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Abstract

In this paper, we further consider an optimization method for solving the signal recon-

struction and image denoising problem. To this end, a new algorithm with Armijo-like

line search is proposed. Global convergence results of the new algorithm is established

in detail. Furthermore, we also show that the method is sublinearly convergent rate of

O(1/k2). Finally, the efficiency of the proposed algorithm is illustrated through some

numerical examples on sparse signal recovery and image denoising.
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1. Úó

�Xêi�E�×�uÐ, 3&Ò?n+�Ñy�Ø a�nØ�»
DÚ&Òæ���Ç�

¦, ¦�&E�;!?nÚDÑ�¤���ü$. Ø a�|^�©&ÒDÕ5�A:, l��u&

Ò���ê�ÿþÑu, ÏL¦)DÕ`z¯K5?E����©DÕ&Ò, ´&Ò?n+���

��·5¤J. &Ò�?EL§´��`zO��L§, ^u|¢Ú¼�DÕ�½�Ø �&Ò, ²

L`zO�¦&Ò���, ??E&Ò��!E�ã�. 3&Ò?nÚã�E�ïÄ¥, ®�*

ÿêâz ∈ Rm5gDÕ�&Ò, �*��{´¦)e¡�4�z`1-�ê¯K: ¦DÕ&Òx̄ ∈ Rn¦
�

min
x∈Rn

F (x) := f(x) + ρϕ(x), (1.1)

Ù¥f(x) := 1
2
‖Ax − z‖22, ϕ(x) = ‖x‖1, ρ > 0´�ëê, A ∈ Rm×n (m � n)´DaÝ
, �

þx�`1-�êÚ`2-�ê©OL«�‖x‖1 =
∑n

i=1 |xi|Ú‖x‖2 = (
∑n

i=1 x
2
i )

1/2.

w,, (1.1)´��Ã�åà`z¯K, ®kNõ¦)T¯K�{, XÚî.�{!�ÝFÝ

.�{�IO�{. ,, �X�ên�O\, éu¯K(1.1), ù
�{�O��ÇC$. Cc
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5, �é¦)¯K(1.1)�ê��{®��
2��&Ä, ¿JÑ
Nõk���{. X¦f�

O��{( [1] [2])!¦f�é¡�O��{( [3])!¦fPeaceman-Rachford©l�{( [4] [5] [6])!

Douglas-Rachford©l�{( [7])�. ÏLCþ©�Eâ, ¯K(1.1)U�=z�1w`z¯K. �éù

=z, �JÑ
�
k��{. XXiaoÚZhu ( [8])�Ñ
�ÝFÝ{¦)¯K(1.1)��åüN�§

|=�/ª. Sun�( [9])JÑ
�«Cq�{¦)¯K(1.1)���C©Ø�ª=�/ª. �
3�

êO\�¼��Ðê�5U�ÄÅ, �©?�Úg��«g�5Âñ�Ç�O(1/k2)�#�{.

�©Ù§Ü©|�Xe. 312!¥, Äk�Ñ
�
�'�ý�5�. Ùg, �é¯

K(1.1), JÑ
�«ÄuaqArmijo�|¢�#.`z�{, ¿�[y²
T�{äk�ÛÂñ5

ÚO(1/k2)�g�5Âñ�Ç. 313!¥§�Ñ
¯K(1.1)DÕ&Ò¡Eê�¢�. 3ØÓDÕ&

Ò!ØÓ�Ý!&ÒpdxD(�D��¡, |^¤J�{?1`zO�Úê�¢�, ^±�y�

{�k�5Ú`�5.

�©¦^��
ÎÒ�Xe`². ^RNL«��äkIOSÈ�N�îAp��m. éu?

¿ü��þx, y ∈ RM¥, ^〈x, y〉L«IOSÈ.

2. �{9ÙÂñ5

�!JÑ�«¦)¯K(1.1)��«#.`z�{§¿�[y²�{��ÛÂñ5±9g�5

ÂñÇ. �d, �Ñe¡�
ý��£.

½Â 2.1 ( [10])b�f : RN → R ´à�. f 3x:�g�©½Â�

∂f(x) = {ξ ∈ RN |f(y) ≥ f(x) + 〈 ξ, y − x〉 ,∀y ∈ RN}.

