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Abstract

Let F(G) be the zero forcing number of G and gp(G) be the general position number of G. Note that
gp(T)2 F(T)+1 holds for any tree T. Hua et al. showed that this result can be extended to block

graphs, and showed that gp(G)>F (G) for connected unicyclic graphs. In this paper, we charac-
terize the structure of bicyclic graphs satisfying gp(G)2 F(G).
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1. 5|8

%G =(V(G).E(G)) AW n(G) HILBN m(G) A RFEHRE . B c(G)=m(G)-n(G)+1 ZHE G
MAEAEE. B8, WHc(G)=0, W GENM, WRc(G)=1, W GRHEEE, WHRc(G)=2, W4 G
X E . B S <V (G) R AWIRE OTA T4, ERTA TS RE, & NRAKTH A v 1R
A ANREOIL S u, W v SRIATIN u % B0, L ROXFERE RS G 1T T A R,
WIFRYIUEEE S N G —AFimiadE. G EMmEEN R/ NERR N G MEREE, H FGOFRR. BNE
SR B HE A YRAE 2008 4F AIM Minimum Rank-Special Graphs Work Group $#2H([1]), ZE N1 &k A
5 PR B A e NPT B R R (L[2] [3] [4])o TE[S]H, Montazeri fil Soltankhah 1+ i 7 2 i £ 5 4 76 o
B PRR, FHHBEGECRA EEEE. 7E[6]F, Davila 1 Kenter J54H, Xt KE A ZDHN 2 1)
ElE G, MHNYNG=C,,.G=K,, HG=K,, M, & GHEREHET (A-2)n+2/A-1.Hf)5, Gentner
S AT Lu 2 N ARER T RS AR([7] [8]). “EHATERF T T # M i BOE AR H 10 R S HOR A e 5
EH(A[9] [10] [11]).

B G TR u Ay EE R IR E G HIRMN w- BRI, e d,; (x,y), BEERICA
d(x,y) . R d,;(v)=1, T v FAE G H— MR, W TAEER T, HEHE T W e # o 4,
I B T it s B BT E)IE N p(D)e G I—NT0AL u RIS MAR B, 1220 d,; (u) (BT
N dw)). LB G HUTE S C i KERN dp(C). MR —EE P AR S 402 2 BT A, AR P
& T LK

" CREGH—E, ver(C), #vMAMSAMNE GIERRE LT, WK V2 G e c L
(9 —AN 53 YT 6 TR C 11099 SCTRUAS s FR T(u) 0 SCTH A e B3 HR AR, I B T AR TS v = u
BREveV (C) . HEEW, EASHRIRIN T RFETAURERER u LAAME T(u) BT .

TR G BI— TS 4R R, WRAE R AT = AN SR TE [ — 4 de i i b, WIRR R 2 G i—A—
AL EE. B G I— BRI ER gp(G)2 G MK — ML E M AE. B — A & BAE S P e d
B, FE[12]H B — i B AR % . W — M BR3P M FH AR . ST RN T,
gp(G)=F(G)+1#88 L. fE[14]H, Hua S NIEW] T gp(G) > F(G) R AR B b ear,  FF42 i il it
XLl it SR A SR gp (G) 2 F(G) IAL? X SCE R R R, AW XA . fEASCH, 3147
HE 75 gp(G) > F(G) LB B 458 .

2. FELER

fEgE B BEE R AT, WATE SN BRGNS . E[9], SKICHTSE AW T T W iR isia
A IR EHTR BOR T e T a2, 5200 10 % smin K B 5

SIE 1. (914 TRK, WF(T)2p(T)-1.

WHREB, X TAERR T, GH p (7)1 DMEHETUG BRI AT B T /) — MR sRia b, mifExE K 6 k.,
FueV(G)RE G B EM—a X, &S cV(G), EHRERLEREY, S E5 G PBRT NTw)
LM T THS H A 28 A T 2 FH e 5 B4 T(o) B w DA ST RUE N T — R 5Ria e
Sy R, S, US, K G EuRiag.
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L EAERE G, S R4 L.

