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Abstract

In this paper, we study the well-poseness of a non-autonomous delayed micropolar
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fluid on 2D bounded domains. We prove the existence of solutions by the method of

the Garlerin approximation. Then we use the energy method to prove the uniqueness

and the stability of solutions.
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1. 0�

36NåÆnØ¥§�46´�a�±uÿ6N�*(�Cz��k�þ!AåÜþ�6N"

3ÔnÆ¥§§L«3Å50�¥¹k�Å�!k(½����â�6N§§éul¯ïÄ6N

ÄåÆ¯KÚy��ó§�Ú�Æ[´�~��"�46�§|´Í¶� Navier-Stokes�§�

����í2§�6N¥âf�^=��Ý�"�§�46�$Ä�±^ Navier-Stokes�§5

£ã"�46�§|�±éÐ/£ã�6NÏL��d��Ï�§=âf�^=�ÝØ�"�§

6N�$Ä5�"�'u²;�Navier-Stokes�§§�456N�.U�xÑXàÜÔ6N!�

¬!ÄÔÉ�!�G6N�AÏ6N�ÄåÆ1�"Ïd§§�êÆnØÉ�¯õêÆ['5"

Eringenu 1966c3©z [1]¥�@JÑ
�456N�nØ§¦Ú\
��êÆ�.§T�.£

ã
�aäk�^=�AÚ.5��Úî6N$Ä§46N6Ä�$Ä�±^±e�§5£ãµ

∂u

∂t
− (ν + νr)4u− 2νr∇× ω + (u · ∇)u+∇p = f, (1)

∇ · u = 0, (2)

∂ω

∂t
− (ca + cd)4ω + 4νrω + (u · ∇)ω − (c0 + cd − ca)∇(∇ · ω)− 2νr∇× u = f̃ , (3)

Ù¥ u = (u1, u2, u3) ´6N��Ý§p L«Øå§ω = (ω1, ω2, ω3) ´âf^=���Ý§f =

(f1, f2, f3) Ú f̃ = (f̃1, f̃2, f̃3) �	å"AO/§�ëê ν, νr, c0, ca, cd L«��Ê5Xê§d©

z [1, 2] ��§ª (1),(3) L«ÄþÅð§ª (2) L«�þÅð"XJ νr = 0, ω = (0, 0, 0), K�

§ (1)-(3)�z{�Ø�Ø � Navier-Stokes�§"Ïd§�456N6Ä�§��À� Navier-

Stokes�§�í2§Ï�§��Ä�
6N��*(�§ÙäNÔn�µ�±ë�©z [2, 3].

du�46N6Ä3y¢.¥�2�A^§®²��
�
êÆ[ÚÔnÆ[��\ïÄ"
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'u�46�§)��35!��5!�K5Ú��m1��ïÄ®kéõ§�'(J�ë�©

z [2–8]. ~X§3©z [3]¥§ïÄ
T�§| L2 �NáÚf��35±9 Hausdorff�êÚ©

/�ê�O§3©z [9]¥y²
T�§| H2 �NáÚf��35§©z [10–13]�©O�y


T�§|3k.�þ�NáÚfÚ��áÚf��35§3©z [14]¥y²
T�§|�.£á

Úf��35§3©z [15, 16]¥�� H1 .£áÚf§©z [17]y²
3�k�!�>.^��

Lipschitzk.�þ L2.£áÚf��35"©z [18]ïÄ
��k.��gÌ�456N6Ä)

�.£ìC1�"

,§â·�¤�§8cé¹Ã��¢�46N6ÄïÄ�©z¿Øõ"¯¤±�§�¢�

A®�y²3ÔnÚ)Ôy�¥²~Ñy§¿äk���^§3y¢.¥�äk2��A^"

~X§�·��3ó§��¥¦^,
a.�	å5����XÚ�§q�ég,/b�ù
å

Ø=AT�XÚ��cG��'§�AT�XÚ�L�G���'§k�$��XÚ���u

ÐL§�'"

�©�ïÄ¹Ã¡�¢���46�§|)��N·½5§Ù�§|�/ªXeµ

∂u

∂t
− (ν + νr)4u− 2νr∇× ω + (u · ∇)u+∇p = f + g(t, ut), t > 0, x ∈ Ω, (4)

∂ω

∂t
− α4ω + 4νrω − 2νr∇× u+ (u · ∇)ω = f̃ + g̃(t, ut), t > 0, x ∈ Ω, (5)

∇ · u = 0, 3(0,+∞)× Ω, (6)

u = 0, ω = 0, , 3(0,+∞)× ∂Ω, (7)

(u(0, ·), ω(0, ·)) = (u0(·), ω0(·)), (8)

(u(t, x), ω(t, x)) = φ(t, x), t ∈ (−∞, 0], x ∈ Ω. (9)

Ù¥ α = ca + cd, x = (x1, x2) ∈ Ω ⊂ R2 ´��äk1w>. ∂Ω �k.m�§¿÷ve¡�

PoincaréØ�ªµ

λ1‖ϕ‖2L2(Ω) ≤ ‖∇ϕ‖2L2(Ω), ∀ϕ(x) ∈ H1
0 (Ω), (10)

