l

1970 4F, Kieitman [S]iER] 24 min(m,n) <6 Itf, Zarankiewicz %5 A8 7.
1993 4, Woodall [8]%1E T Zarankiewicz H5AE X+ K, ; Al K, g AL,
2003 4, N.H. Nahas [9]F—FHF50 4 m, n 288 K564 B E 158 XL

cr(K )zlm(m—l) nijn-i +9.9x10°m?n?.
mn 5 2 2
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1.3. =X Petersen

FT Petersen B )28 XE FFATTAT 1T 32 90 i F-WF 50T L Petersen [ 7E 1981 4F, Exo0, Harary

1 Kabel [10]iERH T -
cr(P(n,2))=0, s n yE%mign=3;
cr(P(n,2))=2, fin=5
cr(P(n,2))=3, WHnHFFEEn=7.

1986 4F- Fiorini [11]%F) X Petersen FIRZE XEHEATHI AL, THE 2 n > 14 WA P(n, k) 22 X A
AR, AT Fiorini (FIEMIAFAERE . X T cor(P(9,3)) =24t T IWEUHIEN, #i5E 1 cr(P(10,3))=4, JF
A

cr(P(3h,3))=h, (h=4);
h+1<cr(P(3n+13))<h+3, (h>3);
cr(P(3h+1,3))=h+2, (h>2).

2002 4F, Richter #1 Salazar [12]45 i Fiorini FJUEBIAE/ER %, F B VA9 E Uk B 58 1E 1 Fiorini
{UERLE
cr(P(3h,3))=h, (h=3);
cr(P(3n+13))=3h+1, (h>2);
cr(P(3h+13))=h+2, (h>2).

1997 4= Sarazin [13]7E H & HHEH] 1 cr (P (10,4)) =4 .
Salazar [14]45H T X TAEEM k=5, n>k, f:

%Kl—%)(n—k“)}ﬁ%z +1—k3) < cr(P(n,k)) < [2—%)n+(§+%+1}.

2004 4, HRIEH[LS]EH ORI T P (4K +2,2K) %540 3 Petersen B[22 XA E 5

2005 4, HE2EE N[161EY 1 G(2m+1,m) BI28 X .

2009 4, #IeAESENTIMHERE T n>16 I P(n,k) BI52 SCERIRS A {E -

Fiorinil A3 oAk 55 A [18] 2353 FIANFEI T IEUER] 1 P (3K, k) 958 X H

2013 4F, KB EDI[L9FER L8 SCHUER] T P (10,3) 58 XL
2. T~ Petersen & P(4k,4)

B Petersen [ P(4k,4) T4V (P(4k,4)) ={u;, v |1<i<4k}, %
E(P(4k,4))={uu,,,uVv, ViV, , [1<i<4k} , k=3, H o FEREB 4ko & V(F)={u,U,. V. Vi)
E(F)={uu,,uv, vV} FIH =FUF,,1<i<4k Hk>3, JAH FEREUSE k. R 555 {F,F,, - F}
2 P(4K,4) —ANATHBAE, JEE (H, H,, o H ) P (4K, 4) (T Heis— 8 2 Bk, Mk >3,

E(P(4.4)=USF

4k
Ui:lHi ’

2E (P(4k,4))
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E%L D NS X or (D) Bier, (G) %o ¥ H 2 G MTFEIH. f, (H) 2 H BIFTA AR s idE &1
WeSht -
fo (H)=cr, (H)+cry (H,G\E(H))/2.
B{H, Hy, oo H 2 G I — AR — Sk . BH, 2 H Hy, H IR, AR ¢,
G TG —%UBEHIAH H - Hy i —A, BM®H, FRLHEEMV(H)=V(G),
E(G)cE(H,;), MFuveE(H,), uviiFthILTE Hy, Hyyyoo H 0 2 (u,v) TR, u(uv) FH,
HERE u Rl v IFATIAE, Hhi<k<j. WRH  REEE, B4

f5 (Hi,j): > u(uv)fy(uv).

o R MEBML AFTL<ist, EEEAEREMLHBE f(H,L, )2lc, W4 L0, HRME
B fo (Hiian, )2 he o FATEERRERIERALL M4 LD = o0

2 C AR U UV VU U s VisVigUng o Py = Uply U AP =V oV s 1S <40 XFT 842 P,
R u,veV (P), MuPvER P A u R v FIEST A

FEATT I R B A R B, B 0 R K R IEHER, M1<i<dk k=50, ¥
or (P(4(k—1)k,4)) 2 2(k—1) H D 2y P(4k,4) f— A%, cr(D)<2k .« 2V (B)={u,v}»
E(B)={uv} . BT P(4k,4)\E(B,;;) & P(4(k-1),4)—Aals5, FAFEILLFLER.

