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Abstract

In this paper, we study the following p-Laplace type equation:

(
��pu+ V juj

p�2
u = f(u);

u 2W 1;p(RN );
(1)

where f 2 C(R;R) and V > 0 is constant. By introducing some new tricks and Pohozaev

equality, when the nonlinear function f satis�es the superlinear condition at in�nity,

the existence of ground state solution of this equation is obtained without assuming

AmbrosettiõõõRabinowitz type condition. Our results generalize the research results

of related literatures.
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1. Úó

�©ïÄXea.� p-Laplace�§:

(
��pu+ V juj

p�2
u = f(u);

u 2W 1;p(RN );
(1)

Ù¥ �pu = div(jruj
p�2

ru) ´ p-Laplace �f, 1 < p < N; N > 2, ~ê V > 0, ��5�

f 2 C(R;R) ÷ve�b�^�µ

(F1) f 2 C(R;R), �é?¿ r 2 (p; p�), �3~ê C0 > 0 ¦� f(t)÷vµ

jf (t)j � C0

�
1 + jtj

r�1
�
; 8t 2 R;

Ù¥� p < N �, p� = Np

N�p
; � p � N �, p� = +1;
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(F2) � t! 0; f (t) = o (jtjp�1);

(F3) �3ê�÷vp < � < p�, ¦� lim inf
jtj!+1

F (t)
jtj�

> 0, Ù¥ F (t) =
R t
0
f(s)ds;

(F4) �3�ê � > p ±9�ê L > 0¦�

f (t) t� �F (t) � 0; 8jtj � L;

(F5) �3~ê r0 > 0¦�

F (t) � 0; 8 jtj � r0;

±9�3�ê � > p ¦�

f (t) t� �F (t) � 0; 8t 2 R;

(F6) 3«m (�1; 0) [ (0;+1)þ t! f(t)

jtj��1
üN4O,Ù¥ �U (F4)½ (F5)¥�½Â.

p-Laplace�§kX2���ÔnA^�µ,X36NåÆÚ��5�5åÆ�Æ�¥T

�§Ñk2��A^.Cc5Æö�é p-Laplace�§)��35Úõ)5�?1
�\�ïÄ,�

�
Nõ�(J,�[�¹�©z [1{7].

©z [8]ïÄ
Xe�a p-Laplace�§:

��pu = f(x; u); u 2W
1;p
0 (
);

Ù¥ 
 � RN äk1w�>. @
, p > 1,��5� f(x; u)´��5Úg�.��÷ve�^�:

9 � > p; R > 0 s: t: jtj � R =) 0 < �F (x; t) � f (x; t) t;

Ù¥ F (x; t) =
R t
0
f(x; s)ds.�öØ=y²
T�§�3���)Ú��K),�y²
CÒ)��

35.

©z [9]ïÄ
Xe/ª� p-Laplace�§:

8<
:

��pu = �V juj
p�2

u+ g(x; u);3
¥;

u = 0;3@
þ;

Ù¥ 
´ R
N �k.mf8, 1 < p <1, V 2 L1(
). g(x; u)÷ve�^�:

9 � > p; R > 0 s: t: jsj � R =) 0 < �G(x; s) � sg (x; s) ;

Ù¥ G(x; s) =
R s
0
g(x; t)dt.(ÜÙ¦b�^�,�öy²
éu?¿� � 2 R,T�§��²�)

u 2W
1;p
0 (
).
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CÏ,©z [10]ïÄXea. p-Laplace�§:

8>>>><
>>>>:

�"p�pu+ V (z)juj
p�2

u = f(u); z 2 RN ;

u 2W 1;p(RN );

u(z) > 0; 8z 2 RN ;

Ù¥ " > 0, 2 � p < N , V (z) : RN ! R´��ëY¼ê.3��5� f(u)÷v·��b�^�e,

�ö|^e� Ambrosetti-Rabinowitz ({¡AR) ��5^�:

9 � > p s: t: 0 < �F (t) � f (t) t; 8 t > 0

y²
T�§�)��35Úõ5, Ù¥ F (t) =
R t
0
f(s)ds.

©z [11]ïÄ
Xe�a p-Laplace�§:

8<
:

�div(jruj
p�2

ru) + V (x)juj
p�2

u = f(x; u); x 2 RN ;

u 2W 1;p(RN );

Ù¥ p > 1, V (x) : RN ! R.��5� f(x; u)÷ve��½�^�:

9 � > p s: t: 0 � �F (x; t) � f (x; t) t; 8 (x; t) 2 RN � R:

´�d^�' AR^��f�
.�ö3d^�ey²
T�§Ä�)��35.