ùp λ1 > 0´½Â�H1
0 (Ω)∩H2(Ω)¿�÷v Dirichlet>.^���f −4�1��A��§ù

p λ1´��m Ωk'�~ê"

3ª (4)-(9)¥§u = (u1, u2)´6N��Ý§pÚ ω ©O�6N�ØåÚ��Ý§f(t, x) =

(f1, f2)Ú f̃(t, x)´	å§g(t, ut) = (g1, g2)Ú g̃(t, ωt)´�¹,
¢DA���¢	å§ut, ωt ´

«m (−∞, 0]þ��¢¼ê§Ù/ªXeµ

ut = u(t+ s), ωt = ω(t+ s), ∀t > 0. (11)

d	§φ(t, x) = (u(t, x), ω(t, x))´�¢«m(−∞, 0]�Ð©�§�

∇× u =
∂u2

∂x1

− ∂u1

∂x2

, ∇× ω = (
∂ω3

∂x2

,
∂ω3

∂x1

).
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�©�8�´y²ª (4)-(9)f)��N·½5"ùp¦^ Faedo-GalerkinCq�{y²)

��35§,�^Uþ�{y²)���5Ú½5"���J�´§Caraballo Ú Real 3©

z [19, 20] ¥ïÄ
äkk��¢�Navier-Stokes�§�ìC1�"�5§Maŕın-rubio, Real Ú

Valero3©z [21]¥ò©z [20]¥�(J*Ð�Ã.�"�C§ZhaoÚ Sun3©z [22]¥ïÄ


¹kÃ��¢�g£�456N3��k.�S�)�·½5§,�ïá
�'L§�.£áÚ

f��35§ÙÀ���¢�m�

Cγ(Ĥ) =
{
ϕ ∈ C

(
(−∞, 0]; Ĥ

)
: ∃ lim

s→−∞
eγsϕ(s) ∈ Ĥ

}
,

Cγ(Ĥ) ´�� Banach�m, �ê�

‖ϕ‖γ = sup
s∈(−∞,0]

eγs‖ϕ(s)‖.

�©�g�5u©z [23], �©�3òÿ©z [22]�(J§3��k.«�Sïá
)�·½5§

À���¢�¢�m�

BCL−∞(Ĥ) = {ϕ ∈ C((−∞, 0]; Ĥ) : lim
s→−∞

ϕ(s)3 Ĥ ¥�3}

Ù¥ BCL−∞(Ĥ)´�� Banach�m§�ê�

‖ϕ‖BCL−∞(Ĥ) = sup
s∈(−∞,0]

‖ϕ(s)‖.

�©äNSüXeµ1�Ü©´ý��£§3ù�Ü©§·�òÚ\Ð>�¯K (4)-(9)�f

/ª§¿�ÑÙf)�½Â"31nÜ©¥§·�y² (4)-(9)f)��N·½5"

2. ý��£

3�!¥§·�Äk0��
ÎÒÚ�f§,�Ú\Ð>�¯K (4)-(9)�f/ª§¿�ÑÙ

f)�½Â"·�©O^ RÚ Z+ L«¢êÚ�K�ê�8Ü"cL«Ï^�~ê§§3ØÓ�/

��U�ØÓ��"

� Lp(Ω)ÚWm,p(Ω)L«Ï~� Lebesgue�mÚÏ~� Sobolev�m,Ù�ê� ‖·‖p, ‖·‖m,p;
Ù¥

‖ϕ‖p :=
( ∫

Ω

|ϕ|pdx
) 1

p , ‖ϕ‖m,p :=
( ∑
β≤m

∫
Ω

|Dβϕ|pdx
) 1

p

AO/§‖ · ‖ := ‖ϕ‖L2(Ω), H
m(Ω) := Wm,2(Ω); H1

0 (Ω) := {ϕ ∈ C∞0 (Ω)× C∞0 (Ω)}3 H1(Ω)�m¥

�4�",�Ú\Xe¼ê�mµ

V = {ϕ ∈ C∞0 (Ω)× C∞0 (Ω) : ϕ = (ϕ1, ϕ2),∇ · ϕ = 0} ,

H = V 3 L2(Ω)× L2(Ω) �4�§��ê� ‖ · ‖H = ‖ · ‖ �éó�m� H∗ = H,
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V = V 3 H1(Ω)×H1(Ω) �4�§��ê� ‖ · ‖V = ‖ · ‖2,2 �éó�m� V ∗,

Ĥ = H × L2(Ω) �ê� ‖ · ‖Ĥ �éó�m� Ĥ∗,

V̂ = V ×H1
0 (Ω) �ê� ‖ · ‖V̂ �éó�m� V̂ ∗,

Ù¥ ‖ · ‖Ĥ Ú ‖ · ‖V̂ �/ª�

‖(u, v)‖Ĥ = (‖u‖2H + ‖v‖2)
1
2 , ‖(u, v)‖V̂ = (‖u‖2V + ‖v‖2H1)

1
2 .

