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Abstract

In recent years, deep neural networks have gradually become a research hotspot, and
they have relatively good performance in modeling complex data sets. There is a
potential connection between deep neural networks and dynamical systems. It is of
great theoretical and practical significance to deeply study deep neural networks using
dynamic system theory and methods. In this paper, firstly three types of reversible
neural networks and stability theorems given by Haber et al. are introduced, and then
Lin Jie’s contribution to the stability of continuous models is presented. Next, we give
a counter example to illustrate that the stability theorem for discrete models given by
Haber et al. is not rigorous, and then optimize and improve the theorem to obtain a
new theorem for judging the stability of Euler schemes. Finally, we apply the stability

theorem to a class of Hamiltonian networks.

Keywords

Deep Neural Network, Dynamical System, Stability

Copyright (© 2023 by author(s) and Hans Publishers Inc.
This work is licensed under the Creative Commons Attribution International License (CC BY 4.0).

http://creativecommons.org/licenses/by/4.0/

BY

1. 5|15

PLE A 2T H ZAE S5 2 A — D 2B F & RS, w BLLART & MRS R s B, e E %
W7 ik I e AR TE R BT IR, SR AR 2 M2k, /DN s fih 22 o JOR A S AR 2k 1 v
H(1,2] XATTER Y BIERSUE4ER, Oy AR A, AT R L AU R B R R R K
Blan— A IEE R EERE A (3] EHR, —FFHIERET 7 B2 AR, RIREE R 2 M 2448
(4], PREEARZ 2% R] DL il U EIHLAT A T oK, BRI s A0 A DS — g HH 4R
BRI RIRHE, W R e TRIE . IO IERL, A Z B, BN
MG IR IERIBOE R, A ORI RGO IR EER N %%, BILAE R, H
11 2 J2 IR PE WA 28 (UL 2 SR A 2 I Bl B 07 T A3t 33 (0 4 Rl T4k 2 8N J5 i, T
SN [5]. BRE S A [6]RIEY) [T TR S5, MamM S5ESIEITIRKIX AAET,
4 10X 2% ) T 15 E b 250 0 2L FSER GBI 52 4 ) R B TR IR P8 Ao 22 0 4 Y T R A MU AR B 2 2T Al

DOI: 10.12677 /aam.2023.127324 3251 I FH# e


http://creativecommons.org/licenses/by/4.0/
https://doi.org/10.12677/aam.2023.127324

fiteis

WL S AU ) — AN IR 705 e BAR ATV IRk = — S BR AR IR LA 22 28 (R BB HESE, (H
B HISERR I EN AR > NS,
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i, MWERE RGN MEORE, WA V2 BEARNER DU .

2. REMEMEIIREENA
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1) The two-layer Hamiltonian network

BELAEAY
Y (t) =0 (K(t)Z(t) + b(t)),
(al)
Z(t) = - o(K@®)"Y (t) + b(t)),
BRI
Vi =Y;+hK]o(KjZ;j+bj1), ()
a2
Zjn1 = Zj — WK o (KjpYj +bja),
2) The midpoint network
HEAERY
y=o((K—-K")y+b), (b1)
g EitE
2ho((K; — K] )Y; +b;),5 =0,
Y, = b2
T Yo 2ho (K, — KDY, 48,5 >0, &2
3) The leapfrog network
ALY
Y(t)= —K@®)To(K({®)Y(t)+b(t)), (c1)
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BRI .

(c2)

2Y; — WK o(K;Y; +b;),j =0,
i+l = 2 T .
2Y; — }/},1 —h K O'(ij} +b])7] > 07

FEXAEEAS B, HaberS8 NAE [9]7, $2H 7 — FRRERIE sCA0IE AR 48, FROY SOR AR 38 VA 22 9 2%
HEME RS
Y'(t) = tanh((W, — W)y () + V,x(t) + b(y)), (1)

Hii, y(t) e R", x(t) €R™, W, €eR™", V, e R"™™, b, e R", XEW, - WIZ&—NAF
HRE, T RS JacobifE RN
J(t) = diag[tanh’ (W, — W)y () + V,x(t) + b(y))|(W, — W), (2)
SRJEHe FR G (1) BEAT 1E 1) BB B8 A% XA A5 21 17 Sox R it U i 448 0 4%
Yt =yi-1 + htanh(W, — W)y, 1 + V,x; + b(y)), (3)
Hry, € RMEIN ZIFFURE, x, € RMEINZIKHA, W, e R™"V, € R™*™, b, € R"Z&M

IS, hWERE K

EIR AR (5 HY 2 JE T Haber £E3CHR [10] 7045 H ) — SR TARZE AR 2 TR “ g B
A [ WAL A 3o A 5 1 20 SR 2 2% 1

1=

_max 1+ hXN(J(1) <1,

HorpJ(t) 2 LR GE ) JacobifE R, XA “EBL” MR SR AT, A TRAE T — 3347 1

o

3. BRRENREMEFE

MRIELE [L1]R &R SR [10]45 HRIAR 2 E BB AAAERI RS, AER] 1 — ok TIES R R 1A
SEVEHRHE, B PRI I 10 B BUS Y AR E . HaberZESCHR [10]) 7045 HY B — R Thk 2 M 2% A g
l\iE/J “%IE”:

