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−(∆)su+ u+ k(x)φu = a(x)|u|p−1u, x ∈ R3,

−(∆)tφ = k(x)u2, x ∈ R3,

�²�)��35, Ù¥ 3s+4t
s+t

< p < 3+2s
3−2s

, s, t ∈ (0, 1) � 4s + 2t > 3, a(x) ∈ C(R3) CÒ�

lim|x|→∞ a(x) = a∞ < 0 , k(x) ∈ C(R3) ∩ L 6
4s+2t−3 (R3). A^ì´Ún, �©��TXÚ���3
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Abstract

In this paper, we are concerned with the existence of nontrivial solution for a class of

fractional Schrödinger-Poisson system: −(∆)su+ u+ k(x)φu = a(x)|u|p−1u, x ∈ R3,

−(∆)tφ = k(x)u2, x ∈ R3,

where 3s+4t
s+t

< p < 3+2s
3−2s

, s, t ∈ (0, 1) and 4s+2t > 3, a(x) ∈ C(R3) is a sign-changing function

with lim|x|→∞ a(x) = a∞ < 0, k(x) ∈ C(R3)∩L 6
4s+2t−3 (R3). By using mountain pass theorem,

we obtain that this system has at least one nontrivial solution.
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1. Úó

Cc5, Nõ©z�ÄXe©ê�Å½�õÑtXÚ (−∆)su+ V (x)u+K(x)φu = f(x, u), x ∈ R3,

(−∆)tφ = K(x)u2, x ∈ R3,
(1)
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d? s, t ∈ (0, 1), ©ê� Laplacian�f (−∆)s½Â�

(−∆)sv(x) = CN,sP.V.

∫
RN

v(x)− v(y)

|x− y|N+2s
dy, v ∈ S(RN ),

d? P.V.L«�ÜÌ�, CN,s IOz~ê, S(RN )´d¯�P~¼ê|¤���]¼ê�m. 5

¿�©ê� Laplacian�f (−∆)s ´3©z [1, 2]ÄgÚ\. �õk' (−∆)s &E, �ë� [3]9

Ù¥�ë�©z. �c, k'XÚ (1)�?Øý�õê´k')½CÒ)��35, õ)5�(

J, X [4–15]. Ù¥, ©z [5, 6, 12, 14]�Ä
XÚ (1)½aq¯KCÒ)��35; ©z [4, 10]ïÄ


XÚ (1)3�.^�epUþ)��35; ©z [7, 13]?Ø
XÚ (1))��3598¥5; ©

z [8,9,11,15]�	
XÚ (1)Ä�)��35½õ5. ,, ÏLÎn�'©zuy: �éäkC

Ò��©ê�Å½�- ÑtXÚ)��35¯K�ïÄ%�~�. ,��¡, ·�5¿�, {¡�

3 [16]¥�Ä
±eÅ½�-ÑtXÚ


−∆u+ u+ φu = a(x)|u|p−1u, x ∈ R3,

−∆φ = k(x)u2, x ∈ R3,

(2)

Ù¥ 3 ≤ p < 5, a(x) ∈ C(R3)CÒ� lim
|x|→∞

a(x) = a∞ < 0, k(x) ∈ C(R3) ∩ L2(R3). |^ì´Ú

n [17], �ö¼�
Å½�-ÑtXÚ (2)��k���²�)��35(J. É±þ©z�éu, �

©�ÄXe©ê�Å½�-ÑtXÚ
−(∆)su+ u+ k(x)φu = a(x)|u|p−1u, x ∈ R3

−(∆)tφ = k(x)u2, x ∈ R3,

(3)

�²�)��35, Ù¥ 3s+4t
s+t

< p < 3+2s
3−2s

, s, t ∈ (0, 1)� 4s+ 2t > 3, a(x)Ú k(x)÷vµ

(A1) a(x) ∈ C(R3,R)��aCÒ¼ê�÷v a∞ = lim|x|→∞ a(x) < 0.

(A2) k(x) ∈ C(R3,R), k(x) ≥ 0� k(x) ∈ L 6
4s+2t−3 (R3).

�©�Ì�(J�Xe½n:

½n1.1. b�(A1), (A2)¤á, K©ê�Å½�-ÑtXÚ (3)���3���²�).

2 ½½½nnn1.1���yyy²²²

éu�½� u ∈ Hs(R3), ½Â Dt,2(R3)þ��5�f

Lu(v) =

∫
R3

k(x)u2vdx,
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@oÒk

|Lu(v)| ≤
∫
R3

k(x)u2|v|dx

≤ (

∫
R3

k(x)
6

4s+2t−3 dx)
4s+2t−3

6 (

∫
R3

u
6

3−2s )
3−2s

3 (

∫
R3

v2∗t )
1
2∗t

≤ C‖k(x)‖
L

6
4s+2t−3 (R3)

‖u‖2Hs(R3)‖v‖Dt,2(R3).