3�©¥§XJvk· u)§·�òÎÒ ‖ · ‖H Ú ‖ · ‖Ĥ {z�^Ó��ÎÒ ‖ · ‖.

� (·, ·) ´ L2(Ω), H ½ Ĥ ¥�SÈ§〈·, ·〉 ´ V Ú V ∗ ½ V̂ Ú V̂ ∗ �éóÈ",�§·�

0�n�k^��f"1���f A ½Â�µé?¿� w = (u, ω), φ = (Φ, φ3) ∈ V̂ , Ù¥

u = (u1, u2) ∈ V,Φ = (φ1, φ2) ∈ V,¤á

〈Aw, φ〉 = (ν + νr)(∇u,∇Φ) + α(∇ω,∇φ3)

= (ν + νr)

2∑
i=1

∫
Ω

∂ui
∂xj

∂φi
∂xj

+ α

2∑
i=1

∫
Ω

∂ω

∂xi

∂φ3

∂xi
dx,

D(A) = V̂ ∩ (H2(Ω))3. Ùg§½Â�f B(·, ·)�µé?¿� u = (u1, u2) ∈ V, ψ = (ψ1, ψ2, ψ3) ∈
V̂ , φ = (φ1, φ2, φ3) ∈ V̂ , ¤á

〈B(u,w), φ〉 = ((u · ∇)w, φ) =

3∑
j=1

2∑
i=1

∫
Ω

ui
∂ψj
∂xi

φjdx,

��§½Â�f N(·)�

N(w) = (−2νr∇× w,−2νr∇× u,+4νrω), ∀w = (u, ω) ∈ V̂ .

��§·��Ñ�f A, B(·, ·) Ú N(·)��
5�§ë�©z [3, 11].

Ún2.1. (ë�©z [3, 11])

(1) �3ü��~ê c1 Ú c2 ¦�

c1〈Aw,w〉 6 ‖w‖2V̂ 6 c2〈Aw,w〉, ∀w ∈ V̂ . (12)

d	§éu?¿ w ∈ D(A)k

min
{
ν + νr, α

}
‖∇w‖2 ≤ 〈Aw,w〉 6 ‖w‖‖Aw‖ 6 λ

− 1
2

1 ‖∇w‖‖Aw‖ (13)

(2) �3���~ê λ, §��6u Ω, ù�éu?¿ (u, ψ, ϕ) ∈ V × V̂ × V̂ ¦�
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|〈B(u, ψ), ϕ〉| 6

λ‖u‖1/2‖∇u‖1/2‖∇ψ‖‖ϕ‖1/2‖∇ϕ‖1/2,λ‖u‖1/2‖∇u‖1/2‖∇ϕ‖‖ψ‖1/2‖∇ψ‖1/2.
(14)

d	§XJ (u, ψ, ϕ) ∈ V ×D(A)×D(A), K

|〈B(u, ψ), Aϕ〉| 6 λ‖u‖1/2‖∇u‖1/2‖∇ϕ‖‖∇ψ‖1/2‖Aψ‖1/2. (15)

(3) ùp�3���~ê c¦�

N(ψ) 6 c‖ψ‖V̂ , ∀ψ ∈ V̂ . (16)

d	§

−〈N(ψ), Aψ〉 6 1

4
‖Aψ‖2 + c2(νr)‖ψ‖2V̂ , ∀ψ ∈ D(A), (17)

δ1‖ψ‖2V̂ 6 〈Aψ,ψ〉+ 〈Nψ,ψ〉, ∀ψ ∈ D(A). (18)

ùp δ1 = min{ν, α}.

3Ún 2.1�Ä:þ§·�?�Úk±eÚn"

Ún2.2. (ë�©z [22])

(1) A´��l V � V ∗ Ú D(A)� Ĥ ��5ëY�f, N(·)´��l V̂ � Ĥ ��5ëY�f.

(2) B(·, ·)´��l V × V̂ � V̂ ∗ �5ëY�f§d	§é ∀u ∈ V, ∀w ∈ V̂ k

〈B(u, ψ), ϕ〉 = −〈B(u, ϕ), ψ〉, ∀u ∈ V, ∀ψ ∈ V̂ , ∀ϕ ∈ V̂ . (19)

3. �N·½5

�!�?Ö´ïáª (4)-(9)f)��N·½5"

Äk§�â1 2!¥0��ÎÒÚ�f§·��� (4)-(9)�f/ª(ë�©z [22])

∂w

∂t
+Aw +B(u,w) +N(w) = F (t) +G(t,Wt), t > 0, (20)

wt=0 = w0 = w(s) = (u(s), ω(s)) = φ(s), s ∈ (−∞, 0], (21)

Ù¥§

w = (u, ω), F (t) = F (t+ x) = (f(t+ x), f̃(t+ x)), G(t,Wt) = (g(t, ut), g̃(t, ωt)), t > 0,

�¢¼ê utÚ ωtdª (11)½Â"

�
?nÃ��¢§·�Ú\�m BCL−∞(Ĥ), ½ÂXeµ
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BCL−∞(Ĥ) = {ϕ ∈ C((−∞, 0]; Ĥ) : lim
s→−∞

ϕ(s)3 Ĥ¥�3}

BCL−∞(Ĥ)´�� Banach�m§��ê�µ

‖ϕ‖BCL−∞(Ĥ) := sup
s∈(−∞,0]

‖ϕ(s)‖.