BIB 2. W G RMEEE, W gp(G)2|L]. b L RE GBS,
A JUEE R, B, SMEEEER G, #Ge A, W GRANEA.
AR L P 2 e SO0 PR — 2 2 B F 4K 2 — (1 ).

Figure 1. Three structures of a bicyclic graph
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Figure 2. The vertex partition of bicyclic graphs
B 2. WEEHT RS
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HGeA, EX—RKUEEEB, ¥iGeB, W GHEUTEHLZ—.

Gy B WEERMBAEESH - AZEAY(C) 23, [(C)|24, (o %0, (=0,

GiH By - WP AR DB WE AL, [V (R) 23, [V (R)23, [V(P)|=24, t,=t,=1(,=0
Hoe 0,238 FEZDH A1, AN0(i=1,2,3)
Gk By WEEMMABELHRE AL, [V (R) =V (R)|=V(P)=3. t,=t,=0,=0H
02380 0, 20, L, =L, =0(i,j,k=123FFHi=j=k).
T3 HGeA\B, N

L

52

gr(G)= F(G) (1

MBI R A — AL B, A3 EILL R S

FHE4: HGeABEE e, HHGeB, Wgp(G)=2F(G).

WEH: BGe AQEEM o, HIEOEEPREMKE, RO WMHERITTE, B o,
Cy LRBAEAE S XTI s 53 0 J U A5 LA T 18

W1 [ (C)=33H(C,)24-

W11 e, =00, =0, EFEFMHBTUL {u,v}eV (C)\ (s} M K~ MER weV (C,), WA
{u, v, w} A BB HTUEM K G I— A F5kiase, WA F(G)< €+|{u,v,w}| =043 IEFEIYATIN
{(x.y}ev(C) . {manyev(C,) iR d(x,y)=dp(C)  d(mn)=dp(C,), F=HI|d(x.5)-d(y.s)<1,
|d (m.t)—d (nt)| <1, W4 GEIPTAELETAR {x, y,mn} K G A RELEE, B4
gp(G)2€+|{x,y,m,n}|=€+4 - IR F(G)<gp(G) -

T 1.2: W, =0, (20 (BF (o =0, (. #0), EFs B DEriuer (C) M CGH—N
S XIS weV (C,) s {u,w) F1 G FTA BT G 10— AF5kias, w3 F(G)</+2.
ERFATL x,y eV (C)» d(x,p)=dp(C) I R|d (x.5)—d (y.5)| <1, W2 G HIFTHBHET A (x, y} 1
R G H—A— MR, AT gp(G)2 (+|(x, )= (+22 F(G) (Wl 3 Fim).

KG—AFomiask BGH—A— R B

Figure3. (. =0, £, #0
B3 ¢,=0, (. #0

oI 1.3: e, #0FFH e, 200 Bov & ORI XIFHFHueV (C)\{s} Z2ER— MR,
weV (Cy) R t KD, A {u,w) MER—DINIE R BHTUTMR G —NEimias, JFE
F(G)<t=1+[{u,w)| = 0+1 .G HFTH BHET AR G 19— BALELE, T4 gp(G)= ¢ (W 4 FiR).
IR, XA REAFRIALER(1).

W2 [ (C)=r () =3.

B {u,vieV (C) M {w,x}eV (C,) ARG s Fl ¢ M8 L. 70 NI =F TR,

T 2.0 Wt e, =00, =0, W {u,v,w} FIPTE KBTS G 89— DFREE, {u,v,w,x} T
ARHEWRAN G DB ELE, BAWE F(G)<(+3<l+4<gp(G)-

DOI: 10.12677/aam.2023.124196 1900 IR Esid


https://doi.org/10.12677/aam.2023.124196

BG— A FiRiEsE KGR — B Bk

Figure 4. eq;to, ECZ:tO
El4. 0,#0, (. #0

6% 2.2: Wik e, =0, Lo #0 (BH L =0, Lo #0), MW {wx}HEDE AT, AR
Rt B x Aoy X, B2 {u, wi FIFTA BTG G 1N 5Ria g R i 6 1)——
frELE, MAWRF(G)<t+2<gp(G)-