Ïdd RieszL«½n��, �3��� φu ∈ Dt,2(R3), ¦�

〈φu, v〉Dt,2(R3) = Lu(v), ∀v ∈ Dt,2(R3),

= ∫
R3

(−∆)
t
2φu(−∆)

t
2 vdx =

∫
R3

k(x)u2vdx, ∀v ∈ Dt,2(R3),

�Ò´` φu´(3)¥1���§�f). ò φu�\1���§Ò��

−(∆)su+ u+ k(x)φuu = a(x)|u|p−1u. (4)

Ïd¦)�§(3)�du¦)�§(4). �§(4)�)éAUþ�¼

F (u) =
1

2

∫
R3

|(−∆)
s
2u|2 + u2dx+

1

4

∫
R3

k(x)φuu
2dx

− 1

p+ 1

∫
R3

a(x)|u|p+1dx, u ∈ Hs(R3)

��.:.

½Â Φ: Hs(R3)→ Dt,2(R3)� Φ(u) = φu, Kke¡Ún.

Ún2.1

(i) ΦëY.

(ii) Φòk.8N�k.8.

(iii) e {un}3 Hs(R3)¥k.� un ⇀ u , @ok∫
R3

k(x)φunu
2
ndx→

∫
R3

k(x)φuu
2dx.

y: (i) é¤k u ∈ Hs(R3), k

|Lu| = ‖φu‖Dt,2(R3) = ‖Φ(u)‖Dt,2(R3)
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¤á. ¤±, �
y² ΦëY, �Iy: u 7→ Lu´ëY�.

|Lun(v)− Lu(v)| ≤
∫
R3

k(x)|v||u2
n − u2|dx

≤ C‖k‖
L

6
4s+2t−3 (R3)

‖v‖Dt,2(R3)‖u2
n − u2‖

L
6

3−2s (R3)

Ï� v´?¿�, � n→∞ , k |Lun(v)− Lu(v)| → 0 .

(ii) Ï� ‖φu‖Dt,2(R3) = |Lu| ≤ C‖k‖
L

6
4t+2s−3 (R3)

‖u‖2Hs(R3). ¤±Ún¥(ii)¤á.

(iii) 3©z[16]¥®²y²
 φun ⇀ φu , e¡y²∫
R3

k(x)φunu
2
ndx→

∫
R3

k(x)φuu
2dx.

Äk·�5¿�du φun ⇀ φu , ¤±·�k∫
R3

k(x)(φun − φu)u2dx→ 0. (5)

e¡y² ∫
R3

k(x)φun |u2
n − u2|dx→ 0. (6)

Ï� k(x) ∈ L 6
4s+2t−3 (R3)�ëY, Ïdé ∀ε > 0, ∃ρ = ρ(ε) > 0, ¦�� |x| ≥ ρ� k(x) ≤ ε , u´

·��� ∫
|x|≥ρ

k(x)φun |u2
n − u2|dx ≤ ε[

∫
|x|≥ρ

φunu
2
ndx+

∫
|x|≥ρ

φunu
2dx]

≤ εC‖φun‖Dt,2(R3)(‖un‖2 + ‖u‖2)

≤ Cε.

,��¡, b� s, t ∈ (0, 1) , *	�XJ 4s + 2t > 3 , Kk 2 ≤ 12
3+2t

< 6
3−2s

, Ïd Hs(R3) ↪→
L

12
3+2t (R3) . �k: ∫

|x|≤ρ
k(x)φun |u2

n − u2|dx

≤ ‖k‖L∞(R3)[

∫
|x|≤ρ

φun |u2
n − u2|dx]

≤ ‖k‖L∞(R3)C‖φun‖Dt,2(R3)[

∫
|x|≤ρ

|u2
n − u2| 12

3+2t dx]
3+2t

6

→ 0.

ù�Òy²
(6), nÜ(5)Ú(6)·���
∫
R3 k(x)φunu

2
ndx→

∫
R3 k(x)φuu

2dx. Úny..
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Ún2.2. �¼ F ÷v(PS)^�.

y: � un ⊂ Hs(R3)÷v |F (un)| ≤ cÚ F ′(un)→ 0 , @ok∫
R3

|(−∆)
s
2un|2 + u2

ndx+

∫
R3

k(x)φunu
2
ndx−

∫
R3

a(x)|un|p+1dx = o(1)‖un‖ (7)

1

2

∫
R3

|(−∆)
s
2un|2 + u2

ndx+
1

4

∫
R3

k(x)φunu
2
ndx−

1

p+ 1

∫
R3

a(x)|un|p+1dx ≤ c.

|^þ¡üª?�Ú��

[
1

2
− 1

p+ 1
]

∫
R3

|(−∆)
s
2un|2 + u2

ndx+ [
1

4
− 1

p+ 1
]

∫
R3

k(x)φunu
2
n ≤ c+ o(1)‖un‖.