AE 1) R 2 2R A 2 R n SR A2 2% 1

max |1 +hN(J()] <1,

1=1,2,-

L J(t) 2 B ECAR G Jacobii . XA “m B BRI SRA T 0, FATIAERIE 58 EH

g} b

NTVRIEA “EH” BEEE, AT EAILL R & L5 e
EX1. F—MBAAT E AT aliy, L& £ X DA, £EABEET 2fiy,(m >n)L* 4
09 £ TARBILS, W ARIZ T R RAEE 8.
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FRPHIRIT Y = Ay, ERERI A

Yn+1 = (L + hA)yn, (4)

BAET Ry, B —Pdlen, R S0y, RN N IRENE, By, =y + 600 T

=
Yns1 = (1 + hy)y,
=1+ hy)(yn + €n)
= (1+hy)yn + (1 + hy)e,
= Ynt1 + (1 + hy)en,
MBI E e, 1 17 2

€nt1 = (1 4+ hX\)e,,
B RS & 3.1, BRI RR bz 7 v As s 2
|1+ R\ <1,

EHREXANFERERA T ERGHEN, STnd 28, AeERiArRHERLS L.
78— R L) 4E T A
y=Jy,

o, y = <y1>,J— (g i) TR B ks 2
Y2

Yn+1 = (I + hJ)yrw

BHE R ERIEA )
yn+1 (1 + h)‘)yn + hy'm

(5)
yn+1 = (1 + h‘)‘)ynv

BEAET My, = <y> e, = (

>, B Ky = <y”“> PR N, 1 =
Yn

yn+1

3N 3'—‘

€

2\ (s N €n
52 - y2 2’
zo = (L+ RNz, + h2?

= (1+h\) (Y, +€,) + h(y, +€)
=yni1+ (L+hX\)e, + hel,

1
<€g+l> HRENE, D
€n+2
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[ 3
22 =(1+hN22
= (1+hX))(yn +€3)
= Yo1 T (1+ A6,
BT AFRATT AT LAAS 2] o
1
= ( *6 1+—hA> o ©
1 4 hA| < 15,

enp1 = (L+hA)e, + hey
= (L+hN[(1+hN)ep_y +he2_ ]+ h(1+ hN\)e2_,

= (14 h\)%e_, +2h(1 + h\)e:_,

(7)
= (14 h\)" ey + (n+ 1D)h(1 + hA) "€,

ei—i-l = (1 + h)\)Ei
= (1+h\)"Te,

BIN[T+RN <1, FRYn — toolff, (1+AA)" =0, FilleZ,, — 0, RATEFE R, — 0,
it LA R 7 IEBA
nglfoo(n +1h(1+hN)" =0
DRI FRATISE i 06 K 35 )
nll}riloo(n + 1)h(1 4+ hX)"
1
= tm

h
n—too —(1+ hA) =" In(1 + hN)

—h(1 + hA)"
m —FF77
n—+o00 ln(l + h)\)

:O’

FTEL, |14+ hA| < 1, RGERIFRE M AT CLORIERT, (HAZ, 34

1+ hA| = 18}

1 1 2
€py1 = €, T hey,

2 _ 2
6n—0—1 = €n
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1 _ 1 2
6n-l—l - en + hen

=e + hep
=e. | +2he;

_ 1 2
= ¢p + nheg,

Hn — 4ooltf, €, = +oo, BIRERARER, TRIBANT EHaber K€ BT E L.

E RN TR
&= f(t x),
e —MA2 5 77 FE
y=A(t)y, (8)

HARFEHIEFER, ATy = Tw, T5&

w=Aw, A2 T 'AT. (9)
Ao 1 0
Ay 0
,\EPA = ’ ﬁﬁAZIEé Ty XT; Jordan ij% ’ /\17\% A E"]’«JF%E?E
o . o1
0 A
0 0 N

B 1<i<h om= Y r. EHHHHEAN

=1
Wi = (T4 hA,)w,,
FH UL FRATT o] DATS DL A e P e

EIE1. SARFHIEMSN, ERRENXBTHEAZEER|L+ AN < LE|L+ AN\ = 16894
AEAAN PT3T 5 69 R TS TIUMEH, B4R 69 Jordan 3 A N1

EM: WA x nfFHOERE, A AMRFEEN, - Ak Ak, o5 Ao FEFA - AL
FAFIL+ RN <10 Negr o A R ZZAEL 4+ ;| = TEARATIN B ARE E 255 T L 4, T
WA RG(8), HATHARIA Ry = Tw, 13

w=Aw, A2 T 'AT. (10)
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Ay
A, 1 0
A )
,\EPA: k ’Ap: 71§p<k7Aq:
Akt 1
0 X
A,
AL E < q<m, THE(10)FIRRFA% N
I+ AN
I+ hA
W1 = + W, (11)
I+ hAgsa
I+ An,
u : ul
WHEWRw; = | @ | EA—W3e = | ¢ |, BEROEAEMLEN SMiw = s AR
wj Wi
€41
y‘jej+1 = N7 WL
€11

