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Abstract

The sign pattern matrix is an important research hotspot of combinatorial matrix theory. It is
widely used in economics, biology, sociology and other fields. Sign pattern matrices that allow al-
gebraic positivity are a very important problem in combinatorial matrix theory. In this paper, we
consider the Hessenberg sign pattern matrices. Through the study of Hessenberg sign pattern ma-
trices with order 4, we give necessary conditions of 4-order Hessenberg sign pattern matrices that
allow algebraic positivity. The research method of 4-order Hessenberg sign pattern matrices that
allow algebraic positivity provides some ideas and methods for the research of other special sign

DERER

XEF|H: 17, HE. 4 B Hessenberg f75 B FE R VHREUED]. B AR, 2023, 12(2): 582-589.
DOI: 10.12677/aam.2023.122061


https://www.hanspub.org/journal/aam
https://doi.org/10.12677/aam.2023.122061
https://doi.org/10.12677/aam.2023.122061
https://www.hanspub.org/

7, WA

pattern matrices that allow algebraic positivity.

Keywords

Sign Pattern Matrix, Hessenberg Sign Pattern Matrix, Allow Algebraic Positivity

Copyright © 2023 by author(s) and Hans Publishers Inc.
This work is licensed under the Creative Commons Attribution International License (CC BY 4.0).
http://creativecommons.org/licenses/by/4.0/

1. 5|8

EHERMT, BN TR R, EaEA S QU . HHENURRE
iy AU BAT T2 B SRS FH 1 Bt . 1987 4F, C. Eschenbach 51 HIERIFE 144 SRR 50 Vi A0Sk b siz
FERERITE, C. Eschenbach, F. Hall 4= i3855 A58 XA RE 1R 2 1 AT 105 1]-[6]. 2016 4F,
Steve Kirkland [7]% \ & AR TAREUERFEIOMES: X T5007 06 A, WRAFESE REE T 143 £ (4) 2
EAERE, A A FRONREUERRE. BRitbz 4b, A BRI 1 75 18U MR 2R AU E R e VAR B E IR B A
HEEAE. 2019 45, Sunil Das [8]5F AZIiHE | R RF S FEA =0 755 B U R RAREIE . 2022 4F,
Biswas A, Kundu S [9]ZE | FrA 3 st R AT S5 AR REERAREE . 2021 4F, Sunil Das [10]45H 1 5 B
PSR 2 B B SRACKIUE A5 1) o 2022 4F, Sunil Das [ 11745 HY M IS K5 B4R 32 e A R I A
(757, 124 A1k, FFg R R SRAEOER R vrARECED) R A SR T AN IR HE R 8. R2
SF AL F KT RS M A O L RS T REFEMI R, (R RE SRRk, G, » i
Hessenberg 75 12U B AR VFARBUIE I 78 70 L B, AR FEMTHMEREROR . (RIS SO 9T 4 B Hessenberg
TR, 28, UEA 4 B Hessenberg fF 5 B A PEATTZ); 285, RYE 4 Y Hessenberg 75 1A
Kl e BT R 22 LAAN TEER R IE S AN B AT 2025, 45 1 4 [ Hessenberg 7455 16 0 B 7o A HIIE f 0 B 2541

2. M&EHEIA

i M R SR T 7 BRI 1S4 (-, O) VSR o XSG 306 A = (a,)» B a, M50 401
PRI S BRSO A BOPF SRR . X AL S B IE A, T 5 A BTSRRI  SE e
RN A FRosE e R, 109 O(A) o BT 76 2 M5 IE SRR R TEAG G, B AR
BATEEIATE, ME A>0 . B A BRI, WAL RAETR SER £(4)>0, AR A
RARHERERE . B A RAFEHASERE, W 0(4) THERMEFEHARMESERE, ARG BRI IEHE 4
RERAHAEN . A RO SRR, 05 0(A) PRSI RFE, TR S BRI 4 fRVEA
WIE. ¥V RAIRES, EcV?, WA D=(V,E) Ml A, v hmshalis. £
EHNIL. D F RN — IO B R . SAPTE %M a 5] b B, BTE— &M b 5]
a (A B, WA D = (v, E) BT a Al b $#EEE[12].