1672 2.3: R 0, #0FFH 0, 20 FTATHBE {u, v, w,x} PEID TS HI8LFAH 7> XL
C(i=12) i, AR, Bu, wD X, WA v MPTA BTG DF5RIE5E, 10 {v,x}
A BT R G I — A — AL B, W F(G)<(+1<0+2<gp(G) (W1E 5 FR): 24 {u,v,w,x}
el A AR IR, ARk, B x AR X, AT ST RN G K
LB, AT BHETEMR G N F R, W5 F(G)<i<i+1<gp(G);s Zi{u,v,w,x}#L
Ry X, I TG R G 1A BB, MR NI B TR G 1 F5kia
%, R F(G)<li-1<t<gp(G)-

w

u w U
T s ¢ T T S ¢ I

BGH)— P E5Ria sk G — B B
FigureS. ¢, #0, /. #0 and u,w are branch vertices

BS5 0,0, (%0 BuwARXRS

ik, BGeABEE Mo, HHGeBI, gp(G)2F(G). IEHTEM.

BI#Ss: #Ge AT HMa,, HHGeB, Wgp(G)2F(G)-

EH): WG e ABEEMN a,, FATE FARYEXUE] b g Al ) el 20 i AR L AT e, AR
& C1» Gy ERBAAAE S XN AT 73 0T 18

WK1 r(Q)z3 A (c,)|=4.

e 11 Wik e, =0, =0, EFENDMATA u, v FH {fuv}eV (C) ART A s KA
welV (C,) - R, {u,v,w) K G HIFTHBEETA R G A FIaE, B4 F(G)<[fuv,wl|+0=1+3.
WA x, y,mn, Kt x,yeV(C), mneV(C,), d(xy)=dp(C), d(mmn)=dp(C,) I H
|d(x,s)—d(y,s)|§l , |d(m,t)—d(n,t)|£l » WA G &L {x, y,mn} I G ) — D — A B
%, W15 gp(G)2 (+[{x,y.mnl|=1+4>1+32F(G) .

W 12: W0, =0, Lo #0 (HHE L, =0, (o #0), EF DT weV (C,)2 CTHI—N7
XA HIRE R, ueV (C) & Cif s B— 285t IBAFTE SR L {u, w) MR G B— A Famia g, wf
1B F(G)<t+f{uwl=0+2 . BT x,peV (C), d(xy)=dp(C,)HH[d(x.s)-d(p.s)|<1, T
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A {x,y} FFTA BT G 19— AL ELE, 718 gp(G)2 L+ [{x, p}|=(+2.
6 1.3: Wit e, #0FFH 0 #0, GEHC HH— 0 XIE R u eV (C)\ (s} M s BI— DA
welV (C,), WA {uw} ZEx G — MRS AN BTN G f— ik, 153

F(G)<t=1+[{uw)|=0+1. TPTH KBTI G 10— RALEE, 85 gp(G)> 0. BILHEEE
BEAEXD),

Wk 2: [ (C) = (C)|=3. v(c)Nr(c,)={s}-

Be{u,v} eV (C) Mw,x eV (C,) AR s £ C Al G FRIAR AL, 23 BUR LA 5Lt it

&I 2.1 Wik e, =0, =0, PrASETUEN {u,v, w} K G B— DRI, 1T {u,v,w,x} HIFTH
TR G B EE, W F(G)<(+3<(+4<gp(G).

W 22: WA 0, =0, £, 20 (BH L, =0, Lo #0), {u,v} MFTHBHTRML G 10— PRk
A, RN G A RALEE, WARNAEF(G)<(+2<(+3<gp(G).