©z [12]ïÄ
Xe�a p-Laplace�§:

��pu+ V (x)up�1 �
1

2
u�u2 = juj

q�1
u; x 2 RN ;

Ù¥ N � 3; p 2 [2; 4N
N�p

); q 2 (1; 3); q + 1 > p.3 V (x)÷v�½b�^�e,|^ Pohozaevð�

ªÚ8¥;5Úny²
T�§�Ä�)��35.

Éþã©zéu, ·�|^#�E|¿/Ï Pohozaevð�ª,¼�
�§ (1)�Ä�)��3

5,¿í2
®k©z�(J. ¤�(JXe:

½n1.1 e^� (F1)� (F4)¤á,K¯K (1)�3��Ä�).

½n1.2 e^� (F1), (F2)±9 (F5)¤á,K¯K (1)�3��äk�Uþ�Ä�).

½n1.3 e^� (F1), (F2)±9 (F6)¤á,K¯K (1)�3��äk�Uþ�Ä�).

51: �þã©z�', �©æ^2Â�4�4��n, ÏL��#�E|, �E
�¼ I �

CeramiS���35, �8�3Ù§ý�¯K�ïÄ¥�E�¼ CeramiS���35Jø
#�

g´.

52: �(�3¼ê f(t)÷v½n¥�½�^�,X
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f1(t) =

8>><
>>:

jtjq�2t; jtj � L

Lq�ptp�1; jtj < L

Ù¥ p < q < p�. ©O- (F3), (F4)¥ q < � < p�, q < � < p�, ´�y f1(t)÷v½n 1.1�^

��Ø÷v½n 1.2¥�^� (F5).qX f2(t) =
Pm

i=1 jtj
qi�2t,Ù¥ p < qi < p�, m ´��ê.d�

- (F5)¥� p < � < qi < p�, ´� f2(t) ÷v½n 1.2�¤k^��éu,
�Ø÷v½n 1.3¥

�^� (F6).

2. ý��£9C©(�

3ù�Ü©·��Ñ¯K�C©µe±9�
Ä��£,¿Ú\�A��
PÒ.^ k�ks L«

Ï~�m Ls(RN )¥��ê,ùp 1 � s � 1,¿�^ ci; C; Ci(i = 0; 1; 2:::)L«ØÓ��ê. �

X =

�
u 2W 1;p(RN )

����
Z
RN

(jruj
p
+ V juj

p
)dx <1

�
;

Ù¥~ê V > 0.

Ú\�ê

kuk = (

Z
RN

(jruj
p
+ V juj

p
)dx)

1

p ; u 2 X;

´�T�ê��mW 1;p(RN )¥��ê: kuk1;p = (
R
RN

(jrujp + jujp)dx)
1

p �d.

½Â�§ (1)�Uþ�¼�

I(u) =
1

p

Z
RN

(jruj
p
+ V juj

p
)dx�

Z
RN

F (u)dx: (2)

3^� (F1)Ú (F2)b�e, |^©z [13]�½n 1.22 ´y I 2 C1(X;R),¿�Ù Gateaux�©�:

hI 0(u); vi =

Z
RN

�
jruj

p�2
rurv + V juj

p�2
uv
�
dx�

Z
RN

f (u) vdx; (3)

dd�� u 2 X ´ I ����.:, ��=� u ´¯K (1) ���f). du�ê kuk ��ê

kuk1;p �d, �d Sobolevi\½n��,� p � s � p� �,i\ X ,! Ls(RN )´ëY�,=éu?

¿ u 2W 1:p(RN ) n f0g,�3~ê Cs > 0¦�

kuks � Cskuk;

�� p � s < p��,þãi\´;�.,	P B�(0) = fx 2 RN : jxj � �g:
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3. Ì�(J�y²

e¡·�|^ Pohozaevð�ª±9��4�4�½ny²�§ (1)Ä�)��35.Äk�Ñ

A�Ún:

Ún3.1 e u´�¼ I ��.:,K u÷ve� Pohozaevð�ª:

P (u) =
N � p

p

Z
RN

jruj
p
dx+

N

p

Z
RN

V juj
p
dx�N

Z
RN

F (u)dx = 0: (4)

5µþã(J�ë�©z [14]Ú [15]y�,�{Bå�,3dÑ�Ùy²L§.