B3 2.1 ch(Biyi+3)+ch(Bi’i+3,P(4k,4)\E(Biyi+3))slo

TRYE Jordan Hh e B, FATA LT 53,

G 2.2 7E K G 1, i CHIC' AT U AHZE KB, P =uu, - u WK ERR HV (P )NV (C)=D -
% D 2 G I—ANFEE, M4 cr, (C,C) 2% 2y Mu 72 D(C) R — XIS, cr, (C,R) il
B, BNHFH.

N T EBAERUR T, K5I HE 2.2 SRR T HE 2,

3. "X Petersen & P(4k,4)893z X ¥

SIEE 314 L >2Hor (Hyy)=1, Wu,,, U, Vi Flv,o #0F D(H,,., ) RIS HE— X E
—iF k.

UEM]: AR—MbE, BB > 28 cry (Hy,) =10 QR uy Flu, A7E D(Hy, ) &5 1 R — X IR A —i2
Fhb, W HTGI 2 AT B AR UvavoU, R UU Y Vel 28 Hyp s BRIE LY <2, A5 HHOP &, U uy Al 76 D(H,, )
53 (9 7] — X 7 — 3 5 Lo 0 R vy vy ANFE D(Hy, ) R4 10 1R — XA R — 30 57 b el 51 28 2 ]
B, AR VgUgUyoVag I VgViglysty Vi Vig 52 Hy o o BRIBE LY <2, F3HHP I, vy Al vy, 75 D(H,, ) &4 X
SR ) — 305 o SR u, AT ASEE D (M, ) ol 060 Tl — [ 386 ) — 30 5 1, DU Ek 513 2 160, 36 % U, UV,
T UV VU Uy UgVe 52 Hy o BB LY <2, 437, W u, Ay 76 D(H,, ) RIS iR — X4k, FEituy, u,,
Vo v #BELT D(H,, ) X531 7 — X I Rl — i 7t 1

#L>2Hery (Hip,)<1, 151 3.1, RAMGFEIFEER.

51324 17 >2Hery (C) =1, WMD(H,,,) 5 1t —AERE.
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SIE33% L >2Her, (C)=1, Wcr, (C U,V Vil ) =0
UERT: AR — M, BBE ery (CyUpVavou, ) 2 10 1D > 2 Hoery (Cy) =1, il LY > 2, 135 £, (H,,)<2.
T ey (CpUgVevou, ) =1, HI5 HE 3.2 FISI 3 2 55 cry (C,,UgvaVou, ) 2 2, B fy (Hy, )22, B,

(d) (e) ®

Figure 1. Subdrawings of D
B 1. D WFESE

51344 17 >2HD(H,,,) A#TIE 1), WL <3,

UEW: iRV, AR, R >4 HD(H,,) AT 1), B LY >4, B3 f,(H,) <1/
fo(Hys) <3 HIT B2, IGIH 2.1 WRITEEL D F B Al B, & T, MELHEL D FE
Crp (UsVyVoU, ) =0 o HI5IHE 7 735 cry (CpLupvav,U, ) =06

1 fo (Hys) <3138 cry (H,,,UgvavoU, ) <1 BEFRAT T B LL ML

TEOL 1 ey (Hyp Upvavou, ) =1

KL 2 cry (Hy5,Ugvv5u, ) =0

51354 17 >2 HD(H,,,) A#TE 1), WL <4,

UEW: JiEE, AR, B 1 =5 HD(H,,) AT E 1(b). @i 1) =5, B35 f,(H,)<2,
fo(Hys) <31 fo (Hy ) <4 BT B #3¢, i1 2.1 WRIFEEE D F By, Ml B g #2 T . Bk
Cry (UsVaVoU, ) =0 o HI5I 3 3.3 55 cry (CpugvavoU, ) =0 1 fy (H,y, ) <3758 cr, (Hy,,Upvpvou, ) <1, B
AT E LU IE L

HEOL 1 cry (Hy5,Ugvv5u, ) =0

6L 2 cry (Hyp UgVavpu, ) =1

F1E 364 L7 >2HD(H,,,) AT 1c), ML <4,

UERT: RIS, A%k—Betk, BB =5 HD(H,,) AT 1c). @il =5, B f,(H,)<1,
fo(Hys) <380 fo(Hy,)<4 . BT B #A, M5 4 WAIEmE D F B,, Ml Byg #AE T15 . Fik
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Cry (UgVyvyU, ) =0 o HIGIEE 7 1595 cry (CLUpvevou; ) =0 B fiy (Hy5) <3738 cry (Hy,,Uvavou, ) <10 B
HATE B LT L.