Ð�¯K (20)-(21)�f)½ÂXe"

½Â3.1. é ∀T > 0, XJ¼ê w ∈ C((−∞, T ]; Ĥ) ∩ L2(0, T ; V̂ )� w0 = φ(s) ∈ BCL−∞(Ĥ) Ú

u(t, x) = φ, t ∈ (τ − h, τ), ¦�é ∀t ∈ (0.T ),∀ϕ ∈ V̂ �§

d

dt
(w,ϕ) + 〈Aw,ϕ〉+ 〈B(u,w), ϕ〉+ 〈N(w), ϕ〉 = 〈F (t), ϕ〉+ (G(t, wt), ϕ)

3©Ù D′(0, T )¿Âe¤á§K w´�§ (20)-(21)3«m (−∞, T ]þ���f).

�
¼�Ð�¯K (20)-(21))��N·½5§·�I�é¼ê F Ú GJÑ�
b�"

(I) b�é?¿ T > 0,F (·, x) = (f(·, x), f̃(·, x)) ∈ L2(0, T ; V̂ ∗).

(II) b� G : [0, T ]×BCL−∞(Ĥ) 7→ G(t, ξ) ∈ (L2(Ω))3 ÷vµ

(i) é ∀ξ ∈ BCL−∞(Ĥ), N� [0, T ] 3 t 7→ G(t, ξ) ∈ (L2(Ω))3 ´�ÿ�¶

(ii) G(·, 0) = (0, 0, 0);

(iii) �3��~ê LG > 0¦�éu?¿ t ∈ [0, T ], ξ, η ∈ BCL−∞(Ĥ),

‖G(t, ξ)−G(t, η)‖ 6 LG‖ξ − η‖BCL−∞(Ĥ).

^� (ii)Ú (iii)L²

‖G(t, ξ)‖ 6 LG‖ξ‖BCL−∞(Ĥ),∀ξ ∈ BCL−∞(Ĥ). (22)

�e5y²�§ (20)-(21)�f)��35!��5!½5"

½n3.1. (f)��35) é?¿� T > 0, b� φ ∈ BCL−∞(Ĥ)´�½�§¿�b� (I)Ú(II)

¤á§K¯K (20)-(21)3«m (−∞, T ]¥���3��f)"

y ·�ò^n�Ú½5y²½n 3.1.

Ú½1. ³�7Cq)�ÛÜ�35

·�Äk£�½Â��f A��
5�"¯¢þ§�âý��f�²;ÌnØ(�©z [24])§

�3��A��S� {λn}∞n=1÷v

0 < λ1 6 λ2 6 · · · 6 λn 6 · · · , λn → +∞ � n→∞,

ÚÙéA�A��þx {vn}∞n=1 ⊆ D(A), §´ Ĥ �m�F�ËAÄ§�d {v1, v2, · · · , vn, · · · }Ü
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¤§3 V̂ �m¥È�§¦�

Avn = λnvn, ∀n ∈ N.

b�8Ü Vm := span{v1, · · · , vm},¿�ÄN�Pmw :=
m∑
j=1

(w, vj)vj ,� w ∈ Ĥ ½ w ∈ V̂§éuz�

T > 0, ½Â¯K (20)-(21)� GalerkinCq)�

wm(t) :=
m∑
j=1

γm,j(t)vj ,

ùp�Xê γm,j(t)÷ve�~�©�Ü¯K

d

dt

(
wm(t), vj

)
+ 〈Awm(t), vj〉+ 〈B(um(t)), wm(t)), vj〉+ 〈N(wm(t)), vj〉

= 〈F (t), vj〉+ (G(t, wmt ), vj), 1 6 j 6 m, t ∈ (0, T ), (23)

wm(s) = Pmφ(s), s ∈ (−∞, 0], (24)

3 D′(0, T )¥�Ä�§ (23).

þãÃ¡�¢~�¼�©�§|÷vÛÜ)�3��5�^�(ë�©z [25])"Ïd§·��

Ñ (23)-(24)k��½Â3 [0, tm)� 0 ≤ tm ≤ T ����ÛÜ)"�e5§·�ò¼���k��
O§¿(�) wm(¢�3u��«m [0, T ].