Ak A, BRI SRR A B35 £ 17 SUTCH . A SO RO RSB . R A
SHR, «HE A (+.-.0) .

3. TELER
XHER5> % € 4 Iy Hessenberg fF 5 E, UER] Hessenberg £F 54 B FEA AT 43, #2555 M 28416

DOI: 10.12677/aam.2023.122061 583 IR Esid


https://doi.org/10.12677/aam.2023.122061
http://creativecommons.org/licenses/by/4.0/

g, W&

FIHUE TS BLEAT 43 2508, 45 H 4 B Hessenberg 7 5 15 AR B Fo VEARERIE ) 2 B 46 1
B, 5 H Hessenberg £ 5 15 U B IME &
EX 3.1 FFaRERE 4 24N
a4
@y Gy Ay
A=\ ay, ay; . )

a

nl nn
Hbd oA,y eln—1(i=23n) 0 4, e{+-04(i=12,-n), HLRMEKTRHN 0, K 4 2
Hessenberg 4 5 B 2UHE [

HIR, {EM 4 B Hessenberg £+7 54 s0AE FE AN AT £

G2 3.1 [13] 775 4 AT 292 HACS A K D(A4) 5%,

5[ ¥E 3.2 4 B Hessenberg 7 5B A E 4 A4,

WEBH ¥ A /& 4 B Hessenberg 775 5 A R4,

a4 dp
a,, a a
21 Gyp Oy
A=
a3 Gy Ay
ayy Ay

A A sy Ay Ay # 0 T A A B D(A) PAEEPIANTA = /€ {1,2,3,4) ZHAFAEA [ 8142,
W D(A)5EEE. H151H 3.1 W[k, 4ANHZ.

B A S n A BRAGERE, B4 h+inR, HREM 0 B0 i 4, B4 h-fnR, KR
TERH BN, idha, WB,=4-4".

512 3.3 ¥ 4 /& 4 W Hessenberg £ 54, R 4 RVHUEUE, W 4,,4,,>0.

HEB] & 4 i Hessenberg £ S FE 4 FRVFARBUE, W4 O(4) HAFERERE
a b 0 0
¢ a b 0
¢, 0 a b

cg 0 0 aq,
RMBOEFERE . H(9], EB )AL, M —a 2REOEERE. B(7], € 12)AIH, M —a,l KT

MRS A EHEGH, Filhbe, >0, Bk A, 4,,>0.
TEHE 3.4 15 4 /& 4 P Hessenberg 5 BAHE. #7 4 AVFAREUE, W A 8i-4 BB WF:

+ - 00 * — 0 0 + - 00 * — 0 0 + - 00
-+ -0 - % = 0 + + - 0 + - 0 -+ + 0
— 0+ |7 |- 0 x +]7|= 0 + + =0 +" =0 x +|
+ 0 0 * + 0 0 - + 0 0 * + 0 0 - + 0 0 =
*= — 0 0 *= + 0 0 -+ 0 0 * + 0 0 + - 0 0
- % + 0 + * — 0 + - - 0 - % + 0 -+ + 0
-0 — +7 =0+ 4+ [=0 = +" =0 = " |+ 0 = +|
+ 0 0 - + 0 0 = + 0 0 - + 0 0 = + 0 0 =