éu¯K(1.1)¥�F (x), ïáe¡��gCq:

QL(x, y) :=

[
f(y) + 〈x− y,∇f(y)〉+

L

2
‖x− y‖2

]
+ ρϕ(x), ∀L > 0. (2.1)

-

pL(y) = argmin{QL(x, y)}, (2.2)

�ïá(2.2)��d=�:

pL(y) = argmin

{
ρϕ(x) +

L

2

∥∥∥∥x− (y − 1

L
∇f(y)

)∥∥∥∥2
}
. (2.3)

�e5£��e¡Ún´C1,1a¥1w¼ê�Ä�5�.

Ún 2.1 (Lemma 3.2. [11])-f:RN → R´ëY���,ÙFÝ´LipschitzëY��Lipschitz~

ê�Lf . Kéu?¿L ≥ Lf , k

f(x) ≤ [f(y) + 〈x− y,∇f(y)〉+
L

2
‖x− y‖2],∀x, y ∈ RN . (2.4)
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dÚn2.1, eL ≥ Lf , Kéu?¿�y ∈ Rn, k

F (pL(y)) = f(pL(y)) + ρϕ(pL(y))

≤
[
f(y) + 〈pL(y)− y,∇f(y)〉+ L

2
‖pL(y)− y‖2

]
+ ρϕ(pL(y))

= QL(pL(y), y).

(2.5)

y3, �Ñ¦)¯K(1.1)��«`z�{.

�{2.1.

Ú0. À�ε ≥ 0, η > 1 ,γ ∈ (0, 1), σ, % ∈ [1,+∞), τ1 = 1, β > %η‖A>A‖, Ð©:x0 ∈ Rn, y1 = x0,

-k := 0.

Ú1. éuk = 1, 2, · · · , �#e��S�:xk, ÏL

(xk)i =



(
yk − 1

Lk
∇f(yk)

)
i
+ ρ

Lk
e

(
yk − 1

Lk
∇f(yk)

)
i
< − ρ

Lk

0 e
∣∣∣(yk − 1

Lk
∇f(yk)

)
i

∣∣∣ < ρ
Lk(

yk − 1
Lk
∇f(yk)

)
i
− ρ

Lk
e

(
yk − 1

Lk
∇f(yk)

)
i
> ρ

Lk

(2.6)

Ù¥Lk = ηmkβ, �mk´÷ve¡�Ø�ª����K�ê

f(xk) ≤ f(yk)− γ
〈
xk − yk,∇f(yk)

〉
(2.7)

0 ≤ (1 + γ)
〈
xk − yk,∇f(yk)

〉
+
ηmβ

2

∥∥xk − yk∥∥2 . (2.8)

ëêτk+1ÏLe¡�§�#

τ2k+1 − στk+1 − %τ2k = 0, (2.9)

�#yk+1, ÏL

yk+1 = xk +
τk − σ
τk+1

(xk − xk−1). (2.10)

Ú2. e‖F (xk)− F (xk−1)‖ ≤ ε, Ê�. Kxk ´¯K(1.1)�). ÄK, =Ú1, -k
4
= k + 1.

5 2.1 ýé�¼ê|t|�g�©�

∂(|t|) =


−1 if t < 0,

[−1, 1] if t = 0,

1 if t > 0.

(Ü(2.6), ke¡(J.
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e(yk − 1
Lk
∇f(yk))i < − ρ

Lk
, K(xk)i = (yk − 1

Lk
∇f(yk))i + ρ

Lk
< 0, =

(xk)i = (yk − 1

Lk
∇f(yk))i −

ρ

Lk

∂ϕ(xk)

∂xi
,

Ù¥∂ϕ(xk)
∂xi

= −1.

e(yk − 1
Lk
∇f(yk))i >

ρ
Lk

, K(xk)i = (yk − 1
Lk
∇f(yk))i − ρ

Lk
> 0, =

(xk)i = (yk − 1

Lk
∇f(yk))i −

ρ

Lk

∂ϕ(xk)

∂xi
,

Ù¥∂ϕ(xk)
∂xi

= 1.

e|(yk − 1
Lk
∇f(yk))i| ≤ ρ

Lk
, K|(yk − 1

Lk
∇f(yk))i|/ ρ

Lk
≤ 1. d(xk)i = 0, �

(xk)i = 0 = (yk − 1

Lk
∇f(yk))i +

ρ

Lk
(yk − 1

Lk
∇f(yk))i/

ρ

Lk
= (yk − 1

Lk
∇f(yk))i −

ρ

Lk

∂ϕ(xk)

∂xi
,

Ù¥∂ϕ(xk)
∂xi

= (yk − 1
Lk
∇f(yk))i/

ρ
Lk

.