Ú½2. k��O

ò (23)�z��§¦± γm,j(t), j = 1, · · ·,m¿¦Ú§|^ (18)Ú 〈B(u, ψ), ψ〉 = 0 (�©z [22]

)k

1

2

d

dt
‖wm(t)‖2 + δ1‖wm(t)‖2

V̂
6 〈F (t), wm(t)〉+ (G(t, wm), wm(t)), t ∈ (0, T ). (25)

qÏ�

‖wmt ‖BCL−∞(Ĥ) = sup
θ60
‖wm(t+ θ)‖ > ‖wm(t)‖, 0 < t < T, (26)

·�(Ü( 22), (25), (26)Ú CauchyØ�ªk

1

2

d

dt
‖wm(t)‖2 + δ1‖wm(t)‖2

V̂
6 〈F (t), wm(t)〉+ (G(t, wm), wm(t))

6 ‖F (t)‖V̂ ∗‖w
m(t)‖V̂ + LG‖wmt ‖BCL−∞(Ĥ)‖w

m(t)‖

6
δ1

2
‖wm(t)‖2

V̂
+

1

2δ1

‖F (t)‖2
V̂ ∗

+ LG‖wmt ‖2BCL−∞(Ĥ)
, (27)

ª (27)L²
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d

dt
‖wm(t)‖2 + δ1‖wm(t)‖2

V̂
6

1

δ1

‖F (t)‖2
V̂ ∗

+ 2LG‖wmt ‖2BCL−∞(Ĥ)
, t ∈ (0, T ). (28)

� 0 6 s 6 t 6 T ¿ò�§ (28)��

d

dt
‖wm(s)‖2 + δ1‖wm(s)‖2

V̂
6

1

δ1

‖F (s)‖2
V̂ ∗

+ 2LG‖wms ‖2BCL−∞(Ĥ)
, s ∈ (0, T ). (29)

é (29)¥� s3 [0, t]þÈ©k

‖wm(t)‖2 + δ1

t∫
0

‖wm(s)‖2
V̂

ds 6 ‖wm(0)‖2 +

t∫
0

( 1

δ1

‖F (s)‖2
V̂ ∗

+ 2LG‖wms ‖2BCL−∞(Ĥ)
)ds. (30)

��¡§�â�m BCL−∞(
̂̂
H)�ê�½Â§·�k

‖umt ‖2BCL−∞(Ĥ)
= sup

θ60
‖wm(t+ θ)‖2

6 max
{

sup
θ≤−t

‖wm(t+ θ)‖2, sup
−t6θ60

‖wm(t+ θ)‖2
}
, (31)

Ú

sup
θ≤−t

‖wm(t+ θ)‖2 = sup
θ≤−t

‖φ(t+ θ)‖2. (32)

,��¡§·�b� t > t+ θ > 0, ,�é (29)'u s3«m [0, t+ θ]þÈ©k

‖wm(t+ θ)‖2 + δ1

t+θ∫
0

‖wm(s)‖2
V̂

ds

6 ‖wm(0)‖2 +

t+θ∫
0

( 1

δ1

‖F (s)‖2
V̂ ∗

+ 2LG‖wms ‖2BCL−∞(Ĥ)
)ds. (33)

d (33)·�k

‖wm(t+ θ)‖2 6 ‖wm(0)‖2 +

t+θ∫
0

( 1

δ1

‖F (s)‖2
V̂ ∗

+ 2LG‖wms ‖2BCL−∞(Ĥ)
)ds. (34)

é (34)'u θ ∈ [−t, 0]�þ(.k

sup
−t6θ60

‖wm(t+ θ)‖2 6 sup
−t6θ60

[
‖wm(0)‖2 +

t+θ∫
0

( 1

δ1

‖F (s)‖2
V̂ ∗

+ 2LG‖wms ‖2BCL−∞(Ĥ)
)ds
]
. (35)
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l (31)-(35)k

‖wmt ‖2BCL−∞(Ĥ)
6 max

{
sup
θ≤−t

‖φ(t+ θ)‖2, sup
−t6θ60

[
‖wm(0)‖2

+

t+θ∫
0

( 1

δ1

‖F (s)‖2
V̂ ∗

+ 2LG‖wms ‖2BCL−∞(Ĥ)
)ds
]}
. (36)

du

sup
θ∈(−∞,−t]

‖φ(t+ θ)‖ = sup
θ60
‖φ(θ)‖ = ‖φ‖BCL−∞(Ĥ), (37)

l (36)-(37)·���

‖wmt ‖2BCL−∞(Ĥ)
6 ‖φ‖2

BCL−∞(Ĥ)
+

t∫
0

( 1

δ1

‖F (s)‖2
V̂ ∗

+ 2LG‖wms ‖2BCL−∞(Ĥ)
)ds. (38)

l (38)Ú GronwallØ�ªk

‖wmt ‖2BCL−∞(Ĥ)
6 (‖φ‖2

BCL−∞(Ĥ)
+

1

δ1

t∫
0

‖F (s)‖2
V̂ ∗

ds
)
e2LGt,∀ t ∈ [0, T ]. (39)

éu R > 0,� ‖φ‖BCL−∞(Ĥ) 6 R, K (39)L²ùp�3��'u δ1, LG, F , T Ú R�~ê c,

¦�

‖wmt ‖2BCL−∞(Ĥ)
6 c(T,R), ∀m > 1. (40)

·�l (26)Ú (40)�±��

{wm}3L∞(0, T ; Ĥ)´k.�" (41)

·�l (26), (30)Ú (40)��±��

δ1

t∫
0

‖wm(s)‖2
V̂

ds 6 ‖wm(0)‖2 +

t∫
0

( 1

δ1

‖F (s)‖2
V̂ ∗

+ 2LG‖wms ‖2BCL−∞(Ĥ)
)ds.