T 2.3: Wik oy =03 H 0 =0, FRATHRE {u,v,w,x} T XTGH 2 C M Gt lr s —
ANGE XTSI, AR— ek, B w, w sy XTI, IAvRIFTA ST R G I— AN F a1
(v,x} MFTEBHTAER G MW——MRALEE, W F(G)<i+1<(+2<gp(G) (W 6 FiR); 4
{u,v,w,x} TRB—ANARG XIRS, AR—Betk, T8 x AR XA, B4 x & G IIFTH ST
R G —A— AL B, TRrA S HT AR G I— N E5iaE, A F(G)<(<I+1<gp(G) (I
B 7 F7R)s 24 {u, v, w,x ) 25 XOTURS, P 8T G A RELESE, MR MMNEE
HUSM B G —AEEEE, WRF(G)<(-1<<gp(G) (WKl 8 FR).

u w U w
!g te enw (9 EERY
. T

KGH— N FoRia L BGH)— B B

Figure 6. u,w are branch vertices

B 6 uwEhnXIng

(€]ib g P EE S G — A B

Figure 7. x is not a branch vertex

E7.x A2O XIS

KGR —F ik G — AL B A

Figure 8. u,v,w,x are branch vertices
B 8. u,v,w,x BOXINS
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itk

LGk, Ge A& a,, JFHGeBI, gp(G)2F(G). iEMTEM.

518 6: £GecAUTLEMa,, HHE GHWAMEIRGA %Ak, W egp(G)2F(G)-

iEW: B Ge ABETL M a,, JHFHE G HWADREIIRIA &AL, ANR—BtE Rt P KA,
WHR UL, [ (P)|=[{s.0}| =2 FA150— F BRI FEBLITE , FARSE R 150 ST A2 7R 53 LR T

W1 [P(R)23. [(B)z4, v (B)NV(R)NV(B)={s1}.

T L1 ke, =0, =0, FATHE e M0, HE BueV(R), veV(R)milkts £ P AP, 1
(485, WxeV (R), yeV (B) AR t 18 P A1 P, ERIAE A (u, x FTREAR— AT 240, =4, =0 I,
{u,s}% G —AE5mia4g, {s,x,y}% G H—N— A B4, )ﬂUﬂ?%F(G)S2<3Sgp(G); B ¢, =0,
00 (BUE 0,20, 0,=0), RIEIIF 414, {u,v,s) FBR—Aoh G MFTHEBEETAR G H—AFi
5, {x,y} MPTABHETUK G MBS, WG F(G)<(+2<gp(G); Z¢, #03FH 1,20
I, u M BAET AR G — N Esmia s, x MFTE BHTUSHR G 1 — A RO E &, WA
F(G)<(+1<gp(G) -

T 1.2: W, =0, 0, 20 (HF 0, =0, £, #0), I ueV (B)R s B—MEREERA
WAEL, AT LM BO T, ¢ BIAR D), W {u, s} IR —ADAMITA BHTUG R 6 i— D FiREsE, Ta
F(G)<t+1. R x eV (B)\{s, ¢} M BT RMK G A —RArE%E, N
gp(G)Zf—i—lZF(G) 0

6 1.3: k0, 20FH ¢, »0, K P AERD XTI — MR ueV (R), u MER—DIMT
ARETSE G —ANFmEE, Ba F(G)<l. MTARETSHMK G l—— R EE, WH
gr(G)= (-

i 2: [V (R)=[y (B)|=33:E¥ (R)NV (B)={s.1} -

BueV (P)\{s}, veV(R)\{s}, HLLFILFERTE.

T 2.0 Wk, =0, =0, {s,u} MTHEBHTNZ G K- DEIMRIALE, 1 {u,v} AP SHIA
I G A EEE, A F(G)<i+2<gp(G)-

T 2.2: W0, =0, ¢, 20 (WE 0, =0, ¢, =0), s MPIAEEHTNRE G K—PRREE,
i B T u MK G K — AR EAR, T4 F(G)<t+1<gp(G) -

6% 2.3: Wk e, 209 H 0, 20, s MER—MIMNIEBHTGR G K—DMFRIaLE, A
R G AL B, A F(G)<(<gp(G)-

i, HGe ABETLEM a,, FFHE G PPN EIGIFH % AU, gp(G)2F(G) - IEMIZEK.