Äu±þ©Û, kxk = yk − 1
Lk
∇f(yk)− ρ

Lk
ξk, =

ρξk +∇f(yk) + Lk(x
k − yk) = 0. (2.11)

Ù¥ξk ∈ ∂ϕ(xk). g�e¡�à`z¯K

min

{
ρϕ(x) +

Lk
2

∥∥∥∥x− (yk − 1

Lk
∇f(yk)

)∥∥∥∥2
}
, (2.12)

Äu�'��`5nØ( [10]), ��T¯K�)8�§�½:8´���. (Ü(2.11), �

�xk´(2.12)�), =

xk := argmin

{
ρϕ(x) +

Lk
2

∥∥∥∥x− (yk − 1

Lk
∇f(yk)

)∥∥∥∥2
}
, (2.13)

5 2.2 dLk = ηmkβ Úη > 1, kLk ≥ β. ,	, ÏLk/η Ø÷v(2.7)½(2.8), (ÜÚn2.1,

kLk < η‖A>A‖. Ïd, k

β ≤ Lk < η‖A>A‖. (2.14)

�e5§?Ø�{2.1�Âñ5±9Âñ�Ý. �d, �Ñ±eÚn.

Ún 2.2 éu?¿�x ∈ Rn , k

F (x)− F (xk) ≥ Lk
2

∥∥xk − yk∥∥2 + Lk
〈
x− yk, yk − xk

〉
, ∀k ≥ 1. (2.15)
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y². d(2.5), �

F (pLk
(yk)) ≤ QLk

(pLk
(yk), yk). (2.16)

d(2.13), �xk = pLk
(yk). (Ü(2.16), ��

F (x)− F (xk) ≥ F (x)−QLk
(xk, yk). (2.17)

Ïf Úϕ Ñ´à�, ��

F (x) = f(x) + ρϕ(x)

≥ [f(yk) + 〈x− yk,∇f(yk)〉] + [ρϕ(xk) + ρ〈x− xk, ξk)〉],
(2.18)

Ù¥ξk ∈ ∂ϕ(xk). A^(2.1) �-x = xk, y = yk, �

QLk
(xk, yk) = [f(yk) +

〈
xk − yk,∇f(yk)

〉
+
Lk
2

∥∥xk − yk∥∥2] + ρϕ(xk). (2.19)

A^(2.18), (2.19) Ú(2.17), ��

F (x)− F (xk) ≥ F (x)−QLk
(xk, yk)

≥
〈
x− xk,∇f(yk) + ρξk

〉
− Lk

2

∥∥xk − yk∥∥2
= Lk

〈
x− xk, yk − xk

〉
− Lk

2

∥∥xk − yk∥∥2
= Lk

〈
(x− yk) + (yk − xk), yk − xk

〉
− Lk

2

∥∥xk − yk∥∥2
= Lk

〈
x− yk, yk − xk

〉
+ Lk

2

∥∥xk − yk∥∥2 .

(2.20)

Ù¥1���ª¤á´Äu(2.11).

Ún 2.3 b�x∗´(1.1)�?¿�), {xk} Ú{yk}´�{2.1�)�S�. K

%η‖A>A‖
β

2

Lk
τ2kα

k
1 −

2

Lk+1

τ2k+1α
k+1
1 ≥

∥∥αk+1
2

∥∥2 − ∥∥αk2∥∥2 , (2.21)

Ù¥αk1 := F (xk)− F (x∗), αk2 := τkx
k − (τk − σ)xk−1 − σx∗.

y². éu?¿x ∈ Rn, d(2.15)ke¡�Ø�ª¤á

F (x)− F (xk+1) ≥ Lk+1

2

∥∥xk+1 − yk+1
∥∥2 + Lk+1

〈
x− yk+1, yk+1 − xk+1

〉
. (2.22)