6 R2 +

t∫
0

( 1

δ1

‖F (s)‖2
V̂ ∗

+ 2LGc(T,R)
)
ds. (42)

aqu (40), ·��±l (42)��ùp�3,��~ê c(T,R) > 0¦�

‖wm‖2
L2(0,T ;V̂ )

6 c(T,R), ∀m > 1. (43)
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d (23)·��±��§é ∀v ∈ V k

|〈(wm(t))′, v〉| 6 |〈Awm(t), v〉|+ |〈B(um(t), wm(t)), v〉|

+ |〈N(wm(t)), v〉|+ |〈F (t), v〉|+ |(G(t, wmt ), v)|

6 c(λ, νr)(‖wm(t)‖V̂ + ‖um(t)‖ 1
2 ‖∇um(t)‖ 1

2 ‖wm(t)‖ 1
2 ‖∇wm(t)‖ 1

2

+ ‖F (t)‖V̂ ∗ + ‖G(t, wmt )‖)‖v‖V̂ ,

6 c(λ, νr)(‖wm(t)‖V̂ + ‖wm(t)‖‖∇wm(t)‖+ ‖F (t)‖V̂ ∗ + ‖G(t, wmt )‖)‖v‖V̂ . (44)

ùp�~ê c(λ, νr)�ûu λÚÚn 2.1�~ê c(νr), l (44)k

‖(wm(t))′‖V̂ ∗ 6 c(λ, νr)(‖wm(t)‖V̂ + ‖wm(t)‖‖∇wm(t)‖+ ‖F (t)‖V̂ ∗ + ‖G(t, wmt )‖). (45)

(22)Ú (41), (43)Ú (45)L²

{(wm(t))′}3L2(0, T ; V̂ ∗)´k.�" (46)

l (40)-(41), (43), (46)�Ú½ 1¥���ÛÜ�35�(Ü§·���
3¤k�m t ∈ [0, T ]�

GalerkinCq)��Û�35"

Ú½3. �Ûf)��35

·�òy²³�7Cq)�4�¼ê´�§ (20)-(21) �f)"�Ä (40), (41), (43) Ú

(46), ÏLé��À�{§·��±����fS�(E,^�Ó�ÎÒL«) {wm}, ,���
w ∈ L∞(0, T ; Ĥ) ∩ L2(0, T ; V̂ )Ú w′ ∈ L2(0, T ; V̂ ∗), ¿� ξ(t) ∈ L2(0, T ; (L2(Ω))3)¦�

wm ⇀ w3L∞(0, T ; Ĥ)f(Âñ§ (47)

wm ⇀ w3L2(0, T ; V̂ )fÂñ§ (48)

(wm)′ ⇀ w′3L2(0, T ; V̂ ∗)fÂñ§ (49)

wm → w3L2(0, T ; (L2(Ω))3)rÂñ§ (50)

G(·, wm) ⇀ ξ(t)3L2(0, T ; (L2(Ω))3)fÂñ" (51)

y3§d (48)-(49)Ú;i\½n(ë�©z [26])§

um ∈ C0([0, T ];H), u ∈ C0([0, T ];H).

Ó�§l (48)-(50), ·��±¼�(é¤kfS�¤á)

um(t)→ u(t) 3H a.e. t ∈ (0, T ).

�
���§ (20)-(21)�f)§·�I�éª (23)¥� m�4� m → ∞, �e5y²��5�
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�e�Âñ'Xµ

lim
m→∞

T∫
0

〈B(um(t), wm(t)), v〉dt =

T∫
0

〈B(u(t), w(t)), v〉dt, ∀ v ∈ V̂ , (52)

lim
m→∞

T∫
0

(
G(t, wmt ), v

)
=

T∫
0

(
G(t, wt), v

)
dt, ∀ v ∈ V̂ . (53)

du (52)�y²Ú©z [22]�y²aq§¤±3ùp�Ñy²§y3·�y² (53).

�e5·�Äky² BCL−∞(Ĥ)¥Ð©��Cq(�©z [27, (11)]).

Pmφ→ φ, 3BCL−∞(Ĥ). (54)

XJ (54)Ø¤á§K�3 ε > 0Ú��S� θm ⊂ (−∞, 0]¦�

|Pmφ(θm)− φ(θm)| > ε,∀m. (55)

·�b� θm → −∞. XJ θm → θ, K

Pmφ(θm)→ φ(θm),

�m→∞�§

|Pmφ(θm)− φ(θm)| ≤ |Pmφ(θm)− Pmφ(θ)|+ |Pmφ(θ)− φ(θ)| → 0,

½Â x = lim
θ→−∞

φ(θ), ·�k

|Pmφ(θm)− φ(θm)| ≤ |Pmφ(θm)− Pmx)|+ |Pmx− x|+ |x− φ(θm)| → 0,

ù� (55)gñ§¤± (54)¤á"|^ (54), ·�k

sup
θ60
‖um(t+ θ)− u(t+ θ)‖

= max
{

sup
θ∈(−∞,−t]

‖Pmφ(θ + t)− φ(θ + t)‖, sup
θ∈[−t,0]

‖um(t+ θ)− u(t+ θ)‖
}

6 max
{
‖Pmφ− φ‖BCL−∞(H), max

θ∈[0,t]
‖um(θ)− u(θ)‖

}
→ 0,

ùL²

umt → ut3 BCL−∞(Ĥ)rÂñ§ ∀ t 6 T. (56)

lb� (II)(iii)Ú (56)�±�Ñ

g(t, umt )→ g(t, ut)3 L2(0, T ;H)rÂñ" (57)
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d (57)·��±�� (53).