FAZ (1) P A FE R PR SR A, X T H AR RS iA o He, Al R s N
65;1)“' 765‘11’ i—,ll SZSk ETJ" ﬁ

€y = (1+hXi)e; + he?”’l,

€5 = (L+h\)ey,

TRRGEATH L, 2 — foolif, €y, -, =0
Mk < i < mif

Ti

T4 — T4
€ir1 =€ =€,

Si

S; & 84
€41 =€ =€,

MBI PEEEA RS, TRRYE LRt it, 8 EfRE.
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MA)H I ECE CE, BERAG)K T2, AR = D+ B(t), 2% F B <
6,0<e<1l, TREBMNAGQ)HMEN

y=(D+B(1))y, (12)
AR ey = Tw, T2
w =T 'DTw + T 'B(t)Tw, (13)
b iz s X
Wyi1 =W, + AT 'DTw, + T7'B,Tw,, (14)

ILT'DT =D, T !'B,T=B,, TRALHEN
Wni1 = W, +hDw, + B, w,, (15)

T
e,ll+1 = (1 +hN)el + he2 + b1 (n)el + bia(n)e2 + - - + by (n)e?,

RV DTE S B Tt fAk, BIDJE —AN% 46 I T MRl
e,lHl = (1 +hX\)el + he2 +bii(n)el + bia(n)e2 + - - + by (n)e?,
el = max {el,e2,--- e}, WA

671L+1 = (1 +hN\)el + he2 +bii(n)el + bia(n)e2 + - + by, (n)e”
<(1+ h)\i)er + he{{‘ + (b11(n) + b2(n) + -+ bln(n))ezl'" (16)

= (1 +h\, +h+ bn(n) + b12(n) +---+ bln(TL))GzL",

AGiEb11(n) + bia(n) + -+ + bin(n) <n, Hrpp—"MEE/hE, B4

6,}L+1 1 + h)\l)E}l + hﬁi =+ bn(n)e}l + blg(n)ei + -+ bln(n)ez

(
< (14 hX +h+bi1(n) +bia(n) + -+ byu(n))elr

Q

(14 hX; + h)elr

= (L+hX; +h) e,

B FRATTRT A HE DA A e B

EE2. FAGR G X, BRIXAGXTREHEE, BPA(L) = D+ B(t), D& L%
IR, BB+ AN () +h] <1, ba(n)+bip(n)+- - +bin(n) <n, EFnf—AMEENE,
AR 4 JE B B 42 XAS R 69,

HT T I AR B (R e, B (2) ROREAE IR A R 2 AR E I e 70 26 1, SN 58 36 1) 58 BELIE
i AT R BT T
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4. REMRINH

AR L5 BOARE 1 58 BEBATTRAIT 78 ey 2 40 o) 25

y(t) = KT (t)o(a(t) + b(?)), as)
z(t) = —K(t)o(y(t) +b(1)),
K REBZRG(18) KT (y, ) Jacobifi FE A
3 = ( 0 z(u)T> (duuﬂa%y—%bﬂ | 0 )) (19)
—K(t) 0 0 diag(o’(z + b))

BBLe : (yo(t), z0(t)) R RLE(18)HI— M, A RGE(18)EMF QAL L AL TTFE N

(é) _ ( 0 AxﬂTdugxg%axﬂ-+bU)»> (e) 0)
7 —K(t)diag(”(yo(t) + b(t))) 0 )’

Hr, diag(-) RN 12 B FE S N TR MR R RE, X T 0SB o, X L B tanh bR 4,
tanh’ € (0,1], FULHRMNZITRI () PFHEE, RFIHSK () FFEE, TREBATA W e

EIE3. 3T &% (20),%tanh’ € (0,1], BExK()A T R#EE, BPK() =D +B(t), DAL
BB LT AL, Hi#FHZ|L+ h\(t) +h| <1, bir(n) +bia(n) + - +bin(n) <n, HbnRE—AMESE
DNE, ARA(20)8) I 1w BRA2AE XAARE BY

. IL-\—I:l %%tﬁ

AT A S AR Ui W Haber 35 N\ 56 2 HIUS R 1O RS E Vg BEAS ™, 2 Y 17 B0t
WAz e 3R B I 28 A 8 Wk (R3RT FIE , JFIZ T T — SR s ik 45, 7R LAl BRI 2 T —Kmg
X 22 R kI, AT RS E VRS A, i T DU T i X T I SR i ] 2% 1) 41 A 4 ] )
st R, X+ Coe@ et s, e ER ey, B ATIAERS K A &
2% 1) 11 R B 3 SRARE I e 70 26 AF, RETS 45 Y SN SE 3 26, 138 RE 75 R 45 21 A A2 1 B
IZ FHE 55 A PR P AT |2

B2 SRR
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