3(2.22)¥, ©O-x := xk Úx := x∗, ��

F (xk)− F (xk+1) ≥ Lk+1

2

∥∥xk+1 − yk+1
∥∥2 + Lk+1

〈
xk − yk+1, yk+1 − xk+1

〉
(2.23)
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Ú

F (x∗)− F (xk+1) ≥ Lk+1

2

∥∥xk+1 − yk+1
∥∥2 + Lk+1

〈
x∗ − yk+1, yk+1 − xk+1

〉
(2.24)

dαk1�½Â, (2.23) Ú(2.24)U���

2

Lk+1

(αk1 − αk+1
1 ) ≥

∥∥xk+1 − yk+1
∥∥2 + 2

〈
xk − yk+1, yk+1 − xk+1

〉
(2.25)

Ú

− 2

Lk+1

αk+1
1 ≥

∥∥xk+1 − yk+1
∥∥2 + 2

〈
x∗ − yk+1, yk+1 − xk+1

〉
(2.26)

3(2.25)�ü>¦±τk+1 − σ�

(τk+1 − σ)
2

Lk+1

(αk1 − αk+1
1 )

≥ (τk+1 − σ)
∥∥xk+1 − yk+1

∥∥2 + 2(τk+1 − σ)
〈
xk − yk+1, yk+1 − xk+1

〉
(2.27)

3(2.26)�ü>Ó¦±σ�

−σ 2

Lk+1

αk+1
1 ≥ σ

∥∥xk+1 − yk+1
∥∥2 + 2σ

〈
x∗ − yk+1, yk+1 − xk+1

〉
(2.28)

(2.27)\(2.28)�

2
Lk+1

((τk+1 − σ)αk1 − τk+1α
k+1
1 ) ≥ τk+1

∥∥xk+1 − yk+1
∥∥2

+2
〈
τk+1y

k+1 − (τk+1 − σ)xk − σx∗, xk+1 − yk+1
〉 (2.29)

3(2.29)ü>Ó¦±τk+1, �A^(2.9), ��

2
Lk+1

(%τ2kα
k
1 − τ2k+1α

k+1
1 ) ≥ τ2k+1

∥∥xk+1 − yk+1
∥∥2

+2τk+1

〈
τk+1y

k+1 − (τk+1 − σ)xk − σx∗, xk+1 − yk+1
〉 (2.30)

-a := τk+1y
k+1, b := τk+1x

k+1 9c := (τk+1 − σ)xk + σx∗. dPythagoras'X

‖b− a‖2 + 2〈b− a, a− c〉 = ‖b− c‖2 − ‖a− c‖2,

Ú(2.30), ��

2
Lk+1

(%τ2kα
k
1 − τ2k+1α

k+1
1 ) ≥

∥∥τk+1x
k+1 − (τk+1 − σ)xk − σx∗

∥∥2
−
∥∥τk+1y

k+1 − (τk+1 − σ)xk − σx∗
∥∥2 (2.31)
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d(2.10), w,��τk+1y
k+1 = τk+1x

k + (τk − σ)(xk − xk−1). �â(2.31)Úαk2�½Â, ��

2

Lk+1

(%τ2kα
k
1 − τ2k+1α

k+1
1 ) ≥

∥∥αk+1
2

∥∥2 − ∥∥αk2∥∥2 . (2.32)

2(Ü(2.14), ��

%η‖A>A‖
β

2

Lk
τ2kα

k
1 −

2

Lk+1

τ2k+1α
k+1
1 ≥

∥∥αk+1
2

∥∥2 − ∥∥αk2∥∥2 . (2.33)

Ún 2.4 d(2.9)����ê�{τk}÷vτk ≥ k
2

(k ≥ 1), Ù¥τ1 = 1.

y². |^êÆ8B{y². �k = 1�, dτ1 = 1, w,kτ1 ≥ 1
2
.

b�k�·K¤á, =τk ≥ k
2
. d(2.9), ¿A^σ ≥ 1, % ≥ 1, ��

τk+1 =
σ +

√
σ2 + %τ2k
2

≥
σ +
√
%k

2
≥ 1 + k

2
.

ÏdU��ýÏ�(J.

y3, y²�{2.1�Âñ(J.