3ù«�¹e§·��±|^ (48)-(50) Ú (52)-(53) =z� (23) ¥�4�§�Ñ u ´¯K

(20)-(21)�f)"ddy²
½n 3.1f)��35"

�e5·�ïÄf)���5"

½n3.2. (��5)�½n 3.1�^�¤á§@oéuz�Ð©� u0 = φ(s) ∈ BCL−∞(Ĥ), ∀T > 0,

�§ (20)-(21)äk���f)"

y � w1 = (w1, ω1)Ú w2 = (w2, ω2)´�§ (20)-(21)3«m (−∞, T ]�ü�)§kÓ��

Ð� w1
0 = w2

0 = φ(s). - w = w1 − w2, Ké t ∈ (0, T ]·�k

dw(t)
dt

+Aw(t) +B(u1, w1)−B(u2, w2) +N(w)

= G(t, w1
t )−G(t, w2

t ). (58)

ò (58)Ú w(t)�SÈk

1

2

d

dt
‖w(t)‖2 + 〈Aw(t), w(t)〉+ 〈B(u1(t), w1(t))−B(u2(t), w2(t)), w(t)〉+ 〈N(w), w(t)〉

= (G(t, w1
t )−G(t, w2

t ), w(t)), t ∈ (0, T ]. (59)

l©z [22], ·�k

|〈B(u1(t), w1(t))−B(u2(t), w2(t)), w(t)〉|

= |〈B(u1(t)− u2(t), w1(t)w(t))−B(u2(t), w(t)), w(t)〉|

= |〈B(u(t), w1(t))w(t)〉|

6 λ‖u(t)‖ 1
2 ‖∇u(t)‖ 1

2 ‖w(t)‖ 1
2 ‖∇w(t)‖ 1

2 ‖∇w1(t)‖ 1
2

6 λ‖w(t)‖‖w(t)‖V̂ ‖w
1(t)‖V̂ . (60)

(Ü (18),(60)Úb� (II)(iii)§l (59)·��±��

1

2

d

dt
‖w(t)‖2 + δ1‖w(t)‖2

V̂

6 |〈B(u1(t), w1(t))−B(u2(t), w2(t)), w(t)〉|+ (G(t, w1
t )−G(t, w2

t ), w(t))

6 λ‖w(t)‖‖w(t)‖V̂ ‖w
1(t)‖V̂ + LG‖wt‖BCL−∞(Ĥ)‖w(t)‖. (61)

du

w(θ) = 0, ∀ θ 6 0.

Ú

‖ws‖BCL−∞(Ĥ) = sup
θ60
‖w(s+ θ)‖ 6 sup

θ∈[−s,0]

‖w(s+ θ)‖ = sup
r∈[0,s]

‖w(r)‖, 0 6 s 6 T.
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é (61)3 [0, t]þÈ©k

‖w(t)‖2 + 2δ1

t∫
0

‖w(s)‖2
V̂

ds

6 2LG

t∫
0

‖ws‖BCL−∞(Ĥ)‖w(s)‖ds+ 2λ

t∫
0

‖w(s)‖‖w(s)‖V̂ ‖w
1(s)‖V̂ ds

6 2LG

t∫
0

sup
r∈[0,s]

‖wr‖‖w(s)‖ds+ 2λ

t∫
0

‖w(s)‖‖w(s)‖V̂ ‖w
1(s)‖V̂ ds

6 2LG

t∫
0

sup
r∈[0,s]

‖wr‖2ds+ 2δ1

t∫
0

‖w(s)‖2
V̂

ds+
λ2

2δ1

t∫
0

‖w(s)‖2‖w1(s)‖2
V̂

ds

6 (2LG +
λ2

2δ1

)

t∫
0

(1 + ‖w1(s)‖2
V̂

) sup
r∈[0,s]

‖w(r)‖2ds+ 2δ1

t∫
0

‖w(s)‖2
V̂

ds. (62)

l (62)k

sup
r∈[0,t]

‖w(t)‖2 6 (2LG +
λ2

2δ1

)

t∫
0

(1 + ‖w1(s)‖2
V̂

) sup
r∈[0,s]

‖w(r)‖2ds. (63)

é (63)¦^ GronwallØ�ªk

sup
r∈[0,t]

‖w(t)‖ = 0,∀t ∈ [0, T ].

l·�y²
)���5"

��§·��yf)�éuÐ©��½5"