DOI: 10.12677/aam.2023.122061 584 IR Esid


https://doi.org/10.12677/aam.2023.122061

7, WA

*= — 0 0 * + 0 0 * + 0 0 * + 0 0
- % + 0 - % + 0 + * + 0 + * + 0
+ 0 — +07+ 0 = +7 =0 = +|" [+ 0 = +|
+ 0 0 - + 0 0 = + 0 0 = + 0 0 =
UEB3 B 4 B Hessenberg ff 5l 4 SRVAUHUE, WIIH 33 nlM, 4, 4,,>0. AR
Aay =Asy =t
2 A FERIT LA 2 A+, T A R LT
* — 0 0
— * — O
-0 x +/|
+ 0 0 =
H((7], BB 12170, A BIRRAT MEES & A +a—,  JURERE
+ — 0 0)(*x — 0 O
4ol + — 0 ’ - % — 0
- 0 +|- 0 +
+ 0 0 =)+ 0 0 -
A PR LN ER 3 A+ WA BRI T
* + 0 0 * — 0 0 * — 0 0 * — 0 0
- =0 + -0 - + 0 - - 0
-0 * +| |- * 4| |- * 4| * 4+
+ 0 0 = + 0 = + 0 = 0 =
* + 0 0
T OJ, il
- 0 = +
+ 0 0 =
* + 4+ 0
B, = 0 = 0 0 ’
0 + = +
+ 0 0 =

WA D(B,) HTA 2 BT e {1,3,4) AMEAEA FEAE, HD(B,) Aol B33 3.1 /57, B, "
Yy, XN AARTLY, H(9], T HIH, 4 RRAFREGE, FAEFE.

* — 0 0
e + *x — 0 o P S NP =R
A=l  WARFE(7], EH 12), A WEATMEIES A — D+, B U5 U
- +
+ 0 0 =
+ — 0 0)(* — 0 O
+ + O+ = — 0
A= ,
-0 + +/|- 0 +
+ 0 0 *){+ 0 0 -

DOI: 10.12677/aam.2023.122061 585 IR Esid


https://doi.org/10.12677/aam.2023.122061

g, W&

* — 0 0
e - % 4+ 0
HA=
- 0 * +
+ 0 0 =
* — 0 0
R - ¥ = 0
EA: ’ m”
* 4+
0 =

S o+

B, =

S % 4+ O

+ o+ o+

 WRHE((7], EEL12), A FRATREESIESA e, B S UE R

¥ + O O
|
+ o o

+
*
+
0

S *x O O
* + O O

WA FE D(B,) hTisie{1,2,4} 3 3 NMFEA AR, W D(B,) A&, g5 2 3.1 Tk, B, W4,
NN ARATZ), H([9], EF 4)alH, 4 AR REFREUE, FAETE.
M A4 B0 F -

B A PERXALINEGH 4 4+

* + 0 0
+ * - 0
- 0 * +
+ 0 0 =
* — 0 0
- * + 0
0 =* +
0 0 =
* + 0 0
- + * - 0
A= » JUARHE((7],
- 0 * +
+ 0 0 =
A:
* + 0 0
. - * 4+ 0
A= , JUARHAE((7]
- 0 * +
+ 0 0 =
FE A F5 6o

*

+

+

*
0
0

*

0 0 *= + 0 0
+ 0 * — 0
4+ [+ 0 = 4+
0 = + 0 0 =
0 0 *= — 0 0
+ 0 + * - 0
o+ |+ 0 = 4|
0 = + 0 0 =

FEH 12), A EHATAMREFIEE A —D+li—, FrUAfF 5B RE

=

|
+
S

* + O O
+
|
|

+ o o

+
S %
|

SEHL12), A EHTARAIEE A —Dli—, PrEAF S 8iaE

DOI: 10.12677/aam.2023.122061

586

VARV i


https://doi.org/10.12677/aam.2023.122061

7, WA

* + 0 0
b _*_O
A= |
+ 0 * +
+ 0 0 =
* + 0 0
0 = 0 O
B, = s
+ 4+ * +
+ 0 0 =*

WA D(B,) F A 2 BT e {1,3,4) AMFAEAT FEAR, W D(B,) Ao, d51 2 3.1 77, B, w
Y. XN ARTL, (9], EFAHH, 4 AR EREBE, HETFE.