TEBL 1 ey (Hy,,upvv,u, ) =0

Tl 2 Ccry (le’ UzVsv, U )

glﬁ 3.7 % Lll3 25 E‘ D( i,i+1) H*’Q{F‘[&l 1(d)’ )H‘IJ D(Hi,i+l Uui+2vi+2Vi+6ui+6)Ejl§] 2 ﬁm’ E‘ui+3/ﬁ—£q:‘ RO
KR K8, 0 2 F

Figure 2. Subdrawings of D
[ 2. D B FESE

UER: AR — e, (% LD 25 HL D(H,, ) RIF T 1(d)o il 1P 25, 3] f, (H,) <1, o
fo (Hys) <31 fy (Hy,) <4
It ery (ugvavou, ) =0 .

i fy (Hys) <3738 cry (Hy,,uvavou, ) <1. i fy (H

Hl,2><2 ’
. T B, FI B, W%, MBI 2.0 AMIETIE D F By, FI By, AR TH. [

y) <Ly AIRIFEEE D vV 2 T . 5

3.3 33 ery (Cp upvvou; ) =0 élch( 12vu3V3V7u7) 1K, D(H12UUV3V7 )%%3(3) Kl 3(b) M1l 3(c)
AN R

v2 Ve
V10

(@) (b (©)
Figure 3. Subdrawings of D
& 3. D BFiEE

F#38# L >5,

D(Hiju Ul Vi, Vil s ) 5 2 IR H u o 7 T R X3 U LY =
F#39# L >5,

D(Hi i Ul Vi oV gl ) 514 2 RS H u, BLF Ry X8, 0 LD =
UER: JRIETR, ARk, 8L =6 D(H,, Uuvyvu, ) [T 2 Hu, 78R, . @il L =6,
135 £y (H) <1, fy(Hy,)<2, fo(Hy)<3, fo(Hy,)<4®D fo(H)<5. BT B, M B #22,
518 210 AIMITEEL D F By Bl By AR THHI. t3IH 2 LUK £y (H,,) <4 iRl or, (U,0,,C,) =1 %
cry (U5, Hyp ) =1, H1 £ (H,, ) <4 A% cr, (U,ug, Vv, ) <1
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(535 Cry (U4U51 H1,2) =1H Chy (u3u4’V3V7 ) =0 JER D(Hl,Z UFRUB, Uu4u5) SH 4(), B 4b)ME 4(c)
H—A BRI

Figure 4. Subdrawings of D
B 4. D WFEE

1B iy (u,ug, Hy, ) =1 H cry (U, vV, ) =1 Ll D(H,, UF, UB, Uu,u, ) 5151 5(a), [l 5(b)F11% 5(c)
Hrh—AEF .

Figure 5. Subdrawings of D
[# 5. D B FEE

M cry (UyUs,vav; ) =1 HI 1y (H1,4) <4, f3fler (u3u4, Hi, UV3V7)+CrD (u4u5, Hlvz) SR L
D(H,, UF,UB, Uu,us) 51 6(a), [l 6(b) Rl 6(c)Herh—AN KR -

Figure 6. Subdrawings of D
& 6. D BT E.
FIE 310 4 L7 >2 HD(H,,,) AT 1(e), W LY <5
UEB: ANk ftE, R L =6 H D(H,, ) A5 1(e). i LY 6, 135 f, (H,) <1, fy(Hy5)<3
fo (Hya) <4137 fo(H,)<5. HiF B, FIB, #A, Hi5I# 2.0 ATAIfEmIVE D T By, 1 By g #2 T340,
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it ery (U vV, U, ) =0

BB 311410 >2 HD(H,,,,) AT 1(f), ML <5,

UERT: SRV, AR, BB =6 H D(Hy,) AT E 1. @il =6, H2 f,(H)<1,
fo (Hus) <3+ fo(Hy ) <40 fo(H)<5. B fy(Hy) <1, AIAIEETE D F vy, £F#H. 5]
BT 35 cry (CpugvavaU, ) =0 i fy (Hy ) <3738 cr, (Upvpvou, ) <1

2 cry (UpVpvpU, ) =10 o I 5IEL 2 TR B 4% VP, 28 Hy, Uugvevou, o i fo (Hyy) <3, 733
Cry (U Us, H , UUgvevou, ) =0 ELATBEAR VgUglygVyg » VgVl Uy Vg, v, AU, Pyu, 22 Hy , UR, U B, Uy, 5
fo (Hya) <4 M7 . BB cry (Ugvavou, ) =00 H fo (Hy ) <388 o, (H,,,ugvvou, ) <1 BEEFRATHE B

TE
TEOL 1 ey (Hy, Upvavou, ) =1

KL 2 cry (Hy 5, UgVv5U, ) =0
iEx T L >2 Hery (C) =10, & cr(P(4k,4))=2k k=24,

4. g5ig

ARSI RAEEAIBCEAGNEE T S Petersen [ P4k, 4)(k > 4) (52 L, 45 HHAH R A S 10 10 2
I A F TR AFURERR I 5E S 3 P (4K, 4) FIILREAT 432, RICEAL BRSSO, B
UER T F P (4k,4) 7E f, (H;) <1 H cry (C) =128 SHU A 25T 2k, B er(P(4k,4))= 2k (k 24) .
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