-

J(u) := hI 0 (u) ; ui � P (u)

=

Z
RN

(jruj
p
+ V juj

p
)dx�

Z
RN

f(u)udx

�
1

p

�
(N � p)

Z
RN

jruj
p
dx+N

Z
RN

V juj
p
dx�Np

Z
RN

F (u)dx

�

=
2p�N

p

Z
RN

jruj
p
dx+

p�N

p

Z
RN

V juj
p
dx+

Z
RN

[NF (u)� f(u)u] dx:

±9

M :=
�
u 2W 1;p(RN )n f0g : I 0 (u) = 0

	
;

@oéu 8u 2M ,Òk J (u) = 0.�
y²M 6= ;,·�$^e¡©z [16]¥�4�4��n.

Ún3.2 � X ´�� Banach�m,M0 ´ål�mM�4f�m, �0 � C (M0; X),½Â

� := f 2 C (M; X) :  jM0
2 �0 g :

XJ � 2 C1 (X;R)÷v

1 > c := inf
2�

sup
u2M

� ( (u)) > a := sup
02�0

sup
u2M0

� (0 (u)) ;

�eé?¿ " 2
�
0; c�a

2

�
; � > 0Ú  2 �, kØ�ª sup

M

� �  � c+ "¤á,K�3 u 2 X ¦�e¡

n�(Ø¤á:

1. c� 2" � � (u) � c+ 2";

2. dist (u;  (M)) � 2�;

3. k�0 (u)k < 8"
�
.

É©z [17]�éu,e¡|^Ún 3.2�E���¼ I � CeramiS�.
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Ún3.3 b� f ÷v^� (F1)� (F4). @o�3��S� fung �W 1;p
�
R
N
�
÷v

I (un)! c > 0; kI 0 (un)k (1 + kunk)! 0; (5)

Ù¥

c := inf
2�

max
t2[0;1]

I ( (t)) ; � :=
�
 2 C

�
[0; 1] ;W 1;p

�
R
N
��

:  (0) = 0; I ( (1)) < 0
	
:

y ùp·�ky² � Ø´�8±9 0 < c < +1.�â (F1) ; (F2)��,éu?¿� " > 0 �

3��~ê C" > 0 ¦�

f (t) t � "tp + C"jtj
r
; F (t) � "tp + C"jtj

r
: (6)

�â Sobolevi\Ø�ªÚ (2),�3~ê Cp; Cr > 0,éu?¿� u 2W 1;p
�
R
N
�
,

I (u) =
1

p

Z
RN

(jruj
p
+ V juj

p
)dx�

Z
RN

F (u)dx

�
1

p
kuk

p
� " kuk

p

p � C" kuk
r

r (7)

�
1

p
kuk

p
� "Cp kuk

p
� C"Cr kuk

r
:

�âþª,�½�3~ê �0 > 0; a0 > 0¦�

I (u) � 0; 8 kuk � �0; I (u) � a0; 8 kuk = �0: (8)

d (F1), (F2), (F3)��,�3~ê Q > 0±9 C(Q) > 0¦�éu?¿ u 2W 1;p
�
R
N
�
,k

F (u) � Q juj
�
� C(Q) juj

p
;

Ïdéu?¿�½� u 2W 1;p
�
R
N
�
� u 6= 0±9 8t > 0k

I (tu) =
jtj

p

p

Z
RN

(jruj
p
+ V juj

p
)dx�

Z
RN

F (tu)dx

�
jtj

p

p
kuk

p
�Qt�

Z
RN

juj
�
dx+ C(Q)tp

Z
RN

juj
p
dx:

du � > p��

sup
t�0

I (tu) <1; I (tu)! �1; t! +1: (9)

�â (9), ÀJ T > 0 v
�¦� I (Tu) < 0. - T (t) = tTu Ù¥ t 2 [0; 1]. @o T 2

C
�
[0; 1] ;W 1;p

�
R
N
��
�÷v T (0)=0; I (T (1)) < 0 ±9 max

t2[0;1]
I (T (t)) < 1, ùÒ¿�X �

Ø´�8±9 c <1.é 8 2 �;du  (0)=0; I ( (1)) <1,@od (8)k k (1)k > �0.�â  (t)
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�ëY5±90�½n, 9t 2 (0; 1)¦� k (t)k=�0,Ïd·�k

sup
t2[0;1]

I ( (t)) � I ( (t)) � a0 > 0; 8 2 �;

u´��

1 > c = inf
2�

max
t2[0;1]

I ( (t)) � a0 > 0: (10)

É©z [17]éu, ½ÂëYN�

h : ~H := R�W 1;p
�
R
N
�
!W 1;p

�
R
N
�
; h (s; v) (x) = esv (esx) ;

Ù¥ s 2 R; v 2W 1;p
�
R
N
�
; x 2 RN ,ùp ~H´ Banach�m¿ä��ê k(s; v)k ~H := (jsj

p
+ jvj

p
)
1

p .