* — 0 0
e - + 0 e P A > N 2x -
A= 0 » JUARAE([7], EEE12), A PIRATRIRIIEN S A — 8-, BT AR5 E R
+ * 4+
0 0 =
+ — 0 0)\(* — 0 O
- 4+ + O0f|- = + O
A= s .
+ 0 * +[|+ 0 — +
+ 0 0 =)+ 0 0 -
* — 0 0
. + + 0
EAZ ’ }H\IJ
— * +
+ 0 =
* 0 + 0
+ * + 0
B, = R
0 0 *x +
+ 0 0 =

WA D(B,) F s i e{1,3,4} 2] 2 AMAAEF IR, W D(B,) AEER. H5# 3.1 5, B, W4,
XK AARTL), H([9], EH P, 4 A2 RTFREGE, FETFE.

* — 0 0
e + = 0
A= .l
+ 0 * +
+ 0 0 =
*= 0 0 0
+ * 0 0
B, = ,
+ + % +
+ 0 0 =

WA D(B,) F IR 1 B0 e{2,3,4) AMAEA FEAE, W D(B,) NoEEE 515 3.1 /R, B, W4,
NHR AARTTL), H([9], EH P, 4 A2 RdFREGE, FETE.
A PR ALINE S 5 A+ WA KRR E

DOI: 10.12677/aam.2023.122061 587 IR Esid


https://doi.org/10.12677/aam.2023.122061

g, W&

* — 0 0 * 4+ 0 0 *= + 0 0 * + 0 0
+ * + 0 + * — 0 - % + 0 + * + 0
+ 0 * +| |+ 0 = +| 0 * +| |- 0 = +
+ 0 0 = + 0 0 = 0 0 = + 0 0 =
* — 0 0
e + + 0
A= >
+ 0 * +
+ 0 0 =
* 0 0 0
+ * + 0
B, = .
+ 0 * +
+ 0 0 =

ROAE R D(B,) HIE 1 BT AT i € {2,3,4) AMFEAEA EEAE, FIU D(B,) ANSEIE®E. H5H 3.1 nlAl,
B, W%y, NN AATL, (9], wHEHAH, A ASRABEFREE, PAETIE.

* + 0 0
B + * =
A= |
+ 0 * +
+ 0 0 =
* + 0 0
+ * 0 0
B, = .
+ + * +
+ 0 0 =

AT D(B, ) TR i e {1,2,4) BITUA 3 RAEAEA B, FToL D(B,) RHEm. talH 3.1 mkl,
B, W%y, XK ARTL, d(9), EH WA, 4RI, P EFRE.

* + 0 0
%A:; ;: 2,Mﬁﬁqwiﬁ%u»A%ﬁﬁﬁ@ﬂ%@ﬁ*%ﬂ%,%uﬁ%ﬁﬁﬁ
+ 0 0 =
M A 56
* + 0 0
%A:f Z: 2,Mwﬁqwiﬁ%u»A%ﬁﬁﬁ@ﬂ%@ﬁ*%ﬂ%,%uﬁ%ﬁﬁﬁ
+ 0 0 =
B A 4.
g R AN 6 AN+, T A TR T
* + 0 0
+ * 4+ 0
+ 0 * 4+
+ 0 0 =

WRIE(7], EEL12), A WEATREESIEE A+, FreF SRR 4 7 6.

DOI: 10.12677/aam.2023.122061 588 IR Esid


https://doi.org/10.12677/aam.2023.122061

7, WA

Ay = Ay =~ B, —A BB LT BRI

4. &5t

AR FERITHS 4 B Hessenberg S AFEFEMIWTFL, 451 4 Y Hessenberg 375 A% 20U i 70 VAL EL

TESEAR A AR SCHIBIE T 730 R R 5 SRR e A0 P AR IE F BT8R 06— SEL B )y 2
EEUH

TR AT HFH (LQ2020021).