5I#7: #Ge AT HMa,, HHGeB, Wgp(G)=F(G)-

EW: B GeABETLMa,, d5IE 6, RAITRAFHEE G HHNEIEDGWZAICLIIHRL,
?Jl‘iz%d(s,t)22 o

Wk 1 [V (B) 237 (B)|23HV (R)=4.

T 11 Wk, =0, =0, =0, WueV(R),veV(R)MweV (PR)Hl2 £ P, P, P, ERIATAT.
AT R ¢ A0, . 20 =0, =00, {uv,e}/2 GI—ANFREEIFHF(G)<3, {wvw}2 G
=D RALE I H gp(G) 232 F(G) (W 9 PRy 2 0,=0, £,20 (H& (=0, (,=0), {u,v}
FIFTE BHTS R G I — AN FEIEEIHH F(G)<0+2, {u,v,w) FIFTHE BH TS G I— RO E
TIHH gp(G)20+3>0+22F(G) (WK 10 fron); =6, =03 H 0, =00, Pra8ElimMm G f—14
—ARALEHIFH gp(G)= 05 1M {u, v} MER—ANINITE BEE TSR G B — N FRIEE, HFHF(G)<+1
(& 11 FioR). AREMEIASEN(). R, g e <2, 0,21 @& EK), WA {u,v,w} F T (1)1
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TR BHET AR G I — AR EAE, MW F F(G)<(+1=3+(-2<gp(G) (WK 12 fi7R), B, 4
0,0, 230, AREREIAERX().

........ ,lL DERERRER u
SO Oreeennnn t S Oeerrnnnn t
v v
.......... w 6.?
BGH— M EiRIaE G — A E L
Figure9. ( =/,=0
9. 0. =1,=0

BGH—EiRinsE BGH— b Bk

Figure 10. ¢/ =0, /¢, #0
#10. ¢,=0, ¢,#0

KGH— M Eamia g BGH— R B

Figure 11. /=0 and 7/, #0
B 11, ¢, #03HHE, 20

BG5S KGH A h E A

Figure12. ( <2, (, 21
F12. ¢ <2, (21

W 1.2: WL, =0, =0, ¢, #0, Hhi, k=123 Hi=jzk, DR, B, =0, =0
HH 200 B{uvieV (B)\ st} & Py IR welV (B) A& s 15 Py IR, T4 {u, v, wi
BR— AN BT R E G A EEEIFE F(G)<(+2, FrABHEMRMMm G 19— b B
I H gp(G)=0, ARAFIAZEA().

W13 ke, =0, £, 20, £, #0, AR, B0, =0, ¢, 20F-H ¢, 0. BueV (R)
2 s ARG veV (B) & Py LI — A9 XIRARR e T4 {u, vy MIBR—ASEBTA 2T R G [— 4
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FOEIFH F(G)<+1, MITABETRM G — DB EEIFH gp(G) 20, ARARIAE
H(1)»

W 14: R0, 20, £, 0, £, 20, BueV (B)\{s,} DA XTAL, veV (B)\{s,1} =&
Psfu —NERL weV (B) 2 Py s BB A {v,w) MER— DN B HETARE G H— 1%
SRIASEIFH F(G)<(+1, MPrASHETAMMR G KB ESLIFH gp(G) =, FFARSGEINE

A(1)o

e 2: |V (R) = (B)|=[7 (A |‘3°

uuvwﬁj\%ﬂmsﬁ:PP P, LB, Hbuev(R), vev(p)ftHwev(R), 7 Nl L1
HLRE .