½n 2.1 b�x∗´(1.1)�?¿�), {xk} Ú{yk} d�{2.1�)�S�. Kk

F (xk+1)− F (x∗) ≤ c

(k + 1)2
. (2.34)

Ù¥c´�~ê.

y². -ak = 2
Lk
τ2kα

k
1 , bk =

∥∥αk2∥∥2, A^(2.21), �

ak+1 + bk+1 ≤
%η‖A>A‖

β
ak + bk. (2.35)

(Ü0 < %η‖A>A‖
β

< 1, ÏLO���

ak+1 ≤ ak+1 + bk+1 ≤ ak + bk ≤ ak−1 + bk−1 ≤ · · · ≤ a1 + b1, (2.36)

�a1 = 2
L1

(F (x1) − F (x∗)), b1 = ‖(x1 − x0) + σ(x0 − x∗)‖2. 2(Ü(2.14), ¿A^Ún2.4, �

�

F (xk+1)− F (x∗) ≤
2η‖A>A‖[ 2

L1
(F (x1)− F (x∗)) + ‖(x1 − x0) + σ(x0 − x∗)‖2]

(k + 1)2
.

-c = 2η‖A>A‖[ 2
L1

(F (x1)− F (x∗)) + ‖(x1 − x0) + σ(x0 − x∗)‖2], Kk(J¤á.
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3. ê�¢�

�!Jø
�
'u¯K(1.1)�ê�ÿÁ, ±y²�{2.1�k�5. ¤k�è^MATLAB

9.2.0.538062?�,¿3Windows 10 PCÅþ$1,O�Å��´AMD FX-7500 Radeon R7, 4C+6G

CPU, 2.10GHz CPU Ú4GB S�. ¢�¥, -ρ = 0.001, β = 4, η = 3, γ = 0.5, σ = 1.25, % = 1.15,

�n = 2N (N ∈ Z+), m = floor(n/4), k = floor(m/8), dMATLAB��©�

[Q, R]=qr(A’,0); A=Q’

�)ÿþÝ
A. dMATLAB��©�

p=randperm(n); x(p(1:k))=randn(k,1)

�)�©&Òx̄. �{�ª�IO�

‖Fk − Fk−1‖
‖Fk−1‖

< 10−10,

Ù¥FkL«¯K(1.1)3S�:xk�8I¼ê�. 3zgÿÁ¥, ÏLe¡úªO��éØ�

RelErr =
‖x̂− x̄‖
‖x̄‖

,

Ù¥x̂L«£Â�&Ò.

3.1. äk\5pdxD(�DÕ&Ò¡E

�!A^�{2.15¡E\5pdxD(�¸��[DÕ&Ò. -n = 213,m = 211, k = 28. ã

1�Ñ
�©&Ò!ÿþ&ÒÚd2.1�{��&Ò(ù:IP). w,, lã 1�1��Ú1n�ã

¥, �©&Ò¥�¤k��Ñ�ù:�
Ñ, ùL²2.1�{�±éÐ/¡E�©&Ò.

Figure 1. Signal recovery on additive Gaussian white noise (n = 213)

ã 1. äk\5pdxD(�DÕ&Ò¡E(n = 213)
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,	, éuØÓ�ê!ØÓ&Ò�¯K(1.1), A^�{2.1?1
\5pdxD(�¸��[D

Õ&Ò¡E. CPU�m(CPU Time)!S�gê(Iter)Ú�éØ�(RelErr)�3L 1. lL¥�±w

Ñ, �{2.1 U�Ð�¡EØÓ�ê�DÕ&Ò, �CPU �m��, ��O(, é�ê�O\Ø¯a.

L²�{2.1k�Ð�½5.

Table 1. Signal recovery on additive Gaussian white noise with the different dimension

L 1. äkØÓ�ê�\5pdxD(�DÕ&Ò¡E

�ê DÕ&Ò CPU Time Iter RelErr

1024 1 × 25 0.4844 129 4.9128
2048 2 × 25 1.1562 138 4.8728
3072 3 × 25 2.7343 131 4.6985
4096 4 × 25 4.0468 128 4.4007
5120 5 × 25 5.6512 136 4.6486
6144 6 × 25 7.6093 135 4.5438
7168 7 × 25 9.6875 141 4.4214
8 192 8 × 25 11.2031 127 4.7165

3.2. äkpdD(�ã�¡E

éuLena!Barbaba ÚBaboonn�ØÓã�©ON\GaussianD(Y²0.7�D(, ÏL�

{2.1 ¡E��ß�ã�Xã 2�����¤«. Ó�, �{2.1�I�é���mÒ�±¡Eã�,

ù
¿©w«
�{2.1ã�¡E�k�5.

Figure 2. Image denoising on Gaussian noise level 0.7

ã 2. äkpdD(Y²0.7�ã�¡E(J
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