�e5,�E��9Ï�¼:

	 (s; v) = I (h (s; v))

=
1

p

Z
RN

jrh (s; v)j
p
+ V jh (s; v)j

p
dx�

Z
RN

F (h (s; v))dx (11)

=
e(2p�N)s

p

Z
RN

jrvj
p
dx+

e(p�N)s

p

Z
RN

V jvj
p
dx� e�Ns

Z
RN

F (esv)dx:

du�¼ I 2 C1 ±9N� h �ëY5�±y² 	 2 C1
�
~H;R

�
, äNy²�{�ë�©z [17].�

â h�½Â,�¼ 	é s¦���

@s	(s; v) = (2p�N)
e(2p�N)s

p

Z
RN

jrvj
p
dx+ (p�N)

e(p�N)s

p

Z
RN

V jvj
p
dx

+ e�Ns

Z
RN

[NF (esv)� f (esv) esv] dx = J (h (s; v)) :

(12)

d	,éu�½ s 2 R, duN� v 7! h (s; v)´�5�,·�k

@v	(s; v)w = I 0 (h (s; v))h (s; w) ; s 2 R; v; w 2W 1;p
�
R
N
�
: (13)

y3,·�½Â 	 ���4�4�� ~c,

~c = inf
~2~�

max
t2[0;1]

	(~ (t)) ;

Ù¥

~�=
n
~ 2 C

�
[0; 1] ; ~H

�
: ~ (0) = (0; 0) ;	(~ (1)) < 0

o
:

du �=
n
h � ~ : ~ 2 ~�

o
, I � 	�4�4����,= c = ~c.�â c�½Â,éu 8n 2 N, 9n 2 �

¦�

max
t2[0;1]

	(0; n (t)) = max
t2[0;1]

I (n (t)) � c+
1

n2
:
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òÚn 3.2A^�N� 	�, M= [0; 1], M0 = f0; 1g, ~H, ~�©O´ X, ��f�m.- "n = 1
n2
,

�n = 1
n
±9 ~n (t) = (0; n (t)).�â (10) ��,� n v
�� "n = 1

n2
2
�
0; c

2

�
,�3 (sn; vn) 2 ~H

¦�� n!1,

	 (sn; vn)! c; (14)

k	0 (sn; vn)k ~H� (1 + k(sn; vn)k ~H)! 0; (15)

dist ((sn; vn) ; f0g � n ([0; 1]))! 0: (16)

d	, (16)¿�X sn ! 0.du

h	0 (sn; vn) ; (�; w)i = hI 0 (h (sn; vn)) ; h (sn; w)i+ J (h (sn; vn)) �; 8 (�; w) 2 ~H; (17)

�â (12)Ú (13),·�- (17)¥ �=1±9 w = 0,��� n!1,

J (h (sn; vn))! 0: (18)

- un := h (sn; vn).�â (14),� n!1,

I (un)! c: (19)

éu�½� v 2 W 1;p
�
R
N
�
,P wn = e�snv (e�sn �) 2 W 1;p

�
R
N
�
,�â (15), (17)Ú (18),¿- (17)

ª¥� �=0. @o

(1 + kunk) jhI
0 (un) ; vij = (1 + kunk) jhI

0 (un) ; h (sn; wn)ij = o (1) kwnk ; (20)

dc¡��� sn ! 0,� n!1k

(1 + kunk) kI
0 (un)k ! 0:

y..