SE

(1]

[10]

(1]

[12]
[13]

Shan, H. and Shao, J. (2004) Matrices with Totally Signed Powers. Linear Algebra and Its Applications, 376, 215-224.
https://doi.org/10.1016/S0024-3795(03)00643-8

Shao, J. (1999) On Sign Inconsistent Linear Systems. Linear Algebra and Its Applications, 296, 245-257.
https://doi.org/10.1016/S0024-3795(99)00130-5

Shao, J. (2000) On the Digraphs of Sign Solvable Linear Systems. Linear Algebra and Its Applications, 33, 115-126.
https://doi.org/10.1016/S0024-3795(00)00107-5

Shao, J. and Ren, L. (2004) Some Properties of Matrices with Signed Null Spaces. Discrete Mathematics, 279, 423-435.
https://doi.org/10.1016/S0012-365X(03)00286-3

Shao, J. and Shan, H. (2002) The Solution of a Problem on Matrices Having Signed Generalized Inverses. Linear Al-
gebra and Its Applications, 345, 43-70. https://doi.org/10.1016/S0024-3795(01)00452-9

Shao, J. and Shan, H. (2005) The Determinantal Regions of Complex Sign Pattern Matrices and Ray Pattern Matrices.
Linear Algebra and Its Applications, 395, 211-228. https://doi.org/10.1016/j.1aa.2004.08.023

Kirkland, S., Qiao, P. and Zhan, X. (2016) Algebraically Positive Matrices. Linear Algebra and Its Applications, 504,
14-26. https://doi.org/10.1016/j.1aa.2016.03.049

Das, S. and Bandopadhyay, S. (2019) On Some Sign Patterns of Algebraically Positive Matrices. Linear Algebra and
Its Applications, 562, 91-122. https://doi.org/10.1016/j.1aa.2018.10.007

Biswas, A. and Kundu, S. (2022) On Algebraically Positive Matrices with Associated Sign Patterns. Resonance, 27,
1211-1235. https://doi.org/10.1007/s12045-022-1415-1

Das, S. (2021) Classifications of Some Algebraically Positive, Diagonalizable and Stable Matrices with Their Sign
Patterns. Department of Mathematics Indian Institute of Technology, Guwahati.

Das S. (2022) Sign Patterns That Allow Algebraic Positivity. Linear Algebra and Its Applications, 653, 151-182.
https://doi.org/10.1016/j.1aa.2022.08.007

EMEL FERERIM]. 6 SEEE AR, 2008.

Brualdi, R.A. and Ryser, H.J. (1991) Combinatorial Matrix Theory. Cambridge University Press, New York, 55.
https://doi.org/10.1017/CBO9781107325708

DOI: 10.12677/aam.2023.122061 589 IR Esid


https://doi.org/10.12677/aam.2023.122061
https://doi.org/10.1016/S0024-3795(03)00643-8
https://doi.org/10.1016/S0024-3795(99)00130-5
https://doi.org/10.1016/S0024-3795(00)00107-5
https://doi.org/10.1016/S0012-365X(03)00286-3
https://doi.org/10.1016/S0024-3795(01)00452-9
https://doi.org/10.1016/j.laa.2004.08.023
https://doi.org/10.1016/j.laa.2016.03.049
https://doi.org/10.1016/j.laa.2018.10.007
https://doi.org/10.1007/s12045-022-1415-1
https://doi.org/10.1016/j.laa.2022.08.007
https://doi.org/10.1017/CBO9781107325708

	4阶Hessenberg符号模式矩阵允许代数正
	摘  要
	关键词
	4-Order Hessenberg Sign Pattern Matrices That Allow Algebraic Positivity 
	Abstract
	Keywords
	1. 引言
	2. 预备知识
	3. 主要结论
	4. 结论
	基金项目
	参考文献