W21 ke, =0, =0, =0, BAWHL ¢ M0 HH 20, =0, =00, {uv,s} 2 GHI—PFH
BEIFHF(G)<3, {uv,wit G RAEEIFH gp(G)=3>F(G) (W 13 fiR): 26,=0,
C#0 (BE L #0, 0,=0), {uv} NPT SHETAGR G~ DFRIBEIFH F(G)<0+2, {u,v,w} M
A BT AR G AR EEIH gp(G) 2 (+3>0+22F(G) (WA 14 fiim): 20, #0JFH
0, =00, TSR G K— DB EEIFH gp(G)2 0, {uv} MEE—MMNIESETEZ G
f—ADEIREEIFE F(G)<e+1 (WK 15 Prx), AREMREIAZER(D). R, wRe <2, ¢,>1 (5
B0, <2, £ o21), A {uv} MER—NIMNTAESHETRME G —MFmaLIFH F(G)<e+1, T
{u, v, Wy RIT () FIFT A BTG HIK G 10— B B, W15 gp(G)20,+3=(—1,+32(+12F(G)
(Wi 16 iRy, B, 20,0, >3 8, AEEERIAZER1).

KIGH —4\?}9531_% KGR —A— R f B4
Figure 13. (. =(,=0

E13. ¢, =¢,=0
G ZFama s Kar— i B

Figure 14. ( =0, ¢, #0
E14. £,=0, ¢,#0

BGH— A Famia g BGH)— A — B B
Figure 15. ¢ #0 and ¢, #0
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15. ¢, #03B ¢, #0

S S i
w w
EIGH— M ERiE g G — R EE

Figure 16. ¢ <2, (, 21
E16. ¢ <2, ¢ 21

W% 2.2: WL, =0, =0, ¢, #0, Hhijk=123Hiz j=k, NEfE, RIS

by =tp, =0FFH 1, £0. é;f =/, —OET {u,s} MPTA BEET R G D RBEEIF A F(G)<i+2,
1 {u, v}ﬁﬁﬁﬁ%—%ﬁ‘iﬁﬁﬁk G M—AN— WA EEHH gp(G)2(+2>F(G): 4(,=0, (,#0 (W#H

0,0, 0,=0)F, u FMPrASHETARE G NERIEEIFH F(G)<+1, {u,v} MPTA SHTU K
GHI— MR EEIFH gp(G)20+2: H e, #0FFH ¢, 200, FraSHETRMM G B—— R EE
IHH gp(G)=0, uMIARBHETRE G MEHEENH F(G)<(+1<gp(G) -

T 23: sk 0, =0, 0, #0, £, #0, AR, ¥ 0, =0, ¢, 20 H ¢, #0250, =0,=0
HTsﬁ%ﬁgﬁmﬁﬁGmgAgﬁL%ﬁEFW%%H,ﬁuﬁ%ﬁgﬁmﬁ Gm — AR E
HIH gp(G)=0+1: 20, =0,0,#20 (BFSOLR)N, FiARHETAR G W NTHAEFRNMK G
[M— RO ESE, A F(G)<(<gp(G): Mt #0FH ¢, 200, s FER—4b G RIFTH BT AR
GW—A—MAL B, I HFTHE BT AR G —ANFiask, Wl F(G)<i<gp(G) -

6 2.4: WA, 20, £, #0, €, #0, 20 =0, =00, s MR DA EHENLE G 1D
Aﬁgﬁﬁﬂﬁﬁ§%mﬁ Gm~A el &, WA F(G)<i<gp(G)-

UE B 5E Al o

G551 4~513 7, HGeB, LEHEE G PEBEHE BB KR, HGeA\B, H
gr(G)=F(G), BIER 3 BRAL.

3. REERE

ARSI I 3 A X P ) = R 2 R A B TSR B S — R BB R R, ZE TS gp (G) 2 F(G) B
Rl R S5 K o (22 G e B IS TCVETE K G IZIRa S — B BRRC R, TAVERE, GeB IV
SRR ZE 1, T LME F(G)IR/NELE S gp(G)V I R NTTIAR 3] F(G) < gp(G) » FRIBELIZAN 1] AT 2 3047
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