Ún3.4 b� f ÷v^� (F1) ; (F2) ; (F5). @o�3��S� fung �W 1;p
�
R
N
�
÷v

I (un)! c > 0; kI 0 (un)k (1 + kunk)! 0;

Ù¥

c := inf
2�

max
t2[0;1]

I ( (t)) ; � :=
�
 2 C

�
[0; 1] ;W 1;p

�
R
N
��

:  (0) = 0; I ( (1)) < 0
	
:

y Ty²L§�Ún 3.3�y²L§�Ü©aq, �ùp��Ñ�Ún 3.3�y²L§�Ø
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Ó�?,=y² sup
t�0

I (tu) < 1; I (tu) ! �1; t ! +1: éu?¿�½� u 2 W 1;p
�
R
N
�
� u 6= 0

k

I (tu) =
jtj

p

p

Z
RN

(jruj
p
+ V juj

p
)dx�

Z
RN

F (tu)dx:

�â (F5),éu?¿ t > 0��, F (t) � t�, �

I(tu) �
jtj

p

p

Z
RN

(jruj
p
+ V juj

p
)dx� t�

Z
RN

juj�dx;

l

sup
t�0

I (tu) <1; I (tu)! �1; t! +1:

y..

Ún3.5 b� f ÷v^� (F1) ; (F2) ; (F6). @o�3��S� fung �W 1;p
�
R
N
�
÷v

I (un)! c > 0; kI 0 (un)k (1 + kunk)! 0;

Ù¥

c := inf
2�

max
t2[0;1]

I ( (t)) ; � :=
�
 2 C

�
[0; 1] ;W 1;p

�
R
N
��

:  (0) = 0; I ( (1)) < 0
	
:

y �âÚn 3.4,�Iy²^� (F5)¤á=�.d (F6)�,� u > 0�,

F (u) =

Z 1

0

f(ut)udt =

Z 1

0

f(ut)

(ut)��1
u�t��1dt �

Z 1

0

f(u)

(u)��1
u�t��1dt =

1

�
uf(u):

� u < 0�,

F (u) =

Z 1

0

f(ut)udt = �

Z 1

0

f(ut)

(�ut)��1
u�t��1dt �

Z 1

0

f(u)

(u)��1
u�t��1dt =

1

�
uf(u):

Ïd,^� (F5)¤á,Ún�y.

Ún3.6 b�½n 1.1�^�¤á.eS� fung÷v

I (un)! c > 0; kI 0 (un)k (1 + kunk)! 0;

KS� fung3W 1;p
�
R
N
�
¥k..

y b�S� fung´Ã.�,@oØ�� kunk ! +1.- vn = un
kunk

,K kvnk = 1�é?¿

�s 2 [p; p�), kvnks � Cskvnk = Cs.

´�
hI 0(un); uni

kunk
� =

1

kunk
��p �

Z
RN

f(un)un
kunk

� dx;

DOI: 10.12677/aam.2023.121044 420 A^êÆ?Ð

https://doi.org/10.12677/aam.2023.121044


4©·§Nw±

du � > p,dþª��

lim
n!+1

Z
RN

f(un)un
kunk

� dx = 0:

qdu3W 1;p(RN )¥, kvnk = 1,K�3 v 2W 1;p(RN ),¦�

3W 1;p(RN )¥; vn * v;

3 Ls(RN )(p � s < p�)¥; vn ! v;

vn(x)! v(x) a:e:u R
N :

- 
 = fx 2 RN jv(x) 6= 0g.XJ meas(
) > 0,@o kun(x)k ! +1 a:e:x 2 
. d (F1), (F2),

(F3)Ú (F4)��,�3~ê C1; C2 > 0¦�éu 8u 2W 1;p
�
R
N
�

f (u)u � C1juj
�
� C2juj

p
:

u´ Z
RN

f(un)un
kunk

� dx � C1 kvnk
�

� � C2

kvnk
p

p

kunk
��p ;

l

0 = lim
n!+1

Z
RN

f(un)un
kunk

� dx � C1 kvk
�

� > 0:

þªgñ,u´meas(
) = 0,l v(x) = 0; a:e:x 2 RN .q�â^� (F1), (F2)Ú (F4)��,�3

C3 > 0,¦�éu 8u 2W 1;p
�
R
N
�
,

1

�
f(u)u� F (u) � �C3juj

p
:

u´

I(un)�
1
�
hI 0(un); uni

kunk
p =

1

p
�

1

�
+

R
RN

[ 1
�
f(un)un � F (un)]dx

kunk
p

�
1

p
�

1

�
� C3 kvnk

p

p ;

´�þª�>�u�u 0,m> kvnk
p

p ! 0. Ïd�� 0 � 1
p
� 1

�
,ù´Ø�U�,�S� fung´k.