Ï� p > 3s+4t
s+t

, ¤±k

[
1

2
− 1

p+ 1
]

∫
R3

|(−∆)
s
2un|2 + u2

ndx ≤ c+ o(1)‖un‖.

dþª� unk.. Ïd·��±b½ un ⇀ u, e¡y² un → u. �Iy² ‖un‖ → ‖u‖. d�§(7)

·�k ∫
R3

|(−∆)
s
2un|2 + u2

ndx+

∫
R3

k(x)φunu
2
n +

∫
R3

a−(x)|un|p+1dx

=

∫
R3

a+(x)|un|p+1dx+ o(1).

du lim|x|→∞ a(x) = a∞ < 0 , Ïd a+(x)k;|8, |^¢Ë�Åi\½n��∫
R3

a+(x)|un|p+1dx =

∫
R3

a+(x)|u|p+1dx+ o(1).

¤±�� ∫
R3

|(−∆)
s
2un|2 + u2

ndx+

∫
R3

k(x)φunu
2
ndx+

∫
R3

a−(x)|un|p+1dx

=

∫
R3

|(−∆)
s
2u|2 + u2dx+

∫
R3

k(x)φuu
2dx+

∫
R3

a−(x)|u|p+1dx+ o(1). (8)

·�äó ∫
R3

a−(x)|u|p+1dx ≤ lim inf
n→∞

∫
R3

a−(x)|un|p+1dx.
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¯¢þd ∫
R3

a−(x)||un|p+1 − |u|p+1 − |un − u|p+1|dx

≤ ‖a(x)‖L∞(R3)

∫
R3

||un|p+1 − |u|p+1 − |un − u|p+1|dx

= o(1)

� ∫
R3

a−(x)|un|p+1dx =

∫
R3

a−(x)|u|p+1dx+

∫
R3

a−(x)|un − u|p+1dx+ o(1),

�Ò´äó¤á.

XJ un 9 u , @o ‖un‖ < ‖u‖ , 2d
∫
R3 k(x)φunu

2
ndx →

∫
R3 k(x)φuu

2dxÚ
∫
R3 a

−(x)|u|p+1dx ≤
lim infn→∞

∫
R3 a

−(x)|un|p+1dx. �∫
R3

|(−∆)
s
2un|2 + u2

ndx+

∫
R3

k(x)φunu
2
ndx+

∫
R3

a−(x)|un|p+1dx

>

∫
R3

|(−∆)
s
2u|2 + u2dx+

∫
R3

k(x)φuu
2dx+

∫
R3

a−(x)|u|p+1dx+ o(1),

ù� (8)ªgñ. Ïd un → u, y..

½n1�y²:Äky²�3 α, ρ > 0¦� F∂Bρ > α > 0. ¯¢þd¢Ë�Åi\½nk

F (u) ≥ 1

2
‖u‖2 − C‖a‖L∞‖u‖p+1

Lp+1(R3),

dþª���3 ρ > 0 , ¦� F∂Bρ > α > 0 .

·�2y²�3 η ∈ Hs(R3) , ‖η‖ > ρ, ¦� F (η) < 0 , ¯¢þ, À�¼ê ϕθ = θs+tϕ(θx) ∈
Hs(R3) , θ ∈ R+, ϕθ 6= 0, ¦� suppϕθ ⊂ suppa+ , @oÒk

F (θs+tϕ(θx)) ≤ θ4s+2t−3

2
‖ϕ‖2 + ‖k‖∞

θ4s+2t−3

4

∫
R3

φϕϕ
2dx− θ(p+1)(s+t)−3

p+ 1

∫
R3

a+|ϕ|p+1dx.

Ï� p > 3s+4t
s+t

, ¤± (p+ 1)(s+ t)− 3 > 4s+ 2t− 3 . � θ → +∞�, F (θs+tϕ(θx))→ −∞. Ïd,

é,� θ0¿©��, - η = ϕθ0 = θs+t0 ϕ(θ0x), ¤±k F (η) < 0. ½Â

Γ = {γ ∈ C([0, 1], Hs(R3)) : γ(0) = 0, γ(1) = η},

c = inf
γ∈Γ

sup
θ∈[0,1]

F (γ(θ)),

@odì´Ún� c´ F ����²���.:, =©ê�Å½�-ÑtXÚ (3)���3���²

�).
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�©ÏL|^ì´Ún, ��
©ê�Å½�õÑtXÚ���3���²�). ÙÌ�g´

´é���k.� (PS)S�, ¦TS�÷v (PS)^�, dd�±y²�²�)��35.
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