½n3.3. ()'uÐ��½5) �½n 3.1�^�¤á§�� u(i) ´¯K (20)-(21)3 i = 1, 2�

éAuÐ� φ(i) ∈ BCL−∞(Ĥ)�)§K

max
r∈[0,t]

‖w(1)(r)− w(2)(r)‖2 6 c
(
‖φ(1)(0)− φ(2)(0)‖2 + ‖φ(1)(s)− φ(2)(s)‖2

BCL−∞(Ĥ)

)
× exp

(
c

t∫
0

(1 + ‖w(1)(s)‖2
V̂

)ds
)
, (64)

‖w(1)
t − w

(2)
t ‖2BCL−∞(Ĥ)

6 c‖φ(1) − φ(2)‖2
BCL−∞(Ĥ)

exp
(
c

t∫
0

(1 + ‖w(1)(s)‖2
V̂

)ds
)
. (65)

y � w(i) = (u(i), ω(i))(i = 1, 2)´¯K (20)-(21)éAuÐ� φ(i) ∈ BCL−∞(Ĥ)�)§·�

½Â
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u = u(1) − u(2), ω = ω(1) − ω(2), w = (u, ω) = w(1) − w(2), φ(.) = φ(1)(.)− φ(2)(.).

Kk

1

2

d

dt
‖w(t)‖2 + 〈Aw(t), w(t)〉+ 〈B(u(1)(t), w(1)(t))−B(u(2)(t), w(2)(t)), w(t)〉

+ 〈N(w), w(t)〉 = (G(t, w
(1)
t )−G(t, w

(2)
t ), w(t)), t ∈ (0, T ]. (66)

aqu (60)k

|〈B(u(1)(t), w(1)(t))−B(u(2)(t), w(2)(t)), w(t)〉|

= |〈B(u(t), w(1)(t))w(t)〉|

6 λ‖w(t)‖‖w(t)‖V̂ ‖w
1(t)‖V̂

6 δ1‖w(t)‖2
V̂

+
λ2

4δ1

‖w(t)‖2‖w1(t)‖2
V̂
. (67)

éu s ∈ [0, t], ·�k

‖ws‖BCL−∞(Ĥ) = sup
θ60
‖w(s+ θ)‖

= max
{

sup
θ∈(−∞,−s]

‖φ(s+ θ)‖, sup
θ∈[−s,0]

‖w(s+ θ)‖
}

6 max
{
‖φ(s)‖BCL−∞(Ĥ), max

θ∈[0,s]
‖w(s)‖

}
. (68)

db� (II)(iii)Ú (68)��

t∫
0

(
G(s, w(1)

s )−G(s, w(2)
s ), w(s)

)
ds 6

t∫
0

LG‖ws‖BCL−∞(Ĥ)‖w(s)‖ds

6

t∫
0

LG‖φ(s)‖BCL−∞(Ĥ)‖w(s)‖ds+

t∫
0

LG‖w(s)‖ · max
θ∈[0,s]

‖w(θ)‖ds. (69)

nÜ (18), (67)Ú (69), é (66)È©��

1

2
‖w(t)‖2 + δ1

∫ t

0

‖w(s)‖2
V̂

ds

6
1

2
‖φ(0)‖2 + δ1

∫ t

0

‖w(s)‖2
V̂

ds+
λ2

4δ1

∫ t

0

‖w(s)‖2‖w1(s)‖2
V̂

ds

+

t∫
0

LG‖φ(s)‖BCL−∞(Ĥ)‖w(s)‖ds+

t∫
0

LG‖w(s)‖ · max
θ∈[0,s]

‖w(θ)‖ds.
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=

‖w(t)‖2 6 ‖φ(0)‖2 +
λ2

2δ1

∫ t

0

‖w(s)‖2‖w1(s)‖2
V̂

ds+

t∫
0

2LG‖φ(s)‖BCL−∞(Ĥ)‖w(s)‖ds

+

t∫
0

2LG‖w(s)‖ · max
θ∈[0,s]

‖w(θ)‖ds. (70)

du

2LG‖φ(s)‖BCL−∞(Ĥ)

t∫
0

‖w(s)‖ds 6 LG
2
‖φ(s)‖2

BCL−∞(Ĥ)
+ 2LG

( t∫
0

‖w(s)‖ds
)2

6
LG
2
‖φ(s)‖2

BCL−∞(Ĥ)
+ 2LGt

t∫
0

‖w(s)‖2ds

6 c‖φ(s)‖2
BCL−∞(Ĥ)

+ c

t∫
0

max
r∈[0,s]

‖w(r)‖2ds. (71)

ò tO�� r ∈ [0, t], é (70)¥� r (r ∈ [0, t])����§¿$^ (71)·�k

max
r∈[0,t]

‖w(r)‖2 6 ‖φ(0)‖2 + c‖φ(s)‖2
BCL−∞(Ĥ)

+ c

t∫
0

(
1 + ‖w(1)(s)‖2

V̂

)
max
r∈[0,s]

‖w(r)‖2ds. (72)

éª (72)A^ GronwallØ�ª§��ª (64). dª (72)Úª (68)ÚÑª (65). ddy²
f)�

½5"
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