�.

y..

Ún3.7 b�½n 1.2�^�¤á.eS� fung÷v

I (un)! c > 0; kI 0 (un)k (1 + kunk)! 0;
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KS� fung3W 1;p
�
R
N
�
¥k..

y |^ (F5),� � > p�,d (2), (3)±9 (5)��

c+ o (1) = I (un)�
1

�
hI 0 (un) ; uni

=

�
1

p
�

1

�

�
kunk

p
+

Z
RN

�
1

�
f (un)un � F (un)

�
dx (21)

�

�
1

p
�

1

�

�
kunk

p
:

d (21)��� � > p�, fung3W 1;p
�
R
N
�
¥k..

Ún3.8 b�½n 1.3�^�¤á.eS� fung÷v

I (un)! c > 0; kI 0 (un)k (1 + kunk)! 0;

KS� fung3W 1;p
�
R
N
�
¥k..

y |^Ún 3.5 ��,d^� (F6)�±íÑ^� (F5)¤á,Ïd�âÚn 3.7�±y²Ún

3.8¤á.

Ún3.9 b�½n 1.1½½n 1.2½½n 1.3�^�¤á,K�3 v0 2M ¦� I (v0) � c.d	

�3~ê k0 > 0¦�

kukr � k0; 8u 2M: (22)

y �âÚn 3.3ÚÚn 3.6½Ún 3.4�Ún 3.7½Ún 3.5�Ún 3.8,�3S� fung �

W 1;p
�
R
N
�
÷v (5)±9éu~êM1 > 0,k kunk

p
�M1.XJ

� := lim sup
n!1

sup
y2RN

Z
B2(y)

junj
p
dx = 0; (23)

�â Lions8¥;5�n [18],3 Ls
�
R
N
�
(p < s < p�)¥Òk un ! 0.�â (6)- "= c

(1+p)M1

,@o

�3 C" > 0¦�

Z
RN

����1pf (un)un � F (un)

���� dx � c

pM1
kunk

p

p +
1 + p

p
C" kunk

r

r �
c

p
+ o (1) : (24)

�â (2), (3), (5), (24)@oÒk

c+ o (1) = I (un)�
1

p
hI 0 (un) ; uni =

Z
RN

�
1

p
f (un)un � F (un)

�
dx �

c

p
+ o (1) : (25)

Ïd�3gñ,@oÒk � > 0 .
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�ÄfS�,·�b��3 yn 2 RN ¦�

Z
B1(yn)

junj
p
dx >

�

p
:

- vn (x) = un (x+ yn),@o kvnk = kunk±9Z
B1(0)

jvnj
p
dx >

�

p
: (26)

Ïd,d (3)Ú (5)��

I (vn)! c; kI 0 (vn) k(1 + kvnk)! 0; J(vn)! 0: (27)

�ÄfS�,�3 v0 2W 1;p
�
R
N
�
¦� vnfÂñ� v0,�3 Ls

loc

�
R
N
�
(p � s < p�)¥ vn ! v0

±9 vn ! v0 a.e. u R
N .w, (26)L« v0 6= 0.u´d (27),��

I 0 (v0) = 0;

¤± v0 2M .d	,d (27)±9{ãÚn�� I (v0) � c.

éu u 2M ,k hI 0 (u) ; ui = 0,u´�â (3), (6)Ú1 2Ü©�Ñ� Sobolev i\Ø�ª,�3

~ê C4 > 0¦�

kuk
p
=

Z
RN

(jruj
p
+ V juj

p
)dx =

Z
RN

f(u)udx

� " kuk
p

p + C4 kuk
r

r

� "Cp kuk
p
+ Cr kuk

r
, 8u 2M;

(28)

ùÒ¿�X�3��~ê �0 > 0¦�

kuk � �0 > 0; 8u 2M: (29)

qd (28)±9 (29)�

kukr �

�
1� "Cp

C4
kuk

p

� 1

r

�

�
1� "Cp

C4
�
p
0

� 1

r

:= k0 > 0; 8u 2M:

½n1.1�y² éu?¿ u 2M ,du hI 0 (u) ; ui = 0.·�- fung �M ,±9 I (un)! m :=

infMI.du I 0 (un) = 0,·�k hI 0 (un) ; uni = 0.�Ún 3.6��,·�U
y² fung3W 1;p
�
R
N
�

¥k..y3·�y²S� fung´����.XJ (23)¤á,@o�â Lions8¥;5�n,·�k:
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3 Ls
�
R
N
�
(p < s < p�)¥ un ! 0,ùÒ� (22)gñ,Ïd fung´����.�ÄfS�,·�b�

�3 ~yn 2 RN ¦� Z
B1(~yn)

junj
p
dx >

�

p
:

- �un (x) = un (x+ ~yn),@o k�unk = kunk±9Z
B1(0)

j�unj
p
dx >

�

p
: (30)

Ïd,·�k

I (�un)! m; I 0 (�un) = 0; J(�un)! 0: (31)

�ÄfS�,·�k:3W 1;p
�
R
N
�
¥ �un fÂñ� �u,�3 Ls

loc

�
R
N
�
(p � s < p�)¥ �un ! �u±9

�un ! �u a.e. u R
N .w, (30)L« �u 6= 0�d (31)� I 0 (�u) = 0,¤±

hI 0 (�u) ; �ui = J(�u) = 0;

I (�u) � m = inf
M
I: (32)

d � > p,�â (2), (3), (31), (32)±9{ãÚn,·�k

m = lim
n!1

�
I (�un)�

1

�
hI 0 (�un) ; �uni

�

= lim
n!1

��
1

p
�

1

�

�
k�unk

p
+

Z
RN

�
1

�
f (�un) �un � F (�un)

�
dx

�

�

�
1

p
�

1

�

�
k�uk

p
+

Z
RN

�
1

�
f (�u) �u� F (�u)

�
dx (33)

= I (�u)�
1

�
hI 0 (�u) ; �ui � m:

dd,·�U
�� I (�u)=m = infMI.Ïd,3½n 1.1�b�e, �u´¯K (1)�Ä�).

½n 1.2�y² éu?¿ u 2M ,du hI 0 (u) ; ui = 0.XJ � > p,�â (F5), (2), (3)·�k

I (u) = I (u)�
1

�
hI 0 (u) ; ui

=

�
1

p
�

1

�

�
kuk

p
+

Z
RN

�
1

�
f (u)u� F (u)

�
dx > 0; 8u 2M: (34)

�â(34),·�k

m = inf
M
I � 0: (35)
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y3,·�- fung �M ,±9 I (un)! m := infMI.du I 0 (un) = 0,·�k hI 0 (un) ; uni = 0.

�Ún 3.7��,·�U
y² fung3 W 1;p
�
R
N
�
¥k..y3·�y²S� fung´����.

XJ (23)¤á,@o�â Lions8¥;5�n,·�k:3 Ls
�
R
N
�
(p < s < p�)¥ un ! 0,ùÒ�

(22)gñ,Ïd fung´����.�ÄfS�,·�b��3 ~yn 2 RN ¦�

Z
B1(~yn)

junj
p
dx >

�

p
:

- �un (x) = un (x+ ~yn),@o k�unk = kunk±9

Z
B1(0)

j�unj
p
dx >

�

p
: (36)

Ïd,·�k

I (�un)! m; I 0 (�un) = 0: (37)

�ÄfS�,·�k:3W 1;p
�
R
N
�
¥ �un fÂñ� �u,�3 Ls

loc

�
R
N
�
(p � s < p�)¥ �un ! �u±9

�un ! �u a.e. u R
N .w, (36)L« �u 6= 0�d (37)� I 0 (�u) = 0,¤±

hI 0 (�u) ; �ui = J(�u) = 0;

I (�u) � m = inf
M
I: (38)

XJ � > p,�â (2), (3), (37), (38)·�k

m = lim
n!1

�
I (�un)�

1

�
hI 0 (�un) ; �uni

�

= lim
n!1

��
1

p
�

1

�

�
k�unk

p
+

Z
RN

�
1

�
f (�un) �un � F (�un)

�
dx

�

�

�
1

p
�

1

�

�
k�uk

p
+

Z
RN

�
1

�
f (�u) �u� F (�u)

�
dx (39)

= I (�u)�
1

�
hI 0 (�u) ; �ui � m:

�âþª,·�U
�� I (�u)=m = infMI.d	�â (34),·�k I (�u)=m = infMI > 0,Ïd,3

½n 1.2�b�e, �u´¯K (1)äk�Uþ�Ä�).

½n 1.3�y² �âÚn 3.5,Ún 3.8±9Ún 3.9,æ^�½n 1.2aq�y²�{�¼�

½n 1.3�y².
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